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Let G = (N, FE) be an undirected graph with node set N = {1,...,n} and edge set
E C {{i,j} :i,7 € N,i # j}. Edge {i,7} will be abbreviated by ij if there is no danger
of confusion. The adjacency matrix A € R™*" of the graph is defined as the (symmetric)
matrix having a;; = 1 if ¢j € F and 0 otherwise. The Laplace matriz or Laplacian of the
graph is the matrix L = diag(Ae) — A, where e denotes the vector of all ones of appropriate
dimension and diag(v) denotes the diagonal matrix having v on its main diagonal. For
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symmetric matrices H € R™"™ we order the eigenvalues by A (H) < M\y(H) < --- < A\, (H).
Because the Laplacian L is positive semidefinite and Le = 0, we have A\ (L) = 0 with
eigenvector e. Fiedler [6, 7] showed that the second smallest eigenvalue \o(L) is tightly
related to edge and vertex connectivity of the graph. In particular, Ao(G) is positive if
and only if G is connected. Therefore, Fiedler called \y(L) the algebraic connectivity of
the graph. FKEigenvectors to Ay(L), often referred to as Fiedler vectors, have been used
quite successfully in heuristics for graph partitioning in parallel computing [20, 21, 14],
in clustering of geometric objects [1] or hyperlinks in the world wide web [12] or even
computer vision [15]. The second smallest eigenvalue allows to derive various bounds in
graph partitioning or bandwidth optimization [13, 11]; further properties of the Laplacian
spectrum are presented in [8, 9, 10, 2, 29] and [17, 18] give a survey on the Laplacian
spectrum of graphs. See also [3, 19] for related applications of spectral graph theory in
combinatorial optimization.

By the Courant-Fischer Theorem, the eigenvalue A\o(L) and its eigenvectors may be
characterized as optimal solutions to the optimization problem

Ao(L) = min v’ L.
veR™ wTe=0, |[v]|=1

The usefulness of Ay and its eigenvectors in graph partitioning should relate to this char-
acterization in some way. In order to get a better understanding of these connections, it
seems natural to study the eigenspace of Ay for weighted matrices on the same support (i.e.,
arc weighted graphs on the same edge set) that are extremal in the sense, that for their
distribution of the weight, Ay is maximal. The optimal Ay with respect to the support of
the graph was introduced by Fiedler [7] under the name “absolute algebraic connectivity”.
We study the semidefinite dual of this optimization problem. Due to complementarity, the
optimal solutions of the dual are restricted to the eigenspace of the optimal Ay and so all
properties of dual optimal solutions directly provide information on the structure of the
eigenspace associated with the absolute algebraic connectivity. It turns out that the dual
may be interpreted as an embedding problem of the nodes of G in R™, see (4). The same
optimization problem appears in [24] in connection with finding the fastest mixing Markov
process on a graph; this work also mentions interest in low-dimensional solutions of this
problem within the field of maximum variance unfolding in machine learning [26, 27].

We show that optimal embeddings of (4) have structural properties tightly connected
to the separator structure of the graph (Th. 3). In particular, if a subset S C N of
nodes separates the graph into two disconnected node sets C, Cs forming a partition of
N\ S, then for one of the two sets, say C1, all nodes are in the “shadow” of the convex
hull of the nodes in S as seen from the origin, i.e., the straight line segment between any
node of €] and the origin intersects the convex hull of S. Since any nonzero projection
of the embedding to a one-dimensional subspace yields an eigenvector to the optimal A,
(Rem. 2), this offers good geometric insight into the usefulness of Fiedler vectors for graph
partitioning.

The embedding may also be interpreted as a variant of vector labelings of graphs as
introduced in [16]. On first sight, strong similarities exist with respect to the Colin de
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Verdiere number u(G), see the excellent survey [25]. But the strong Arnold-property is
not required in our context, so no direct connection to p(G) should be expected. Yet,
similar to maximizing the corank in the Colin de Verdiere number, one may ask for an
optimal embedding of minimal dimension. Besides general interest in the existence of
low dimensional optimal solutions of semidefinite programs [22] such solutions are also
sought in the machine learning applications [26, 27] mentioned above. Even though we
are still far from answering this question to our full satisfaction, we are able to exhibit
an intriguing bound based on the tree width of the graph. Indeed, we show in the proof
of Th. 5, that there is always an optimal embedding whose dimension is bounded by the
cardinality of a “central” node of an arbitrary tree decomposition of G. This bound is
tight for some particular graph classes (see Ex. 8). None the less, the bound seems to be
far too pessimistic, e.g., for planar graphs. Therefore it is conceivable that significantly
better bounds can be obtained by minor related approaches.

