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Abstract
We introduce two new combinatorial optimization problems, which are gener-
alizations of the Traveling Salesman Problem (TSP) and the Assignment Problem
(AP) and which we call Traveling Salesman Problem of Second Order (TSP2) and
Assignment Problem of Second Order (AP2). TSP2 is motivated by an important ap-
plication in bioinformatics, especially the Permuted Variable Length Markov model.
While TSP2 is trivially NP-hard, we show the NP-hardness of AP2 by a reduc-
tion from SAT. We propose seven elementary heuristics for the TSP2, some of which
are generalizations of similar algorithms for the Traveling Salesman Problem, some of
which are new ideas. Furthermore we give four exact algorithms for the TSP2, namely
a Branch-and-Bound (BnB) algorithm, an Integer Programming (IP) algorithm, a
Branch-and-Cut (BnC) algorithm and an algorithm based on a polynomial reduc-
tion to the original TSP (TSP-R). Finally we experimentally compare the algorithms
for many different random instances and real instances from the already mentioned
application in bioinformatics. Our experiments show that for real instances most
heuristics lead to optimal or almost-optimal solutions. For both, random and real
classes, our most sophisticated exact approach BnC is the leading algorithm. In par-
ticular, the BnC algorithm is able to solve real instances up to size 80 in reasonable

time, proving the applicability of this approach.
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1 Introduction

Gene regulation in higher organisms is accomplished by several cellular processes, one of
which is transcription initiation. In order to better understand this process, it would be
desirable to have a good understanding of how transcription factors bind to their binding
sites. While tremendous progress has been made on the fields of structural biology and
bioinformatics, the accuracies of existing models to predict the location and affinity of
transcription factor binding sites are not yet satisfactory. The aim is to better understand
gene regulation by finding more realistic binding site models. One model that extends the
position weight matrix (PWM) model, the weight array matrix (WAM) model, and higher-
order Markov models in a natural way is the Permuted Markov (PM) model. Permuted
Markov models were proposed by [8] for the recognition of transcription factor binding
sites. The class of PM models was further extended by [30] to the class of Permuted
Variable Length Markov (PVLM) models, and it was demonstrated that PVLM models
can improve the recognition of transcription factor binding sites for many transcription
factors. Finding the optimal PM model for a given data set is NP-hard, and finding the
optimal PVLM model for a given data set is N'P-hard, too. Hence, heuristic algorithms for
finding the optimal PM model and the optimal PVLM model were proposed in [8] and [30],
respectively. Experimental evidence has been accumulated that suggests that the binding
sites of many transcription factors fall into distinct classes. It has been proposed to extend
PM models to PM mixture models, to extend PVLM models to PVLM mixture models, and
to apply both mixture models to the recognition of transcription factor binding sites [17].
While both the PM mixture model and the PVLM mixture model look appealing from
a biological perspective, they pose a computational challenge: the optimal PM mixture
model and the optimal PVLM mixture model can be obtained only numerically. One
of the commonly used algorithms for finding optimal mixture models is the Expectation
Maximization (EM) algorithm. The EM algorithm consists of two steps, the E step and
the M step, which are iterated until convergence. Applied to the problem of finding the
optimal PM or PVLM mixture model of order 1, each M step requires the solution of a TSP
instance. Likewise, applied to the problem of finding the optimal PM or PVLM mixture
model of order 2, each M step requires the solution of an instance of a generalization of
the TSP, which we call TSP2 and which is introduced in the following.

For a weighted directed graph the Traveling Salesman Problem (TSP) is the problem
of finding a complete tour with minimal costs. TSP is AP-hard, which can be shown by a
simple polynomial reduction from the Hamiltonian Cycle Problem (HCP) and a polynomial
reduction of HCP from the N'P-complete 3-SAT [24]. A related problem is the Assignment
Problem (AP), which is to find a set of cycles with minimal costs, where each vertex is
visited exactly once. There are many efficient algorithms for the AP [5, 12, 23] (for an
experimental comparison of AP algorithms see [7]). Many algorithms are variations of the
Hungarian method, which is based on Konig-Egervary’s theorem and has a complexity of
O(n?) [26].

In this paper we introduce the following natural generalizations of TSP and AP, where
the costs do not depend on arcs, but on each sequence of three consecutive vertices in
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the tour and in the cycles, respectively. We call the corresponding problems Traveling
Salesman Problem of Second Order (TSP2) and Assignment Problem of Second Order
(AP2). To the best of our knowledge, these problems have not been considered in literature
before. Although the number of feasible tours is (n — 1)! for both, TSP and TSP2, the
latter is more difficult, as it uses a three-dimensional cost function and the TSP only a
two-dimensional one. The same holds for the relation between AP and AP2 which both
have n! feasible solutions. The purpose of this paper is to show the complexity of both
problems and to develop heuristics and exact algorithms and do an experimental study of
these algorithms for random and real instances. As only TSP2 has applications in practice,
we only consider algorithms for this problem, but we use AP2 algorithms as subroutines
for TSP2 algorithms.

The paper is organized as follows. TSP2 and AP2 are defined in Section 2 and are
shown to be N'P-hard in Section 3. Section 4 presents a polynomial reduction from TSP2
to TSP, which theoretically allows the application of TSP algorithms to TSP2. In Section 5
and 6 we propose different heuristics and exact algorithms, respectively, for the TSP2. In
Section 7 we give a customization for symmetric instances and in Section 8 an experimental
study for the heuristics and exact algorithms. Finally we summarize this paper and give
suggestions for future research in Section 9.

2 Notations and Definitions

In the following let G = (V, E) be a directed graph, where V' is the set of vertices with
|V| = n and E the set of arcs.

TSP
Let n > 2 and a cost function ¢ : V x V — R U {oo} with ¢(u,u) = oo for all uw € V be
given. Then TSP is the problem of finding a complete tour (vq,vs,...,v,) with minimal

costs c(vy,, v1) +Z?:_11 c(vj,vj41). The special case that the costs of each arc equal the costs
of the corresponding reverse arc, i.e., ¢(v;,v;) = c(vj,v;) for all 1 < i # j < n, is called
Symmetric Traveling Salesman Problem (STSP). If this condition does not necessarily hold,
the problem is also called Asymmetric Traveling Salesman Problem (ATSP).

AP

Let a cost function ¢ : V x V — R U {oo} be given. Then AP is the problem of finding
a vertex permutation 7 with minimal costs Y. | ¢(v;, Ux(;)) over all possible permutations
of {1,...,n}. Note that each feasible AP solution is a set of cycles visiting each vertex
exactly once. For our purpose, we additionally require n > 2 and ¢(u,u) = oo for u € V.



TSP2

Let n > 3 and a cost function ¢ : V x V x V. — R U {oo} with ¢(u,v,w) = oo for
u,v,w € V with u = v or u = w or v = w be given. Then TSP2 is the problem of
finding a complete tour (vq,vs,...,v,) with minimal costs ¢(v,_1, v, v1) 4+ (v, V1, v2) +
Z;:f c(vj,vj11,vj42). Analogously to the TSP, consider the special case that the costs
of each sequence of three consecutive vertices equal the costs of the corresponding reverse
sequence of three consecutive vertices, i.e., c(u,v,w) = c(w,v,u) for u,v,w € V. We
call this problem Symmetric Traveling Salesman Problem of Second Order (STSP2) and
Asymmetric Traveling Salesman Problem of Second Order (ATSP2), otherwise.

AP?2

Let a cost function ¢ : V x V x V — R U {oo} be given. Then AP2 is the problem of
finding a vertex permutation 7 with minimal costs Y " | ¢(vi, Ur(i), Ur(r(s))) OVer all possible
permutations of {1,...,n}. For our purpose, we additionally require n > 3 and c(u, v, w) =
oo for u,v,w € V with u =v or u =w or v = w.

3 TSP2 and AP2 are NP-hard

As TSP2 is a generalization of the AP-hard TSP, the N'P-hardness of TSP2 is easy to
show.

Theorem 3.1. TSP2 is N'P-hard.

Proof. Let ¢: V x V — RU{oo} be the cost function of a TSP instance. Now define the
three-dimensional cost function ¢ : V- x V x V — RU {oo} by ¢ (u,v,w) := ¢(v,w) Yu €
V' \ {v,w}. Then an optimal tour of the TSP instance is an optimal tour of the TSP2
instance, and vice versa. Thus TSP can be reduced in polynomial time to TSP2. O

The N'P-hardness of AP2 easily follows from the NP-hardness of the more special
Angular-Metric Traveling Salesman Problem [2] which is the problem of minimizing the
total angle of a tour for a set of points in the Euclidian space, where the angle of a tour
is the sum of the direction changes at the points. We show the AN/P-hardness of AP2 in a
much more elegant way by a reduction from SAT:

Theorem 3.2. AP2 is N'P-hard.