The paper is organized as follows. In Section 2 we derive the embedding problem
as the dual problem to the eigenvalue optimization problem of determining the absolute
algebraic connectivity and present an overview of our main results on this embedding
together with some examples. The proof of the first result (the Separator-Shadow Theorem)
is given in Section 3. Section 4 is devoted to optimality preserving manipulations of optimal
embeddings for reducing the dimension of embeddings. These are rotations and foldings
around separators that contain the origin in their convex hull and allow, in Section 5, to
design an algorithm that gives rise to the proof of the tree width bound on the minimal
dimension of optimal solutions.

We use basic notions and notation from graph theory and semidefinite programming
([28]). In particular, for symmetric H € R™", H »= 0 is used to denote positive semidef-
initeness; for matrices A, B € R™*", (A, B) = ), ;AijBij is the canonical inner product;
in the case of vectors a,b € R™ we will simply use a’b; || - || refers to the usual Euclidean
norm; e denotes the vector of all ones of appropriate size; for a set S C R", conv S refers
to the convex hull of § and coneS = {A\z : x € convS, A > 0}. The projection on a closed
convex set C' is denoted by pc(-).

2 Optimal Embeddings and Main Results

In the remainder of the paper we assume, that the graph G = (IV, E) is connected and
n > 2. Let .
W= {weRY: Y iy =uw"e=1}
ijel

denote the set of all possible nonnegative edge weightings that sum up to 1. For a particular
w € W, let Ay denote the weighted adjacency matrix, ie., A;; = w;; for ij € £ and 0
otherwise, and L, = diag(Age) — Ay the corresponding weighted Laplacian. For i, 7 € V|
i # j define E;; € R"*" as the matrix having the two diagonal elements (E;;); = (E;;);; =
1, the two offdiagonal elements (E;;);; = (Ei;);; = —1 and all other elements equal to zero.



Then we may rewrite the Laplacian as

Ly =Y By

ijel

The matrix Ly, is positive semidefinite (because E;; is positive semidefinite and w;; > 0 for
all ij € F) and has an eigenvalue zero with eigenvector e (because E;je = 0). Our basic
optimization problem is to determine the absolute algebraic connectivity

a(G) = B maxdo( L), O

where a(G) denotes the absolute algebraic connectivity introduced in [7]. The maximum
is attained, because a continuous function is maximized over a compact set. Since G is
assumed to be connected, the result of Fiedler [6] for @ = ﬁe asserts Ao(Lyg) = |_é|)\2(L) >
0, so the optimum value is strictly positive. In order to reformulate the optimization
problem as a semidefinite program it will be convenient to shift the smallest eigenvalue
0 to a sufficiently large value. Thus, (1) may be rewritten as the following semidefinite
program,
=max A
s.t. ZijEE ’UAJZ']'EZ']' + ,&eeT — A ~ O,
Zz‘jeE wi; =1,
w >0, A, [ free.

Because the optimal value is strictly greater than zero by the connectedness of G, we
may rescale the problem by 1/\ and equivalently minimize the sum of the scaled weights
w;j = W;;/ A instead,

Bl —min Y., wy
a(G) ijer Wij
s.t. EZJEE ’lUZ]EZ] + ,UeeT ~ [’ (2)
w >0, u free.
Note that by the considerations above, w = me, 1 = 1+¢ is a strictly feasible solution

for Ao(L) > € > 0. Therefore the program attains its optimal solution and semidefinite
duality theory together with strict feasibility asserts that the optimal value of its dual
semidefinite program is also attained. The dual reads

E
@I(GI) = max <[7i(>
s.t. <ee ,X> =0, N (3)
(Bij, X) <1 forij € F,
X =0.
Now consider a Gram representation of X via a matrix V € R™" with X = VTV and
denote column i of V' by v;, V = [vy,...,v,]. Then,
Xij=vjv; and  (By, X) = ||uill® = 20 v; + lvl* = [Joi — vyl
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Since 0 = <66T, X> =el'Xe=elVIVe and Ve = _ v;, the dual semidefinite program (3)
translates directly to
;(E(;) =max Y,y |vi
s.t. (ZieN ’Ui)2 = 0, (4)
|v; — 0] < 1 forij € E,
v; € R" for i € N.

I”

Thus, the dual problem to (1) is equivalent to finding an embedding of the nodes of the
graph in n—space so that their barycenter is at the origin (we will call this the equilibrium
constraint), the distances of adjacent nodes are bounded by one (the distance constraints),
and the sum of their squared norms is maximized.

Remark 1 Together with the KK'T conditions (we do not list feasibility constraints again)

vj+Zwij(v,~—vj)+,qui = 0 \V/]EN
ijeE IEN
U}”(]_ — ||UZ — ’Uj||2) =0 \V/'Lj c FE

u(z vi)? = 0

1EN

the embedding problem suggests the following physical interpretation of optimal primal and
dual solutions. Consider each node as having a point mass of unit size and imagine each
edge being a mass free rope of length one that connects the points. Now the optimum
solution of (4) corresponds to an equilibrium solution of this net spread within a force field
that acts with force v on a point of mass one at position v. The w;; are the forces acting
along rope ij. Indeed, all w;; > 0 are on the same scale as the force field, because w;; > 0
only if |[v; — v;||* = 1. So the first line of the KKT conditions asserts that these forces are
in equilibrium in each point (1) v; = 0 by feasibility, so this term does not enter). If an
optimal two dimensional embedding exists, such a physical situation is encountered when
spreading the net on a disk rotating around its center (the centripetal force is mw?r, where
m is the mass, w the angular frequency and r the radius). In [2/] the same problem (and
interpretation) was derived starting from the problem of determining the fastest mizing
Markov chain.

We illustrate this for an example graph on 30 vertices, see Fig. 1, that was generated by
picking the vertices randomly in the unit square and by connecting two points by an edge
if their Euclidean distance is at most 0.3. The edge weights corresponding to an optimal
solution of problem (2) are given in grey shades in Fig. 2 (white is weight 0, black is
mazimum weight). The optimal embedding of (4) is displayed in Fig. 2. It was computed
using SeDuMi [23] and is in fact two dimensional in this case. The origin is indicated by
the small circle in the center.

Remark 2 The projections of optimal embeddings onto one-dimensional subspaces yield
eigenvectors to the algebraic connectivity. To see this, suppose V. = [vy,...,v,] is an
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Figure 1: Original graph: The 30 vertices, picked randomly in [0, 1]?, are
connected by an edge if the Euclidean distance is at most 0.3.
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Figure 2: Graph with optimal edge weights.
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Figure 3: Optimal embedding (the central circle indicates the origin).

optimal embedding of (4) and w are the corresponding optimal weights giving rise to the
algebraic connectivity |E|Ao(Ly) in (1). For any p € span{vy,...,v,} with ||p|| = 1 the
vector u = VTp is the projection of the optimal embedding onto the one-dimension subspace
{ap: a € R} and an eigenvector to A\y(Ly). Indeed, X = VTV is then an optimal solution
of (3), w = w/Ay(Ly) together with p = Xao(Ly) + 1 an optimal solution of (2) and by
complementarity and <eeT, X> = 0 we obtain

0 = <X7 Z w;j By + ,ueeT — [> Ao(Ly)

ijEE

= <X7 Z Ao (L) wij By — )\2(Lﬁ))[>

<VTV, Luy - )\Z(Lﬁ})1>
= <[7 V(Lg — )\2(Lw)[)VT> :

So each column of VT and hence u = VTp is in the eigenspace of Ly to eigenvalue Ao(Ly).

Our main results show that structural properties of optimal embeddings v;, i € N,
of (4) are tightly linked to the separator structure of the underlying graph, where a
(node-)separator of G is a subset S C N of nodes, whose removal disconnects the graph
into at least two connected components. Often we will not discern every single component
arising this way but simply speak of two or more disconnected sets of nodes. The first
result states that for each separator S all but at most one of its components must be em-
bedded so that any ray emanating from the origin first has to hit conv{vs : s € S} before
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it can reach a node of these components, i.e., considering the origin as a light source and
conv{vs : s € S} as a solid object, all but one of the components must be embedded in the
shadow of the separator.

Theorem 3 (Separator-Shadow) Letv; € R (i € N) be an optimal solution of (4) for
a connected graph G = (N, E) and let S be a separator in G giving rise to disconnected
sets Cy and Cy. For at least one C;

conv{0,v;} Nconv{v, : s € S} #0  Vie Cj.

In words, the straight line segments conv{0, v;} of all nodesi € C; intersect the convex hull
of the points in S.

We encourage the reader to check the separator-shadow property on some of the separators
in Figure 3, e.g., for S = {13} or S = {19, 24}.

Considering a separator S with the property 0 ¢ conv{vs : s € S}, the Separator-
Shadow Theorem ensures that all but one of the components are embedded in the subspace
spanned by the separator. Thus, if all minimal separators are small in size, there seems
to be hope that there also exists an optimal embedding of small dimension. Our second
main result confirms this expectation. In order to state it, we first recall the definitions of
tree-decomposition and tree-width as given in [5].

Definition 4 For a graph G = (N, E) a tree-decomposition of G is a tree T = (N, &)
with N C 2V and € C (/;/ ) satisfying the following requirements:

(i) N= UUGNU'

(i) For every e € E there is a U € N with e CU.