Proof. Let {C,...,C,} be a set of clauses defined over the variables {z1,...,z,} and let
us consider the SAT instance given by the conjunction of these clauses. Now we construct
an AP2 instance, which is a directed graph G = (V, F) with three-dimensional cost function
c:VxVxV —RU{oo}. The set of vertices V' is defined as follows:

1.y ;jeViorallie N:={1,...,n},j € {0,...,m},



2. u;eViorallje M :={1,...,m}.

Thus m + 1 vertices exist for each variable, and there is one additional vertex for each
clause. The set of arcs is comprised of several parts. For each variable x;,7 € N, we have
the following sets:

e F; with the arcs

- (Ui,m7vi,0)7
- (’Ui,jfl,’Ui,j) fOI' all] € M,

— (vij—1,u;) and (uj;,v;;), if the literal z; appears in clause C;.
e I with the arcs

- (Ui,Ouvi,m)7
- (’Ui,j,’Ui,jfl) fOI' all] € M,

— (v, u;) and (uj,v;;-1), if the literal —z; appears in clause Cj.

The set of all arcs is E = |J,cn(£; U E;"). This means there exist two directed cycles
Vi0, Vil - - - Vim, Vio a0d U, Vim—1 - .. Vio, Vim for each variable x;,i € N, where the first
cycle can be extended by replacing the arc (v;;_1,v;;) by the two arcs (v;;_1,u;) and
(uj,v;;), if the literal x; appears in clause C;, and the second cycle can be extended by
replacing the arc (v;;,v; j_1) by the two arcs (v;;,u;) and (uj,v;;—1), if the literal —z;
appears in clause C;. Obviously, the construction above is possible in polynomial time. As
an example, Fig. 1 shows the graph for the SAT instance (z1 V xg V x3) A (mz1 V 29 V
—x3) A (21 V2 V as) A (g Vo).

The goal of AP2 is to cover all vertices with cycles of minimal costs. The arcs of E;
(the bold arcs in Fig. 1) correspond to setting the variable z; to TRUFE, and the arcs of E;”
correspond to setting the variable z; to FALSE. We have to ensure that an AP2 solution
uses only arcs from exactly one of those two sets for each variable x;. Therefore, we use
the following cost function. Let (a,b), (b,c) € E be two arcs. Then we set

c(a,b, ¢) = 0, if3 e N . (a,b),(b,c) € E; V (a,b),(b,c) € E;
1, otherwise
In the following we show that a SAT instance is satisfiable, if and only if the corre-
sponding AP2 solution has costs 0.

“=7 Let f: N — {TRUE, FALSE} be a satisfying assignment of the variables, i.e., setting
x; = f(i) satisfies all clauses. Thus for each C; there is (at least) one literal ;) or —a(;)
contained in C; which is TRUE (h(j) denotes the index of one of those variables making
C; TRUE). We construct one cycle with costs 0 for each variable. Let x; be an arbitrary
variable. We distinguish the following two cases.
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V3,0 V3,1 V3,2 V3,3 V3,4

Figure 1: The graph for the example (21 V22 Vas) A (mx1 Vo2 Voxs) A(z V oz Vas) A
(_LI‘l V 1‘2).



e f(i)= TRUE:
If h(j) = i for the clause Cj, use (v;;—1,u;), (uj,v;;) € E; (the mentioned cycle
extension), otherwise use (v; j_1,v;;) € E;. Finally use (v;,,v:;0) € E; to close the
cycle.

e f(i) = FALSE:

If h(j) = i for the clause C;, use (v; j, u;), (u;,v;j—1) € E;, otherwise use (v; j, v; j_1) €
E;. Finally use (v, vim) € E; to close the cycle.

Those arcs form a cycle for each i € N, cover all vertices and have costs 0.

“<” Let Wy,..., W, be the cycles of an AP2 solution with costs 0. For i = 1,...,p define

V(W;) as the set of vertices and E(W;) as the set of arcs of cycle W;. By construction
of the graph and the cost-function, each cycle uses arcs from exactly one set E; or £
for i € N. It holds p = n and for each i € N, either E(W;) C E; or E(W;) C E;. We
set x; to TRUE, if E(W;) C E;, and x; to FALSE, if E(W;) C E;. Since the cycles
cover all vertices, for each u;,j € M, a cycle Wj;) exists such that u; € V(Wp;)). Let
Cj,j € M, be an arbitrary clause. If E(Wj;)) C Ej;), the variable x(;) is set to TRUE,
where the corresponding literal xy(;) appears in clause C; by the construction of the graph.
Analogously, if E(W};)) C Ej ) the literal z,(;) is set to FALSE, where the corresponding
literal —xy(;) appears in clause C;. Consequently, this assignment fulfills all clauses.

For the considered example (z1 V 23 V x3) A (mx1 V = xe V —xs) A (21 V 22y V x3) A
(mx1 V x3), three SAT solutions exist, namely z; = TRUE,zy = TRUE,z3 = FALSE;
r1 = FALSE,x9 = TRUE,x3 = TRUE; and v1 = FALSE,xo = FALSE,x3 = TRUE.
Fig. 3 shows the two AP2 solutions for the first of these SAT solutions, where the arcs of
x1 = TRUFE are represented by solid lines, o = TRUFE by dotted lines and x3 = FALSE
by pale lines.

O

4 Polynomial Reduction from TSP2 to TSP

In the following we present a special polynomial reduction from TSP2 to TSP (more
precisely to STSP).

Let a TSP2 instance Itsps = (Vrspa, cTsp2) be given with vertex set Vispa, |Virspz| = n,
and cost function cpsps @ Virspa X Vipgpa X Vipgpa — R. Vipgpo can be represented by
the set N := {1,...,n}. We construct a symmetric TSP, i.e., a STSP instance Itsp =
(Vrsp, crsp) with vertex set Viogp = {vij,|i,7 € N, p € {0,1,2}} and cost function
CTSp - VTSP X VTSP — R. Define

K = 14 n-max{crspa(i,j,k)|i, 7,k € N, i # j,i # k,j # k}.
For i € N define
Ci = {Hvijpvigprtli € N,p€{0,1}} U {vij2,vijr10t |7 € N\ {n}}
U {{vin2,vi10}}-
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Figure 2: Two solutions for the instance (z1 V 23V 23) A (-2 V —xg V =) A (21 V 22 V
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Figure 3: Example for n = 4 and tour (1,2, 3,4)

The set C; is comprised of edges which form a cycle, and the vertex set of C; is denoted
by V(C;). With these notations, we are able to define the cost function crgp, where
i,i',7,7' € N and p,p’ € {0,1,2}:

0, if {Ui,j,pavi’,j/,p’} c Cz

K + crspa(y,i,1'), ifj/=1#4d,p=0,p' =1
K + crspa(y',i',4), ifj=d #i,p=0,p =1
2K, otherwise.

CTSP(Uz‘,j,anz'/,j’,p/) =

Idea: Each vertex i € Vpgps corresponds to the vertex set V(C;) of the TSP instance
and each (7, j, k) € (Vrgp2)? to the edge {v; 0, vr 1} The cost function enforces that in an
optimal solution each C; is passed completely except for one edge after entering a vertex
v € V(C;) and that edges with costs 2K are not possible. Furthermore the vertices with
p = 2 ensure that the tour enters C; at vertex v; ;o and leaves C; at v; ;1 or vice versa (see
Fig. 3 for illustration). We easily receive:

Remark 4.1. For a TSP2 instance of size n the construction gives a TSP instance of size
3n?.

W.lo.g. we can consider only such cost functions with crspa(i, 7, k) > 0Vi, j,k € N,
as otherwise we could add an arbitrarily large constant to all costs and receive a TSP2
instance with equivalent optimal solutions.



Lemma 4.2. Let 7 be a feasible solution of Itsps. Then a feasible solution ©' of Itsp can
be constructed in polynomial time with

crsp(m') = crspa(m) + 1 - K.
Proof. Let m = (w(1),...,m(n)), where for i € N 7(i) denotes the vertex at position i in

the tour. 7’ is created in the following way:

1 Start at vertex vq(1)rmn),1 and set i :== 1, j := n.

2 Add all edges Cﬂ(l) \ {{Uﬂ(l)m(n)p, Uw(l),w(n),l}}-
3 WHILE i <n

4 Set j :=1.

5 Set 1 :=1+ 1.

6 Go to vertex vr(i)x(j),1-

7 Add all edges CW(,‘) \ {{Uﬂ(i)ﬂr(j)p, UW(,‘)J(]‘)J}}.

8 Go back to the starting point.

Then 7’ looks as follows:
7’ :(vﬂ(l),ﬂ(n),la Ur(1),7(n),25 Un(1),(w(n) mod n)+1,05 - - « v7r(1),7r(n),017

-~

Cra)

Ur(2),7(1),15 Un(2),7(1),25 « - - 72}#(2),#(1),(17 Ur(3),m(2),15+ + +»

-~

Cr(2)

Un(n),m(n—1),15 Vr(n) w(n—1).2 - -+ V(n).w(n—1),0)-

-~

CTr(n)

It holds

crsp(1) = 18P (Vn(n)m(n—-1),0> Vr(1),m(n),1) T CTSP (Vr(1),72(0),05 Un(2),m(1),1)
n—2

+ Z 18P (Vr(i41),7(3),05 U (i42),m(i+1),1) + 0
=1

= K+ crgpa(m(n—1),7(n),n(1)) + K + crspa(m(n), 7(1), 7(2))

n—2

+ Z(K + crspa(m (@), m(i + 1), (i + 2)))
= n- .;( + crspa (7).
U

Lemma 4.3. Let 7 and 7'* be optimal solutions of Itsps and Irsp, respectively. Then it
holds:

crsp(m™) < n- K +crgpe(n®) < (n+1)- K.

10



Proof. This follows directly from Lemma 4.2 and crgps(m) < K for all tours 7. Ol

Theorem 4.4. TSP2 can be reduced in polynomial time to STSP, i.e., an optimal solution
™ of I7spa can be constructed by an optimal solution ©™* of I7sp. More precisely, it holds

CTSP2<7T*) +n- K= CTSP(W/*).

Proof. Let 7 be an optimal solution of Irgp. Since n'* is feasible, at least n edges
{vijk, vir jr i} exist with i # ' (otherwise 7* is not a tour over all vertices). As each
of these edges has costs at least K, it follows with Lemma 4.3 that no edge with costs 2K
can belong to 7"*. Next we show

|E(x*)NC;| = 3n—1Vie N.

On the one hand, if |[E(7"™) N C;| > 3n — 1, 7" would have a subtour in C;. On the other
hand, as 7' is feasible, each set V(C}) is entered at least two times, which produces costs
crsp(m™) > 2K = . K. Assume |E(7*) N C;| < 3n — 1 for one i € N. Then the set

V(C;) is entered at least four times and it follows crgp(7™) > 2("_1)# =n+1)-K
which is a contradiction to Lemma 4.3.

Now we know that each set V(C}) is entered exactly two times and this does not happen
at a vertex with p = 2, as no edge of the tour has costs 2K, but at two vertices v; ;o and
v; ;1 for some j € N. Let the tour 7 start at vy ;. Following the edges of Cy, the vertex
v1,j,0 is reached. Then the next vertex is vg1,1 etc. Thus we get a well-defined order 7 in
which the C; are visited, i.e., 7’* has the form of Lemma 4.2:

'* :(Z)w(l),ﬂ'(n),la Ur(1),7(n),25 Un(1),(w(n) mod n)+1,0s - - « Uﬂ(l),ﬂ(n),(la

Cr)

Ur(2),7(1),15 Un(2),7(1),25 + - - 72}#(2),#(1),(17 Ur(3),m(2),17+ + +»

-~

Cr(2)

Un(n),m(n—1),15 Vr(n) w(n—1).2 -+ V(n).w(n—1),0)-

-~

Cﬂ(n)
By Lemma 4.2, it follows
crsp(m™) = n- K + crspa(). (1)
Let 7 be an optimal solution of Itgps. Then we have

» 1 y (Lemma 4.3) .
n- K+ crspa(n®) < - K 4 crgpa(m) 2 cnsp(7) < n- K 4 cpgpa(n)

and it follows

crsp(m) =n - K + crgpa(m) = n - K + crspa(m")
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as well as

CTSP2(7T) = CTSP2(7T*)

which means 7 is an optimal solution of Itgps.

Clearly, all presented constructions are possible in polynomial time.

5 Heuristics for the TSP2

Let in the following for a given tour 7" and a given vertex v € T, p(v) be the predecessor
of v and s(v) be the successor of v.

5.1 Cheapest-Insert Algorithm

The Cheapest-Insert Algorithm (CI) is a generalization of an algorithm for the ATSP [29].
We start with an arc (vy,v) considered as a subtour and choose this arc such that the
term

min c(z, vy, v2) + min ¢(vy, v, x)
eV eV

is minimal. Then step by step, a new vertex is included in the subtour, so that the new

subtour is cost minimal. If the tour is complete, we stop this procedure.

5.2 Nearest-Neighbor Algorithm

The Nearest-Neighbor Algorithm (NN) is also a generalization of an algorithm for the
ATSP [29]. Again we start with one arc (v1,vs), now considered as a path. Then step
by step, we compute neighbors in the direction v; — vy in such a way that the new
path becomes cost minimal. We stop, as soon as the path contains n vertices and we
receive a tour. As we only walk in one direction, the predecessor of v; is chosen in the
last step. As only one possibility for the predecessor of v; exists in this step, the costs

(p(p(p(v1))), p(p(v1)), p(v1))), (p(p(v1)), p(v1),v1)), and (p(v1), v, 5(v1)) are irrelevant for
this choice. Thus in the first step we choose the arc (vy,vs) in such a way that the term

1 .
— (ZC(ZE,U1>U2)> +rmn€1‘r/10(vl,v2,x)

zeV

1s minimized.
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5.3 Two-Directional-Nearest-Neighbor Algorithm

In this section we propose a variation of the Nearest-Neighbor Algorithm, which we call
Two Directional Nearest-Neighbor Algorithm (2NN). For this algorithm, we contribute two
important ideas. The first idea is to use both directions to find the next neighbor. Thus
it is the question, which direction should be chosen in each step. One criterion for this
choice is to use the minimal cost neighbor over all new vertices and over both directions.
Our idea is based on the fact that the tour has to be closed anyway, so that both directions
have to be used now or at a later step of the algorithm. Thus for a given path (vy,...,v;),
the cost values ¢(v;_1,v;, ) for a cost minimal neighbor vertex x and ¢(y, vy, v2) for a cost
minimal neighbor vertex y themselves are less important than the difference to the second
smallest values in both directions. For both directions, this value can be viewed as an
upper tolerance of the problem of finding a cost minimal neighbor vertex (for an overview
over the theory of tolerances see [13, 14]). A similar idea was used for a tolerance based
version [10] of the greedy heuristic [11] for the ATSP and a tolerance based version [15] of
the Contract-or-Patch heuristic for the ATSP [11, 19]. Thus we choose the direction for
which the upper tolerance value is larger, as not using the cost minimal neighbor vertex
would cause a larger jump of the costs at a later step.

5.4 Assignment-Patching Algorithm

A well-known technique for the ATSP is the patching technique, which starts from a
feasible AP solution. Then — step by step — it patches two cycles together, until there is
only one cycle, which is the ATSP tour of this heuristic. As the optimal AP solution can
be computed efficiently and the solution value is a good lower bound for an optimal ATSP
solution value, it is a good starting point for patching. The corresponding AP instance
to an ATSP instance uses the same cost function ¢ with c¢(v,v) = oo for all v € V. Karp
and Steele suggested for each step to patch the two cycles containing the most number of
vertices [25]. For each patching step for cycles C; and Cs, two arcs e; € C7 = (vy,w;) and
ey = (vg,we) € Cy are replaced by arcs (vy, ws) and (ve, wq). These arcs are chosen in such
a way from both cycles that we receive a minimal cost set of cycles in the next step. For
the ATSP this means that the term

c(vy,we) + c(vg, w1) — c(vy, wy) — c(vg, wo)

is minimized. We can transform this algorithm to a TSP2 algorithm, where for TSP2 the
following term has to be minimized:

c(p(vr), v1, w2) + c(vr, w2, s(w2)) + c(p(va), v2, w1) + c(v2, wr, s(w1))

—c(p(v1),v1,w1) — c(vy, wy, s(wy)) — c(p(va), va, wa) — c(va, Wa, s(ws)).