(111) If Uy, Uy, Uz € N with Uy on the T—path from Uy to Us, then Uy N Us C Us.
The width of T is the number max{|U| —1: U € N'}. The tree-width tw(G) is the least
width of any tree-decomposition of G.

For example, trees have tree-width one (each edge forms one set U, so N = F and £ =
{{e1,e2} : e1,ea € E,eg Ney # 0}). In general, it is NP-complete to determine the
tree-width, but any valid tree-decomposition provides an upper bound.

Theorem 5 For each connected graph G there exists an optimal embedding of (4) of di-
mension at most tw(G) + 1.

It is not difficult to devise examples where optimal embeddings of much higher dimen-
sions exist, as well. A simple one, that will also be helpful in the remainder of the paper,
is the star K ,.

Example 6 For a star Ky, = ({0,1,...,n},{{0,i} : i = 1,...,n}) withn > 2 one
optimal solution embeds the center node 0 in the origin and all other nodes in the vertices
of a regular n-1 dimensional simplex with ||v;|| = 1, i = 1,...,n for an objective value
of n (optimality follows from setting w;; = 1 and p =1 in (2)). For even n > 2 a one

8



dimensional optimal embedding is given by assigning the center node 0 to the origin, half
the outer nodes to +1 and the other half to -1. For odd n > 3 one possibility to find a two
dimensional optz'mal embedding is to put node 0 into the origin, node 1 to (1,0),even nodes

i>2to (—5,,/1 — (55)?) and the odd nodes i > 3 to (——5,—/1— (-17)?).

Solving (3) by interior point methods will, in fact, always generate optimal embeddings
of (4) of maximum dimension, because interior point methods generate maximally com-
plementary solutions [4]. So the next question is whether it is difficult to find optimal
embeddings satisfying the bound of Theorem 5. For general graphs there is little hope
to find a tree-decomposition giving the tree-width of the graph, but for a given optimal
embedding and some tree-decomposition of width ¢ our proof of Theorem 5 allows to trans-
form the embedding algorithmically by a sequence of optimality-preserving rotations and
foldings into an optimal embedding of dimension at most ¢ + 1.

The bound of Theorem 5 on the minimum dimension of optimal embeddings is not
tight for all graphs. Already in the example above, any star K, with even n > 2 has an
optimal embedding in one dimension. For certain classes of graphs the bound of Theorem
5 on the minimum dimension of optimal embeddings is, in fact, far off (e.g. planar grid
graphs have one-dimensional optimal embeddings), but in general the bound cannot be
improved as is shown by the second of the following two examples.

Example 7 (Complete Graphs) For K, = ({1,...,n},{{i,j} : 1 <i < j < n}) we
show that the unique optimal embedding is the reqular n — 1 dimensional simplex with all

points lying on the ball of radius r, = @/”2—;1. The optimal X is given by X;; = ri, = "2—;1
for1 <i<mn, X;; =X, = —nr_%l = —% for 1 <i < j < n, and the optimal weights are

w;j = % forl1 <i<j<n. Choosmg = 5 we compute Ly, + peel — I =0, so (w, i)
is feasible for (2) with objective “5*. Likewise, X is feasible for (3) and (I,X) =251, so
optimality is shown. Furthermore since w;; > 0 for all iy, the constraints (EU,X) =1
hold for all optimal X, i.e., the embedding must have all points pairwise at distance one.
So the regular n — 1 dimensional simplex is the only optimal embedding. Note that the
tree-width of K, is n — 1, thus the complete graphs are not tight with respect to the bound

of Th. 5.

Example 8 (Graphs with tight dimension bound) We append to K, three indepen-
dent vertices that are completely linked to K, resulting in a graph G(n) = ({1,...,n +
3LEMm) ={{i,j} : 1 <i<n,i<j<n+3}). The tree-width of G(n) is n and for n > 4
the minimal dimension of an optimal embedding of G(n) is n+1. In fact, we show that, for
n > 4, the vertices of K, are again arranged as a centrally symmetric n — 1 dimensional

simplex with all points lying on a ball of radius r, = /%= and the three new points are

2n
arranged centrally symmetric on a circle orthogonal to this simplex with radius ¥ = "2—J;1
The optimum of (3) is obtained by extending the optimum of Ex. 7 with X;; = 72 = "Z—J;l
forn <i<n+3, X;; :X]Z:—g = "+1 forn<i<j<n+3, and X;; = X;; =0 for
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Figure 4: A graph with tree-width 2 and optimal embedding of dimension
at least three, see Ex. 8 (the central circle indicates the origin).

1<i<n,n<j<n+3. The optimal weights arewij:%forlgign, n<j<n+3
and w;; = % — % for 1 <i< j<n (use Rem. 1 and symmetry). Setting j = % the slack
matriz of (2) computes to

Z—Lw‘l“gee _-[_|: 0 %J3:|i0’ (5)

where Ji, denotes the square matriz of all ones of order k. Therefore (w, p) is feasible for
(2), the objective value is 3n+ + @(% —3) =142+ 2. Likewise, X is positive
semidefinite because it 1s a Gram matrix. Furthermore, X satisfies all distance constraints
and has the same objective value. Hence the primal and the dual solution are optimal.

Now take any optimal embedding v;, i =1,...,n and set V = [v1,...,v,]. Sincew > 0,
all optimal embeddings must have all edge lengths equal to one, ||v; — v;|| = 1 for all
ij € E(n). By (5) and semidefinite complementarity it holds that (V'V,Z) = 0, thus
v, v =0 and Z?jjﬂ v; = 0. So the embedding of K, must be centrally symmetric
like in Ex. 7, and by the distance constraints each of the three additional vertices must be
embedded orthogonal to the embedding of K, with distance 7 to the origin. As the three
vectors have to sum up to zero, this can only be done in two additional dimensions. This
completes the proof.

For n =1 the construction yields a star with one central and three exterior nodes and
the bound is also tight. For n = 2 the embedding described above is not optimal (it would
collapse to the image of the star), for n = 3 the embedding is optimal but not of minimal
dimension. Without going into details, the cases n = 2,3 can be extended to tight examples

by appending to each node of K, yet another node by a single edge, see Fig. 4 for an
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tllustration of the resulting embedding for n = 2.

3 The proof of the Separator-Shadow Theorem 3

Our proof of the Separator-Shadow Theorem will be indirect. Given a feasible embedding
that does not satisfy the statement of the theorem, we improve it by folding appropriate
components out of the current space in opposite directions (see Figures 6 and 7 below).
This requires some preparations. First note that a feasible embedding cannot be full
dimensional and so there is always space for folding.

Observation 9 Given v; € R" (i € N) feasible for (4), there is a vector h € R", ||h|| =1,
with v; € H={x € R" : hTx =0} fori € N.

Proof. The n vectors v; satisfy ) ..\ v; = 0, so they are linearly dependent and therefore
dim(span{vy,...,v,}) <n—1. |

Given the linear subspace H = {x € R" : hTz = 0}, a normalized b € H, and some (3 € R,
we next describe the operation of folding the flat halfspace {z € H : bz < 3} along the
affine subspace B = {x € R* : hTz = 0,072 = 3} by rotating it around B into direction h
by an angle v and show that distances between folded points are not longer than before.
The latter fact will help to ensure feasibility with respect to the distance constraints of (4).
In stating this operation we make use of the fact that due to ||h]| = ||b|| = 1 and hTb =0
the projection of a point x € R™ onto B is computed by

ps(z) = + (B — b x)b — ' zh. (6)
Therefore the rotation of x € H around B uses the radius ||z — ps(z)| = |3 — bTx|.

Observation 10 (Folding a Flat Halfspace) Given h € R™ with ||h|| =1, H = {z €
R™ : Tz = 0}, given b € H with ||b|| =1, B € R, and B = {x € H : b"x = 8}. Define the
continuous map ¢ : H x [—m, 7] — R™ by

—(B=0b"2)[b D si f b
olay) = { P = (= Vbcosy 4 hina] < 0

For all vy € [-m,n| and all x € H,

(i) ps(z) = psle(r,7)) and ||z — ps(z)|| = [[p(z,7) — ps(2) |,
(ii) |z, v) =@y, Y = |z =yl for all y € B,
(iii) |lp(z,v) — oy, V)| < |z =yl for all y € H.

Proof. (i) follows by direct calculation from (6).

If 'z > 3 and by > 3 the points are not transformed. If Tz < 3 and b7y < 3 both
points are subject to the same orthogonal transformation which preserves distances. This
implies (ii). If, w.l.o.g., bT@ < 3 < by, the intersection of the line segment between x and
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y and B determines a unique point z € B N conv{zx,y}. The triangle inequality and (ii)
yield o(z,7) - yl| < lp(,7) — 2|+ 12— yll = 2 — 2[| + |2 — gl = =l 5o (i) holds.
|
Next, we need to trace the objective value as we fold a subset of nodes. Any such
operation can be viewed as a combination of a rotation around the barycenter of the nodes
and a uniform translation without rotation. The following two observations show that
rotations around the barycenter do not affect the cost function while the change induced
by a translation is easily tracked via the barycenter alone.