(2)

Analogously to the ATSP, the optimal AP2 solution would be a good starting point
for patching, but by Theorem 3.2, AP2 is N"P-hard (in contrast to AP). One way to solve
it, is by integer programming (see Section 6.2). However, this approach is not fast enough
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for an efficient heuristic. Instead we propose to approximate an optimal AP2 solution by a
polynomial time solvable heuristic solution. For this purpose, we define a two-dimensional
cost function ¢ : V' x V' — RU{oo}, which depends on the three-dimensional cost function
c:VxV xV —Ras follows: ¢(v,w) = min,ey c(u,v,w). The AP solution of this cost
function can be computed in O(n?) and is a lower bound for the AP2 solution, which we
call approximated AP2 solution. Then we patch the cycles of this AP solution, and we
receive a feasible TSP2 solution. We call the approach Assignment-Patching Algorithm
(AK), where “K” stands for “Karp Steele”.

5.5 Nearest-Neighbor-Patching Algorithm

One property of the NN algorithm is that the number of remaining vertices becomes smaller
(by 1) at each step. Thus on average the difference between the costs of the current path
after adding one vertex and before should increase at each step. The idea of the following
algorithm is to modify the NN algorithm in such a way that it outputs not a tour, but a
set of cycles. Then these cycles are patched by the Patching Algorithm.

The main step of the Nearest Neighbor Patching Algorithm (NNK) is to stop the NN
Algorithm, if closing the current cycle would lead to a “good” subtour. More precisely,
we change the path (vy,...,v;) to a cycle, if the sum of the two costs ¢(v;_1,v;,v1) and
c(v;, v1,v9), which are added by the closing, are smaller than a bound. Experiments have
shown that 2 - 22;21 c(vj,vj11,vj12) seems to be a good choice for this bound. As all cycles
should contain at least 3 vertices and the rest of the graph has also to be divided into
cycles, it requires that 3 <7 < n — 3. We repeat these steps with the remaining vertices,
until each vertex is contained in exactly one cycle.

5.6 Two Directional Nearest-Neighbor-Patching Algorithm

The Two Directional Nearest Neighbor Patching Algorithm (2NNK) is exactly the NNK
Algorithm with the only difference that the 2NN Algorithm is used instead of the NN
Algorithm for the computation of the cycles.

5.7 Greedy Algorithm

The Greedy Algorithm (G) is also a generalization of an ATSP algorithm [11] which is
based on the contraction procedure. Let G = (V, E) be a complete directed graph with
n > 3 vertices and ¢ : E — R a cost function. Furthermore let an arbitrary arc e be given,
w.lo.g. e = (v,_1,v,). The contraction of e means constructing a new complete graph
G = (V,FE) with V! ={v},...,v,_;}and v, =v; fori =1,...,n—2, v, | = (Up_1,0,)
and with cost function ¢ : £’ — R defined by

c(vi, v5), ifl1<i#j<n-—2
d(wiv)) = c(Vi,Up_q), f1<i<n—2j=n-1
c(vp,v5), Hi=n—-11<j<n-2
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Analogously we define the contraction procedure for a three-dimensional cost function:

(v, vl v)

1) j’

c(vi, vj, vg), if1<i,jk<n—2i#ji#kj#k
B (v, vj, V1), if1<i£j<n—-2k=n-1
a (i, Vp_1,0n) + c(Vp_1,Un,0%), f1<i#Ek<n—2j7=n-—1

c(vn, v, v5), if1<j#4#k<n—-2i=n-—1.

The greedy algorithm starts with contracting a “good” arc. We choose such an arc in
the same way as in the CI Algorithm. Then we contract this arc, i.e., this arc appears
in the final tour, and construct a graph with a vertex less. This step is repeated, until
only three vertices remain. For this graph exactly two possible tours exist. We choose the
smaller one of those, and finally we re-contract, i.e., all vertices are replaced by the paths
which they consist of.

5.8 k-OPT Algorithm

The common characteristic of all previous algorithms is that in different ways they con-
struct a tour. The first tour which is found is also the outputted tour. This is called a
construction heuristic. In this section we present a so called improvement heuristic, i.e., it
starts with a tour produced by a construction heuristic and improves it. For introducing the
k-OPT algorithm [27] we need the following definition. Let a complete graph G = (V| E),
|[V| = n and a tour T be given, and let k& < n. Furthermore let a (two-dimensional or
three-dimensional) cost function be given. A k-OPT step changes T' by omitting k arcs
from the tour and adding k arcs not from the tour in such a way that the set of arcs is
still a tour after the change. T is called k-optimal, if no r-OPT step with r < k reduces
the costs of the tour. Note that in general a k-optimal tour is not unique.

Each tour received by one of the previous construction heuristics can be transformed to
a k-optimal tour by doing tour improving r-OPT steps with r < k, as long as they exist.
With purpose to reduce the running time, k-OPT steps with smaller k are preferred. More
precisely, the search starts with the smallest possible r which is » = 3 for the general case
and is r = 2 for the special symmetric case (see Section 7.1). Then r increases by 1, until
r = k. For fixed r, all sets of omitted arcs are traversed in a lexicographical order. For fixed
r and for a fixed set of omitted arcs, all possible OPT steps for this choice are traversed
(see again Section 7.1). If an improving OPT step has been found, the search continues
again with the smallest possible r. As it is customary in literature [20], we consider only
the case k = 5 in our experiments.
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6 Exact Algorithms for the TSP2

6.1 Branch-and-Bound Algorithm

The following Branch-and-Bound Algorithm (BnB) visits in the worst case all possible
tours in a lexicographic order and computes the tour with minimal costs. To avoid visiting
all tours, it computes (local) lower bounds and upper bounds by visiting and analysing
subpaths of all possible tours.

First we start with an arbitrary heuristic for the TSP2 to compute a good upper bound.
Each time a new subpath is considered, a lower bound [b for a TSP2 solution containing
this subpath is computed. As lower bound the approximated AP2 solution (see Section 5.4)
is used. If [b is greater or equal than the current upper bound ub, we can prune this branch.
The upper bound is updated, if a whole tour with smaller costs is visited. All tours are
started with a fixed vertex vy, which is chosen in such a way that the sum over all values
c(vy, x,y) with z # vy, y # vy, x # y is maximized. This choice is used, because we expect
more prunes to appear, if the lower bounds in the first steps are rather large.

Pseudo-Code of the Branch-and-Bound Algorithm

1 Compute an upper bound ub for the TSP2 solution by a heuristic.
2 Choose a vertex v; € V in such a way that the following term is
maximized:

erv\{vl} ZyEV\{vLJ:} C(Uh xz, y)

3 Set solution value p := ub.

4 Let vy,...,v, be the remaining vertices.

5 Order all possible (n — 1)! tours (vq, viy, Vi, - - ., ¥;, ) lexicographically.

6 ¢:=1.

7 IFi<n

8 THEN Contract the current path from v; up to the i-th vertex to a new
vertex and receive a new graph G'.

9 Compute the approximated AP2 solution of G’ and receive a

(local) lower bound [b.

10 ELSE wub := costs of the current tour.

11 IF ub < p

12 THEN p := ub.

13 IFlb>pori=n

14 THEN Search the largest j with 2 < 57 < n for which an unconsidered
path (vy,ws, ..., w;) exists which is equal to the last path up
to the (j — 1)-th vertex.

15 IF No such j exists.
16 THEN TERMINATE with solution value p.
17 ELSE 1 :=j.

18 ELSE Choose w;;; in such a way that the path (vi,ws, ..., w;, w;i1)
is the first one in the lexicographic order.
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19 1: =1+ 1.
20 GOTO 7.

6.2 Integer-Programming Algorithm
The AP can be described by the following integer program [ P,p:

n n
min g E CijTij 3
subject to R ( )

i=1 j=1,7%#1

Y wy =1Vi<i<n, (4)
j=1,j#i

d my =1Vi<j<n, (5)
i=1,i#j

where C' = (¢;5)1<izj<n 18 the cost matrix of the AP instance. Eq. (4) means that each
vertex has exactly one out-arc and Eq. (5) that each vertex has exactly one in-arc. The
AP solution consists of all arcs with z;; = 1. The value ¢;; of arc (7,7) is added to the
objective value in Eq. (3), if and only if z;; = 1.