Observation 11 (Rotation around the Barycenter) Given v; € R" (i € C C N),
v = ﬁ Y ico Vis set v = Q(v; — ) + v where Q is an orthogonal matriz. Then,

2 2
Dol =Yl

ieC ieC
Proof.
2
ST = D 1Q — o)l +207Q ) (v — v) +|C| [|v]®
ieC ieC ieC
=0
= D i —olP+ 20" (v — o) +|C| ||o])*
ieC ieC
= D -+ = D flull*.
e’ ieC

Observation 12 (Translation) Given d € R", v; € R" and v, = v; +d (i1 € C C N),
v = ﬁ > ico Vi- Then,

S il =" loill* + €120 + d)"d.
1eC 1eC
Proof. >, |vi +d|I> = X ice |uill” + 2|C|57d + |C|d"d. u

Putting these together, we now describe the cost change arising in folding a subset of
the nodes.

Observation 13 (The Cost of Folding) Given h, b, 5 > 0, H, B, and ¢ as in Obs. 10,
gwenv; € {r eH:b'z<p} (€CCN) v= ﬁziecvh v € [—m, 7], set forieC
,UZ{ = 90(1)277)
Then,
S P =Y llill? 4+ 21C1r(1 = cos )3 with v = 8 —bT5 > 0.

icC icC
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Figure 5: Rotation around an Affine Subspace.

Proof. The rotation around B may be split into a rotation of the points in C' around their
barycenter v as in Obs. 11 and a translation as analyzed in Obs. 12. The corresponding
displacement d for rotating v around B by angle «y is d = r(siny)h + r(1 — cos~y)b where
r =3 — b0 > 0 is the radius (see Fig. 5). By t7h = 0, b'h = 0, and Obs. 12 the cost
function changes by

|C|(207d+d"d) = |C|(2r(1 — cosy)v" b+ r*[sin®v + (1 — cosv)?])
= |C| (2r(1 — cos ) b+ 1*[2 — 2 cos])
= 2|C|r(1 — cosv)(v7b + 1)
= 2|C|r(1 — cos7)p.

Proof of Theorem 3. Let h € R™ with ||h|| = 1 satisfy hTv; = 0 for all i € N as in
Obs. 9 and let S = conv{vs : s € S}. Assume, for contradiction, that the theorem is not
true. Then there is a node in C1, call it node 1, and a node in C5, call it node 2, embedded
in v; and vy respectively, that satisfy conv{0,v1} NS = conv{0,v} NS = 0. By convex
separation each set conv{0, v;} can be separated from S by a separating hyperplane within
the subspace span {v; : i € N}. So for j € {1,2} there are vectors b; € span{v; : 1 € N}
(these satisfy b]Th = () and scalars 3; > 0 so that b;‘-rx > B for all z € S and b]Tx < B; for
all z € conv{0,v;}.

Next we show that we can find a convex combination of these two inequalities by
choosing an appropriate a € [0, 1] so that for b(a)) = (1—a)by+abs, f(a) = (1—a)B1+afs
the open halfspace {z : b(a)Tx < B(a)} contains points of both C} and C, (illustrated in
Fig. 6). Indeed, for & = 0 the halfspace contains v; and so a point of (4, for « = 1 it
contains v, which belongs to Cy, and it contains the origin for all « € [0, 1]. Suppose, for
contradiction, that in sweeping « through [0, 1] the halfspace looses the last point of C}
before it encounters the first point of Cy at some particular a. Then the corresponding
hyperplane defined by b(a)Tz = 8(a) > 0 would separate 0 strictly from conv{v; : i € N};
but this contradicts the feasibility of the v; as the origin is a convex combination of the v;
by the equilibrium constraint % Y ien Vi = 0.

13



Figure 6: Initial setting in case 1 of the separator-shadow proof.

Figure 7: Improving movement in Case 1 of the separator-shadow proof.
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Having found appropriate b and 3 note that b h = 0 holds and by scaling b and 3 we
may assume w.l.o.g. [|b]| = 1. Let, for j € {1,2}, M; = {i € C; : bTv; < B}, m; = |M;] > 0,
and v; = m% Yic M, Vi- Next, consider rotating independently for each j the points in M;
around the affine subspace B = {x € R" : hl'z = 0,072 = 8} as specified in Obs. 13.
Because the points in M; and M, are not adjacent and distances to the remaining points
are not increased by Obs. 10(iii), the edge constraints in (4) remain satisfied. We show,
that rotating the points in M; in direction h and the points in M, against direction A by
sufficiently small angels v, and 7, improves the solution (see Fig. 7). As in the proof of
Obs. 13 denote, for j € {1,2}, radius and displacement of ©; by

rj=p0-b"0;>0 and d; = r;j[(siny;)h + (1 — cos ;)b

yielding the improvement 2m;r;(1 — cosy;)3. Rotation j adds m;d; to the barycenter
of all points and has to be compensated in order to maintain feasibility with respect to
the equilibrium constraint. Shifts of the global barycenter in the direction of A can be
avoided by requiring myd?h = —madZh, i.e., given 7, choose 7, in dependence of v; so
that mqr siny; = —morgsinys. After carrying out these rotations it therefore remains to
shift all points by