As a natural generalization, the AP2 can be modelled by the following quadratic integer
program Q) Papo:

n n n
min E E g CijkTijLjk (7)
subject to

i=1 j=1,j7#i k=1k#i k]

Y ay =1V1<i<n, (8)
=L
me—1V1<]§n, (9)
i=1,i#]

where C' = (Cijk)1<i,jh<n, i£jitkj-k 1S the cost matrix of the AP2 instance. Eq. (8) and
(9) are the same as in the integer program for the AP. The value ¢;;, of the sequence
of vertices (i, j, k) is added to the objective value in Eq. (7), if and only if z;; = 1 and
zj, = 1. As quadratic integer programs are harder to compute than integer programs [9],
we need a corresponding integer program, so that each feasible solution of the integer
program has a corresponding feasible solution of the quadratic integer program with the
same objective value. This is called a linearization of the quadratic integer program. The
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following linearization [Pjpy is similar to the linearization of the quadratic assignment

problem (QAP) shown in [9]:

sulgleicltltoz Z Z CijkYijk (11)

i=1 j=1j#i k=1 k#ik#]

Y oy =1V1i<i<n, (12)
j=1,j#i
d owy; =1V1i<j<n, (13)
i=1,i#]
Tyo= Y ygr V1<i#j<n, (14)
k=1,k#i,k#j
Tjp = Z vk V1 <j#k<n, (15)
1=1,i#7,i#k
zi; € {0,1} Y1 <i#j<n, (16)

In the objective function (11), the product z;; -z is replaced by the variable y;, i.e.,
the value ¢;j; of the sequence of vertices (4, j, k) is added to the objective value in (11), if
and only if y;; = 1. Eq. (14) means that for each arc (4, 7) in the AP2 solution there is
exactly one sequence of vertices (i, j, k) starting with (7, j). Analogously, Eq. (15) means
that for each arc (j, k) in the AP2 solution there is exactly one sequence of vertices (3, j, k)
ending with (j, k).

To show that indeed I Psps is a linearization of ()P4ps, we have to ensure that

Yijk = Tij - T, V1<i,5,k<n, i #ji#k,j#k. (18)

First, let z;; = 0. Then by Eq. (14) and (17) it follows y;;, = 0, and thus Eq. (18)
holds. The same holds for the case x;; = 0 by using Eq. (15) and (17). It remains to
consider the case z;; = xj; = 1. Assume y;;, = 0. Then there exists m # k with y;jm = 1
by Eq. (14), and this implies z;,, = 1 by Eq. (15). This is a contradiction to Eq. (12).

Remark 6.1. The linearization I Paps keeps correct, if we replace the condition (17) by
its linear relaxation, i.e., by

Proof. Assume 1, j, k exist with 1 <4,5,k <n, i # j,i # k,j # k and 0 < y;; < 1. Then

it follows by Eq. (14) that there is a &' ¢ {k,4,j} with 0 < y;;» < 1. From Eq. (15), we
conclude z;, = 1,z = 1. This contradicts Eq. (12), and we have y;;, € {0, 1}. O
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Note that after the replacement of Remark 6.1, the IP model I P4ps should be easier
to solve, as it contains less integer variables.

Now we come to the models for the TSP2. Like for the AP, an AP2 solution consists of
k > 1 cycles. If k =1, the AP2 solution is also a TSP2 solution. To avoid the possibility
k > 1, it is sufficient that for each subset S C V with 2 < |S| < n —2 the solution contains
at most |S| —1 arcs (7, j) with 4, j € S. Thus the following subtour elimination constraints
(SEC) [6] can be added to the integer program I Psps leading to an integer program I Prgps
for the TSP2.

d w<[S] -1 vScV,2<|S|<n—2. (20)

1,J€S

Unfortunately an exponential number of inequalities of that type exists. For this pur-
pose, we solve the integer program IP,ps and — step by step — add inequalities of that
type which are violated (see the following pseudo-code).

Pseudo-Code of the IP Algorithm for the TSP2

1 Define I P4ps by the conditions (11)-(16)-+(19).
2 Solve [PAP2.
3 Receive a solution with %k cycles and a cycle C' with the smallest number of
vertices. Let S = {vg,, vs,, ..., vs, } be the vertices of cycle C.
IF k=1

THEN Output TSP2 solution C.

ELSE Add condition Eq. (20) for this S to I Papo.

GOTO 2.

N O O

Furthermore we can use a good upper bound to speed-up the IP Algorithm.

6.3 Branch-and-Cut Algorithm

The Branch-and-Cut (BnC) technique is the most successful approach for exactly solving
the STSP [6, 16, 28]. For instance, the BnC based TSP solver Concorde [3, 31] has recently
solved a TSP instance of 85,900 cities [4], which up to date is the largest solved practical
TSP instance [35].

In short words, a BnC algorithm is a BnB algorithm applied to an integer program,
where linear relaxations of the integer program are used to receive lower bounds. To
strengthen these lower bounds, inequalities are added, which are violated by the solution
of the linear relaxation, but which must hold for the solution of the integer program. Such
an inequality is called cut or cutting plane, and the non-trivial task of finding a cut is called
separation. The relaxed program is repeatedly solved, until no cuts are found any more.
Finally the branching part is applied, i.e., some variables are fixed and the procedure is
applied to the sub-problems recursively, where again cuts can be used in the sub-problems.
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Figure 4: Improved SEC cut

In this section we introduce a Branch-and-Cut Algorithm (BnC) for the TSP2 based on
the ideas for the TSP. As a basis we use the integer program [ P,ps, where the condition
(17) is replaced by its linear relaxation (see Remark 6.1). As already mentioned, an
exponential number of SEC inequalities exists, and hence they cannot be added to the IP
model at once. On the other hand, the SEC are needed to receive a TSP2 solution. Thus
it is necessary to separate them as a cut. Fortunately, separating the SEC inequalities is
possible in polynomial time (see e.g. [3, 21]). Using only SEC inequalities as cuts leads to
the first version of our BnC Algorithm for the TSP2, which we call BnC-Pure or BnC-P
for short. As the experiments in Section 8.2 will show, BnC-P is quite ineffective for the
real instances. Therefore we present four further classes of cuts which essentially speed-up
the BnC Algorithm in this case. We will denote the resulting algorithm by BnC-Extended
or BnC-E for short.

1. The SEC inequalities (20) can be strengthened as follows:
n
ZIEU+Z yig < [S|-1VSCV, 2§|5|<§,
i.j€S i,j€S,kES

where the subset S is required to have cardinality smaller than n/2. This strength-
ening is correct, as not only the direct connections between two vertices are counted,
but also the connections with one vertex between them (see Fig. 4). As no easy
polynomial-time separation algorithm exists for these cuts, we restrict to the case

S| = 3.

2. The following cuts hold for |V| > 4 and forbid all sub-cycles containing only 3
vertices:

Yijk T Ykiy < iy V1< i, 5,k <n, i#ji#kj#k
As only O(n?) such inequalities exist, they can be separated in polynomial time.

3. Leti,j eV, SCV\{ij}, T:=V\(SU{ij}) and |V| > 5. Then only one of the
following variables can be set to 1, as otherwise we would have a cycle (see Fig. 5).
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Figure 5: S-T-cut

® T;; Or Tjj,
® Yikj Or Yjkis k €5,
® Yiim, la meT.

This leads to cuts of the form

Tij + Tji T Z(yikj + Yjni) + Z Yiim < 1. (21)

kes I, meT

Unfortunately, we have not found a polynomial-time separation algorithm for these
cuts. Therefore we use the following heuristic approach to select an appropriate set S.
For given i, j € V and a small constant ¢ > 0let S := {k € V\{4,j} | vir; +yjri > ¢}
The idea is that for k& € S the term v, ; + yji; is large and for k ¢ S the term
ZleV\{{i,j,k}US}(yk‘il + yuk) is greater than y;; + y;ri. By this choice of S, we hope
that the left hand side of (21) is large.

. This cut is similar to the S-T-cut with |T'| = 2 (see Fig. 6, where the set T' = {l, m}
is drawn twice for better understanding). It is easy to see that Eq. (21) can be
strengthened as follows:

Tij + Xy + Z(yikj + Yjki) + Yiim + Yijm + Ymit + Ymjt < 1
kes

since at most one of ¢ and j can be in the middle of [ and m. These cuts can also be
separated in polynomial time.

Again we can use a good upper bound to speed-up the BnC Algorithm.
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Figure 7: Only 2-OPT step for the STSP

W3 w,

6.4 TSP Reduction Algorithm

In Section 4 we have introduced a polynomial time reduction from a TSP2 instance to a
TSP instance. Combining this reduction with an arbitrary TSP algorithm easily leads to a
TSP2 algorithm. As this algorithm is based on the reduction to the TSP, we call it TSP-R.

7 Customization for Symmetric Instances

The main reason for the differentiation between the ATSP and the STSP is the fact that
for the STSP specific STSP algorithms are used instead of general ATSP algorithms. This
holds for both, heuristics (compare Helsgaun’s LKH heuristic [20]) and exact algorithms
(compare the solver Concorde [3, 31]). Note that both, LKH and Concorde, can also be
applied to asymmetric instances by the 2-point reduction method, see [18, Chapter 2], [22].

For this reason we present two important specifications/optimizations of our proposed
algorithms for symmetric instances, i.e., for instances of STSP2.

7.1 Ek-OPT Algorithm

For a given set of k arcs to be omitted from a tour, much more different sets of £ arcs to be
added to the tour exist for the STSP than for the ATSP. For example, consider Fig. 7. If
the arcs (wy,wy) and (ws, wy) have been omitted from the tour, for the ATSP, there is no
possibility to add 2 arcs not from the tour leading to a new tour, but for the STSP, adding
(wy,w3) and (wq, wy) leads to a new tour. In Table 1, for & = 2,3,...,7 the number of
different k-OPT steps is listed, for both, ATSP and STSP.

Of course, this number does not change for the second order, as only the dimension
of the cost function increases from 2 to 3, and the structure of the OPT steps keeps
unchanged. Note that asymmetric k-OPT steps (k-A-OPT) can be applied to both, asym-
metric instances and symmetric instances, but symmetric k-OPT steps (k-S-OPT) can be
applied only to symmetric instances. Because of Table 1, we expect better upper bounds
for symmetric instances by using S-OPT steps than by using A-OPT steps.
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Table 1: Number of different k-OPT steps

k | ATSP | STSP

2 0 1
3 1 4
4 1 25
5 8 208
6 36 | 2121
7 229 | 25828

7.2 Integer-Programming Algorithm

In the symmetric case we can halve the number of variables and reduce the number of
constraints by using only z;; for 1 <i < j <nand y;jx for 1 <i,5,k <mn, i # j,j #k,i <
k. The adapted model for the I P4ps reads

sull)ggcltl to Z Z Z Cijkyijk (22>

i=1 j=1j#i k=1,k#j,k>1

j=1,j>i j=1,j<i

vio= Y. ygkt Y. wgi VI<i<j<n, (24)
k=1,kAj,k>i k=1,kAjk<i

T = Z Yijk + Z yrji V1< g <k<n, (25)
i=1,ij,i<k i=1,i,i>k

The cuts can be adapted in a similar way.

8 Experimental Study

We implemented all algorithms in C++-, where we used the following subroutines for the
TSP2 algorithms: for the BnB algorithm the AP solver implemented by Jonker and Vol-
genant [23, 34|, which is based on the Hungarian method, for the IP algorithm the IP
solver CPLEX [32], and for the TSP-R algorithm the TSP solver Concorde [3, 31]. The
implementation of the BnC algorithm is based on SCIP which is a C library providing
the fundamental BnC framework and can be extended by problem specific plugins, e.g.,
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the used cuts [1, 33]. All experiments were carried out on a PC with an Intel Xeon Dual
Core CPU 3.0 GHz with 64 GB RAM. As test instances we chose four classes of random
instances — two classes of asymmetric instances and two of symmetric instances — and three
real (asymmetric) classes originating from the bioinformatics’ application mentioned in the
introduction. Let C' = (¢;jk)1<i,jk<n be the cost matrix of an instance, where ¢;j; = oo for
1 =7 ori=kor j=k. Then the four classes of random instances are defined as follows.

e Asymmetric Class 1:

Each entry ¢;;; # oo is independently chosen as an integer from [0, ..., 10000].

e Symmetric Class 1:

Each entry ¢;;, # oo with 1 <14 < k < n is independently chosen as an integer from
[0,...,10000], and cj; is set to ¢;jg.

e Asymmetric Class 2:

Each entry ¢;;; # oo is independently chosen as an integer from [0,...,7-j -k — 1].

e Symmetric Class 2:

Each entry ¢;;, # oo with 1 <14 < k < n is independently chosen as an integer from
0,...,i-7-k—1], and cyj; is set to ¢;j.

For the random instances we computed the average over 100 instances for the heuristics
and 10 instances for the exact algorithms. All running times are given in seconds.

Additional information about the tested instances including the solution values received
by the heuristics and the exact algorithms can be found at [36].

8.1 Comparison of Heuristics

An experimental study of heuristics for the ATSP is given in [18, Chapter 10]. In this
section we make a similar study for the TSP2. In detail, we compare all considered heuris-
tics, which are Cheapest-Insert Algorithm (CI), Nearest-Neighbor Algorithm (NN), Two-
Directional Nearest-Neighbor Algorithm (2NN), Assignment-Patching Algorithm (AK),
Nearest-Neighbor-Patching Algorithm (NNK), Two-Directional Nearest-Neighbor-Patching
Algorithm (2NNK) and Greedy Algorithm (G). Furthermore we consider for each algo-
rithm a version, where the algorithm is followed by the 5-A-OPT Algorithm (abbreviated
by “+A”), and for the symmetric classes 1 and 2 we consider also a version, where the
algorithm is followed by the 5-S-OPT Algorithm (abbreviated by “+S”).

The most important criterion for the quality of a heuristic for a given instance is the
excess of its upper bound over its optimal value. From this reason, we used in our experi-
ments only instances with smaller size so that in most cases one of the exact algorithms is
able to compute the optimal value. In particular we chose sizes 10, 20, 30, 40, 50 for the
random classes and sizes 20, 40, 60, 80 for the real classes. The results for the asymmetric
classes 1 and 2, for the symmetric classes 1 and 2, and the real classes 1, 2 and 3 can be
found in Tables 2-7.
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Running Times of the Heuristics

All basic algorithms are rather fast for both, the random and the real instances, which
is reasonable, as they have complexity not worse than O(n3). Only the times for G are
slightly larger than those for the remaining versions. Comparing the algorithms with and
without A-OPT steps, the algorithms with A-OPT steps are considerably slower. For the
two symmetric classes, the S-OPT steps are considerably slower than the A-OPT steps.

Quality of the Tours Generated by the Heuristics

The experiments show that — as expected — the OPT versions clearly beat the basic versions
and (for the symmetric classes 1 and 2) the S-OPT versions in average beat the A-OPT
versions. Considering the basic versions, the results for the (asymmetric and symmetric)
random classes 1, the (asymmetric and symmetric) random classes 2 and the real classes
are completely different. For the random classes 1, 2NNK is the best algorithm, for the
random classes 2, CI is the best algorithm, whereas for the real classes in average AK is
the best algorithm. AK is the worst algorithm for random instances of class 1, and G is
the worst algorithm for the remaining classes. Considering the OPT versions we observe
the following. For the random instances 1, 2NNK is the best algorithms, and AK is the
worst algorithm, whereas for the real classes, NN, NNK, 2NN and 2NNK are the best
algorithms, and G is the worst algorithm. For the random instances 2, the results are
mixed. Surprisingly, for these instances, G (which is the worst algorithm for the basic
versions) is the best one in average. This could mean that sometimes the OPT versions
benefit from worse starting tours.

Regarding the comparison with the exact values, we have to realize that the heuristics
presented in this paper do not behave very well applied to random instances. They generate
tours whose costs are considerably larger than the costs of optimal tours. Considering real
instances, things look nicer. For 11 of the 12 instances at least one of the seven A-OPT
versions finds the optimum. For the single remaining instance as well as for the unsuccessful
A-OPT versions we receive upper bounds very close to the optimum.