d= —(mlleb + mngTb)b/n = —[myri(1 — cosy1) + mars(1 — cosy2)]b/n

for feasibility in (4). Using Obs. 12, the total objective improvement is

Z 2m;r;(1 — cosv;) 8 —nd'd =

Jj€{1,2}

1
= Z 2m;rj(1 — cosv;)B — E[mlrl(l — cos 1) + mara(1 — cosy2)]%.
jefL2}

This is positive for v; and ~,(7;1) close enough to zero, yielding a contradiction to the
optimality of the embedding. |

4 Separators containing the Origin

The freedom for squeezing optimal embeddings into lower dimensions that will be needed
for the proof of Theorem 5 in Section 5, is offered by separators that contain the origin in
the convex hull of their embedded nodes. Example 6 of the star K, may help to illustrate
the main idea: Alluding to the physical interpretation, we will rearrange, in a first step, the
cumulated force vectors of the separated node sets so that they are balanced in just one or
two additional dimensions with respect to this central separator. In a second step, we will
show how to combine this with reducing the dimension of each component. The result will
be that we either find a particularly large component that governs the dimension of the
entire embedding or no such component exists and we succeed in flattening the embedding
to a space exceeding the dimension of the separator by at most two.
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We start with an optimal embedding v; (i € V') of G and fix some h and H as specified
in Obs. 9. Let S C V be a separator in G satisfying

0€S =conv{y; :i€ S}

separating G into m disconnected sets C; C N, j € M = {1,...,m}. For each j € M the
cumulated vector is denoted by v; = Eiecj v;. Typically, we will not modify the embedding
on the linear subspace spanned by the vectors of the separator,

L = spanS.

Modifications will be restricted to its orthogonal complement £+, so mostly our illustrations
are given with respect to the embedding obtained by projecting the v; onto £+. In the
projected embedding p,1(v;) (i € V), all nodes i € S are embedded in the origin and, like
in the case of the star, the projected cumulated vectors p,.(7;), j € M, pointing out of
the origin in various directions, are in equilibrium, i.e., >\, pr(9;) = 0 by feasibility.
We note for later use that in any such configuration, none of the vectors may be longer
than the sum of the others. Indeed, set §; = ||p,.(9;)]| (j € M), then > iem Pri(v) =0
implies

> b >4 for je M. (7)

FEM\{7}

The following fundamental fact will be used repeatedly (the equilibrium constraint may
get violated initially but this will be taken care of later). For each j € M the vector
pro(U5) can be rotated around the origin freely within £ while preserving all distances
between nodes in C; U S by applying to all p.1(v;), i € C;, an orthogonal transformation
Q); with £ contained in its invariant subspace (i.e., (); restricted to £ is the identity).
Furthermore, such transformations do not influence the objective value, as distances to
0 € L are preserved. We complete step one by showing that the vectors p,.(7;) with their
lengths &; = ||p,1(9;)]| can always be rotated into at most three normalized directions dj,
do, ds so that the equilibrium constraint holds again in £+ (by definition, the equilibrium
constraint stays valid within £).

Observation 14 Given scalars §; >0 forje M={1,....,m}, m > 2, so that, for each
JEM, > i 05 = 05 There exist vectors di, da, ds € R? with ||dy]| = ||da]| = ||d3]] = 1
and an assignment r : M — {1,2,3} so that } .\, ;dejy = 0. This also holds if in
addition [{j € M : k(j) = 1}| = 1 is required.

Proof. If |[M| = 2 then 9, = 0 and the claim holds forﬁdl = —dy and Kicorresppndiingly.
Otherwise let j € M be the smallest number so that Eﬁ;ll 9; < %Eng 0; < 3701 05, s?t
k() =1, k(j) =2 for j > j € M and r(j) = 3 for j < j € M. Set 0p = 3 ;cps(j)=n %)
h e {},2,3}. Note that &; < &y + 53, by < 0y + 53, 03 < 81 + 0. Assume, w.l.o.g., that

0; < 0y < 03. Set dy(a) = (cosa, —sina)” for 0 < a < 7, dy(a) = (cosy(a),siny(a))”
where (o) is defined implicitly by d, siny(a) = d; sin o, and d3 = (—1,0)7. Then b(a) =

16



Figure 9: ¢ folds C into the halfspace specified by b (Obs. 15).

d1dy () + dada () + b3ds satisfies [b(a)]o = 0 for all 0 < o < 7, [b(0)]; > 0 and [b(r)]; <0,
so by continuity of b(«) there is an & € [0, 7] with b(&) = 0. [