8.2 Comparison of Exact Algorithms

In this section we compare the running times of all introduced five exact algorithms, namely
the BnB Algorithm, the IP Algorithm, the BnC Algorithms BnC-P and BnC-E, and the
TSP Algorithm TSP-R. The results can be found in Fig. 8 and Fig. 9. In the following we
describe for each algorithm the main observations and give a short analysis.

e BnB: For small sizes, this algorithm is leading, but for large sizes it becomes the
second-worst algorithm.

e IP: For the random instances, IP is competitive even with the best algorithm, namely
BnC-P, whereas for the real instances it is considerably worse. To find an explanation
for the behavior that the running times are better for random instances than for real
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Figure 8: Time comparison for exact algorithms applied to the random classes

26



T T T T T T T T T T T T T T T T
10000 | B 10000 | B
1000 | * 1000 | B
<@ <@
o] o]
O O
»n »n
Q2 Qo
E 100 | B E 100 | B
& S
(= (=
o o
- -
£ £
" 10 | 1 = 10 | E
o o
c c
o o
o o
Q Q
n n
£ 1k i £ 1k o
[0} [0}
£ £
[ [
01 B 01 B
0.01 ] 0.01 F
4 6 8 10 12 14 16 18 20 4 6 8 10 12 14 16 18 20
Number of Vertices Number of Vertices
(a) Real Class 1 (b) Real Class 2
T T T T T T T T T T T T T T T T
10000 [ B 1000

1000

=
o
o

Q@ Q@
[} [
O O
»n %)
L o
E 100 B E
S S 10
o o
) -
£ £
[4) 10 ] %)
° °
c =
3 3
b ) !
c c
-— 1 . -
£ CON -
[ [
; | 0.1
0.1 - BnB ——
IP ---6--
e
&
-
0.01 f L 0.01
10 12 14 16 18 20 10 20 30 40 50 60 70 80
Number of Vertices Number of Vertices
(c) Real Class 3 (d) Real Classes with BnC-E

Figure 9: Time comparison for exact algorithms applied to the real classes

27



9

instances, we consider the number of iterations of adding equalities of type (20) as
a possible criterion. Indeed, the number of iterations is rather small for random
instances: at most 9 iterations for 829 of the 840 instances of sizes 5,6,...,25. In
contrast, for real instances this number is very large: at least 10 iterations for all 48
instances of sizes 10, 11, ...,25. Thus this number seems to be an important criterion
for the running time.

BnC: Comparing both BnC versions, namely the pure version BnC-P and the ex-
tended version BnC-E, we observe a completely different behavior for random and
real instances. For random instances, BnC-P is the best algorithm and much faster
than BnC-E. On the other hand, for real instances BnC-E runs with orders of mag-
nitude faster. In particular, BnC-E is able to solve all real instances up to dimension
80 (see Fig. 9(d)). This time difference can be explained as follows. As it becomes
clear from the results of the heuristics (see Section 8.1), a good (and often optimal)
solution can be found very soon for the real instances. Thus the branching part in the
BnC algorithm is not called very often. Nevertheless the (rarely called) computation
of the cutting planes of the BnC-E algorithm are very helpful to prove the optimality.
On the other hand, for random instances the value of the first linear relaxation is
mostly far away from the optimal solution value leading to many branching steps.
In these branching steps, the computation of the cutting planes is not able to do an
essential reduction of the branching tree, but it costs much time.

TSP-R: For all classes, the TSP-R algorithm is absolutely not competitive and is
only able to solve small instances up to dimension 15. Note that the quality of TSP-R
corresponds to the performance of Concorde applied to the TSP instance, which was
constructed by the given TSP2 instance. For a TSP2 instance of size 15 this leads
to a TSP instance of size 3 - 152 = 675 (see Remark 4.1). At first sight, this bad
performance of Concorde is surprising, as Concorde has recently solved even a TSP
instance of size 85,900 [4]. We suppose that the structure of the considered TSP
instances, which are neither Euclidean instances nor random instances, is rather bad
for the application of Concorde, as it contains a large number of solutions with value
close to the solution value. Furthermore because of the large constant K, many
entries of the TSP instances are rather large, which could also be a problem for
Concorde.

Summary and Future Research

The purpose of this paper is to introduce two new combinatorial optimization problems,
namely TSP2 and AP2, where the TSP2 has important applications in bioinformatics. We
show the NP-hardness of both problems, propose seven heuristics and four exact algo-
rithms for the TSP2 and compare them in an experimental study. For the real instances,
the best of our heuristics finds the optima in almost all cases. Our main result is that
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one of the exact algorithms, namely BnC-E, solves all real instances of our bioinformatics’
application up to dimension 80 in reasonable time.

Both, from the theoretical point of view and for applications in bioinformatics, also the
natural generalization of the TSP2 to larger orders, i.e., to TSPk for k& > 3, seems quite
interesting.
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Asymmetric Class 1 Asymmetric Class 2

Size 10 | 20 | 30 | 40 | 50 [[10]20] 30 | 40 | 50

CI 21496|32371| 41397 48974| 56148||263|2471| 9354| 24988| 53265

NN 26340(32615| 37712| 40470| 43648 544|5779|23002| 62157125408

2NN |124422(31349| 36030| 39361| 41502 518|6044|23429| 65976139659

AK 34208|71121]112836|151693|196960 ||453|6045|28383| 93502(236753

NNK  []22452|29211| 35474| 41509| 45511|348|3555|14362| 38676| 79407

2NNK  [|23383]29167| 32905| 37395| 40125||423|3908|14675| 41325| 80450

G 26695|44379| 60912| 73472| 84602||561|7273|34391|104371|231228

CIH+A ||14802]19981| 24327| 28378| 32150(142|1159| 4261| 10630| 22038

NN-+A |14945|19842| 23012| 26350| 28486|143|1154| 4041| 10665| 21793

2NN+A ||14841(19582| 22934| 25801| 27831 |/144|1170| 4224| 10491| 21822

AK+A ||14830(19995| 24877 28882| 32180(141|1150| 4288| 10496 21821

NNK+A ||14836(19394| 23057| 25836| 29588 146|1154| 4305| 10537| 22578

2NNK+A|[14667|18852| 22693| 26106| 28365|141(1155| 4103| 10295 21233

G+A  |[14991]19622| 23601| 28234| 31213|147|1153| 4133| 10183| 21066

Exact [|12403[11606| 10998 | 1120] 705| 2144]

Table 2: Quality comparison for heuristics applied to the asymmetric classes

Asymmetric Class 1 Asymmetric Class 2
Size 10 [ 20 [ 30 | 40 | 50 | 10 | 20 [ 30 | 40 [ 50
CI 0.00 | 0.00 | 0.00 | 0.00 | 0.00 || 0.00 | 0.00 | 0.00 | 0.00 | 0.00

NN 0.00 | 0.00 | 0.00 | 0.00 | 0.00 || 0.00 | 0.00 | 0.00 | 0.00 | 0.00

2NN 0.00 | 0.00 | 0.00 | 0.00 | 0.00 || 0.00 | 0.00 | 0.00 | 0.00 | 0.00

AK 0.00 | 0.00 | 0.00 | 0.00 | 0.00 || 0.00 | 0.00 | 0.00 | 0.00 | 0.00

NNK 0.00 | 0.00 | 0.00 | 0.00 | 0.00 || 0.00 | 0.00 | 0.00 | 0.00 | 0.00

2NNK 0.00 | 0.00 | 0.00 | 0.00 | 0.00 || 0.00 | 0.00 | 0.00 | 0.00 | 0.00

G 0.00 | 0.00 | 0.00 | 0.01 | 0.03 || 0.00 | 0.00 | 0.00 | 0.01 | 0.03

CI+A 0.00 | 0.02 ] 0.24 | 1.24 | 4.74 || 0.00 | 0.02 | 0.25 | 1.33 | 5.11

NN+A 0.00 | 0.02 ] 0.21 | 1.05 | 3.19 || 0.00 | 0.02 | 0.27 | 1.28 | 4.24

2NN+A | 0.00 | 0.02 | 0.19 | 0.97 | 3.59 || 0.00 | 0.02 | 0.26 | 1.35 | 4.47

AK+A 0.00 | 0.02 ] 0.25 | 1.30 | 4.80 || 0.00 | 0.02 | 0.25 | 1.48 | 5.19

NNK+A | 0.00 | 0.02 | 0.22 | 1.24 | 3.62 | 0.00 | 0.02 | 0.22 | 1.20 | 4.07

2NNK+A | 0.00 | 0.02 | 0.22 | 0.99 | 3.53 || 0.00 | 0.02 | 0.24 | 1.29 | 4.60

G+A 0.00 | 0.03 | 0.22 | 1.37 | 4.52 || 0.00 | 0.02 | 0.23 | 1.52 | 4.78

Table 3: Time comparison for heuristics applied to the asymmetric classes
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Symmetric Class 1 Symmetric Class 2

Size 10 | 20 | 30 | 40 | 50 [10]20] 30 | 40 | 50

CI 22231132730| 41990 48407| 55956 (264|2453| 9526| 24775 53023

NN 25370133246| 37677 41775 42630 551|5646|22316| 60593 (125539

2NN |123698(30793| 35535| 39328| 40694 |542|6400(24035| 62148134717

AK 34247|73756|112530(154579 (196941 ||490 5632 | 30877 97347|239418

NNK {[22829]30195| 37487| 41579| 45831(390|3651|14852| 39812| 83239

2NNK  [|23174|28583| 33744| 37890| 41229|1460|4015|14649| 36839| 77477

G 27706145251| 60205 73056| 85281 542|7345|35107|103627 (234193

CI+A  |[155646(19926| 24378| 28551| 32179||152|1188| 4273| 10755| 21811

NN+A ||15591|19740| 23591| 26113| 28655|154|1158| 4244| 10785| 21949

2NN+A |[15723|19663| 22587 25583| 27561|(155/1172| 4127| 10663| 20671

AK+A ||15607|20654| 24744| 28526| 32100(152|1229| 4316| 10510| 22416

NNK+A |[15689]19821| 23566 26850 29502 155|1217| 4205| 10555| 21494

2NNK+A|[15544119687| 22908| 25645| 28862||150({1203| 4147| 10201| 21557

G+A  ||15536|19489| 23742| 27672| 316751551187 4033| 10487| 21715

CI+S |[16183|19798| 23617| 27599| 30906|(1581201| 4280| 10483| 21995

NN-+S ||15687|19849| 22497| 25063| 27084|155|1189| 4214| 10182| 21084

2NN+S |[15835|19453| 22065| 24615| 26231||159(1203| 4180| 10336| 20912

AK+S ||15763]20130| 23711| 27205| 31098|/157|1194| 4152| 10559| 21879

NNK+S {16040]|19472| 22434| 25577| 28103|151|1203| 4096 10305| 21626

2NNK+S|[16102]19120| 21948| 24466| 27322||158|1217| 4142| 10078| 20915

G+S  ||[15775]19108| 22196| 26577| 28998| 1581156 3989 10151 20599

Exact |[13840]12380] 11578] | [137] 784 2249]

Table 4: Quality comparison for heuristics applied to the symmetric classes
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Symmetric Class 1 Symmetric Class 2

Size 10 [20[30]40] 50 |10 [20]30] 40 ] 50

CI 0.00]0.000.0010.00| 0.0010.00{0.00{0.00|0.00| 0.00

NN 0.00]0.000.0010.00| 0.0010.00{0.00{0.00|0.00| 0.00

2NN 0.00]0.0010.0010.00| 0.0010.00{0.00{0.00|0.00| 0.00

AK 0.00]0.0010.0010.00| 0.001{0.00{0.00{0.00|0.00| 0.00

NNK 0.00]0.0010.0010.00| 0.001{0.00{0.00{0.00|0.00| 0.00

2NNK |/0.00{0.00{0.00|0.00| 0.0010.000.00]0.00{0.00| 0.00

G 0.00]0.0010.0010.01| 0.03{0.00{0.00{0.00|0.01| 0.03

CI+A ][0.00]0.02]0.24|1.30| 4.68{0.00|0.02{0.25|1.35| 4.42

NN+A |0.00{0.02|0.20|1.00| 3.48{0.00]0.02|0.23|1.17| 4.24

2NN+A |[0.00]0.02{0.18{1.05| 3.09(|0.00(0.02]0.25|1.24| 4.47

AK+A |0.00/0.02(0.23[1.33| 4.66{0.00|{0.02|0.23|1.37| 4.95

NNK+A [0.00(0.0210.20(1.02| 3.95|0.00]0.02]|0.23|1.33| 4.83

2NNK+A ||0.00{0.02]0.19|1.09| 3.54(0.00/0.02]0.23|1.32| 4.83

G+A 0.00(0.0210.25]1.29| 4.13|10.00|0.02|0.25]|1.26| 4.65

CI+S 0.00(0.08|1.19]7.23126.61|10.00]0.08|0.96{6.41 | 24.84

NN+S |0.00]/0.07(0.95(5.49]22.39(0.00|0.07|0.84 |6.53 | 23.96

2NN+S {[0.00]0.07{0.95|5.64 |21.63||0.00 [0.08 [ 0.95|7.00|25.72

AK+S ][0.00]0.06{1.03|6.67|26.00{0.00[0.08|1.03|6.46 | 24.57

NNK+S |10.00{0.07|0.87|6.13]21.46 || 0.00|0.07{0.95|5.88|29.03

2NNK+S{0.00]0.07]0.92|5.74 [ 24.36 || 0.00 | 0.08 | 0.80 | 5.88 | 25.52

G+S 0.00(0.08|1.11]6.35|28.4110.00|0.07/0.91{6.04 |25.74

Table 5: Time comparison for heuristics applied to the symmetric classes
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Real Class 1 Real Class 2 Real Class 3

Size 20 [ 40 ] 60 | 80 [[20] 40| 60 ] 80 [[ 20 ] 40 ] 60 | 80
CI  [2454]5315] 8294]10981[[2199]4483]6808] 8877]2064][4344]6662] 8727
NN [2490]5310] 8276]10924][2243[4470[6786] 8819]2101]4326]6640] 8667
2NN [[2490[5310] 8276|10924]2243]4470[6786] 8819]2101[4326]6640] 8667
AK  [2601]5288| 8433|11131]2188|4432[6860| 8785]2046[4292]6716| 8633
NNK [2607]5775] 9121]12425][2351]4873]7449[10201[2212][4732]7304]10053
2NNK [[2652[5793] 9156]12515][2367[4817]7951[10372[[2231]4677|7699]10230
G |3026]6172]10352]13824[[2737]5231]8224]112852629]50928182[10984
CI+A  [2407[5175] 8138]10793[[2155[4330]6642] 8682]2016]4189]6499] 8533
NN+A [2407]5175] 8138][10793]2155]4330[6642] 8682[|2016]4188][6498] 8532
2NN+A [2407]5175] 8138[10793]2155]4330[6642] 8682[[2016]4188[6498] 8532
AK+A [2407|5243] 8301]10797]|2155]4408]6709] 8679][2016]4266]6565| 8529
NNK+A [[2407[5175] 8210[10998]2154]4329]6731] 8910[2015/4188]6583] 8859
2NNK+A [[24915243| 8246[10841||2154]4329|6641| 8679]2015|4188|6653] 8528
G+A  [2439[5244] 8354]10957][2185[4401[6713] 8888[2047]4255]6651| 8656
Exact [[2407]5175] 8138]10793[[2154]4329]6641| 8679(|2015|4188|6494| 8528

Table 6: Quality comparison for heuristics applied to the real classes

Real Class 1 Real Class 2 Real Class 3
Size 20 [ 40 | 60 | 80 | 20 | 40 | 60 | 80 [ 20 | 40 | 60 | 80
CI 0.00[0.00[0.00] 0.00]0.00]0.00] 0.01] 0.01]0.00]0.00]0.00] 0.01
NN  [0.00[0.00]0.00] 0.01]0.00[0.00] 0.00] 0.00[0.00]0.01[0.00] 0.01
2NN [0.00]0.00]0.00] 0.00[0.00][0.00] 0.00] 0.01[0.00[0.00[0.00] 0.01
AK  [0.00]0.00]0.00] 0.01]0.00{0.00] 0.01] 0.00{/0.00{0.00/0.00] 0.01
NNK [0.00]0.00]0.02] 0.03]0.00]0.00] 0.01] 0.03]0.00]0.00]0.00] 0.02
2NNK [ 0.00]0.00]0.01] 0.02]0.00/0.00] 0.01] 0.01]0.00]/0.00]0.00] 0.02
G 0.00[0.02/0.04] 0.19]0.00[0.01] 0.05] 0.18]0.00[0.01]0.06| 0.15
CI+A ]/0.01]0.33]2.53][11.180.01]0.30] 2.53[11.07]0.00]0.32]2.5411.12
NN-+A [0.01]0.30]2.55[11.12]0.01[0.31| 2.54|11.080.00]0.30|2.52]11.12
2NN+A [/0.01]0.312.55[11.13]0.00[0.30| 2.52]11.08]0.01[0.31]2.53|11.20
AK+A [/0.01]0.30[2.59]11.28]0.01[0.91| 2.53[11.07 ] 0.01[0.91[2.57|11.12
NNK+A [[0.01]0.31|7.67[44.37]0.01]1.20] 7.64[33.42]0.01]1.20{7.80|33.10
2NNK+A [0.01]0.31]2.65]11.70(/0.03]0.30 | 12.66 [ 11.15[/ 0.03 [ 0.94] 7.70 | 11.12
G+A [ 0.02]0.31]2.65|11.62(0.00] 1.21]10.09 | 33.65 [ 0.01| 0.31 | 2.67 | 55.31

Table 7: Time comparison for heuristics applied to the real classes
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