Let us now turn towards reducing the dimension of the node sets. If span{v; : i € C;} C L
for 7 € M then the embedding is good enough for our purposes. Assume therefore that
there is some j € M with span{v; : i € C;} € L. In manipulating the embedding of C; we
will again only apply orthogonal transformations (sometimes we will simultaneously use
separate ones for each point in C}) that contain £ in their invariant subspace. Therefore all
distances of points in C; will preserve their distance to the origin and to the embedding of
S. In consequence, optimality is guaranteed if feasibility can be maintained. In particular,
feasibility of the distance constraints is ensured whenever distances within C; are not
increased. Our manipulations may, however, increase the length of p,.(v;) and thus 5j.
But by Obs. 14 it suffices that condition (7) is satisfied at the end in order to restore the
equilibrium constraint, as well.

The goal is to squeeze the entire embedding of component C; into the flat halfspace
spanned by £ and one additional direction b; € H N £+ with ||b;]| = 1. This works as
follows. We first fold all nodes into the flat halfspace {x € H : bTx > 0} via Obs. 10 (put
b=10b; and § = 0), see figures 8 and 9; this leaves £ C B untouched as required. Then we
collapse this flat halfspace into the even flatter halfspace cone(L£ U {b,}) as if collapsing an
umbrella by rotating the ribs towards its handle. These two operations are concatenated
to a continuous transformation u;(t) of the embedding for ¢ € [0, 1] and we will see that the
norm 4&;(t) = ||pzo(i;(¢))]| of the cumulated vector w;(t) = Eiecj u;(t) is nondecreasing
throughout, so that we can easily stop the transformation at an appropriate ¢ to ensure
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Figure 10: ¢ collapses C' into the flat halfspace spanned by £ and direc-
tion b (Obs. 17).

condition (7). We start with the folding operation.

Observation 15 (Transformation Part 1, Folding) Given j € M, b; € H N L with
1b;]| = 1, define ¢; : [0,1] — R" forie C; by
w={ v (v]'b;)b; + (vl'b;)[bj costr + hsintw]  if vlb; <0
Vi - (5 Zf ’Uinj Z 0.
Then, fori e Cj,
(i) i(0) =,
(ii) (1) € {z € H : bTx > 0},
and for all t € [0, 1] it holds that
(i) pe(vi) = pe(ei(t)) and [|per(vi) || = |pe (i),
() |pi(t) —v| = ||vi —v|| forve LD {vs:s€ S},
(v) i) = o)l < llvi = vel| for k € ;.
Proof. (i,ii) follow from direct calculation and v; € H, (iii,iv,v) from Obs. 10(i,ii,iii) using

b=10;, =0, pi(t) = p(v;, tr), and the fact that S C L C B. [

Next, we show that the length of the projected cumulated vector increases throughout this
first transformation.

Observation 16 For ¢; (i € C;) as defined in Obs. 15, define ¢; : [0,1] — R by

2i(t) =Y @ilt).
iECj
The length ||pe+ (@, ()|l is nondecreasing in t € [0, 1].
Proof. The choice of b; ensures B = {z € H : bjz = 0} D L and B+ = span {h,b;}. By
definition of the ¢; in Obs. 15 we obtain

lpee (B3NI* = o (ps(B5ONN* + llps (25 ()1
= |Ipes(ps(@3 () +

Z (vi b;)[bj costm + hsintn] + Z (vl b;)b;

i€C;,vIb;<0 i€C;,vIb;>0

2
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As b; and h are orthogonal it remains to study the monotonicity of
2

2
[ Z v} b; costm + Z vinj} —i—[ Z vinjsintw} =

iGCj,vinj<0 Z'GCj,vinjzo Z'GCJ',U;Tbj<0
2 2
= [ E vinj] (cos® tr + sin’ t) + [ E vinj] +
iGCj,vinj<0 Z'GCj,vinjzo
T T
2 [ g v; bj} l g v; bj} costm
iEC]’,UZTbj<0 iEC]’,UZTijO
N - >
<0
The last term is clearly nondecreasing. |

The collapsing transformation starts from the points ¢;(1) and runs as follows.

Observation 17 (Transformation Part 2, Collapsing)
Given the setting of Obs. 15. Fori € Cj, set 6; = ||pgr(pi(1))||, determine 0 < ; < 7
and ¢ € L, ¢'b; = 0, |lgl| = 1 so that pri(pi(1)) = 6i(qicosvy; + b;siny;) and define
i [0,1] — R™ by
Uilt) = pe(pi(1)) + 0 a5 cos(yi + 1[5 —
Then, fori € Cj,
(i) ¥i(0) = @i(1),
(1) (1) = pe(vi) + [lpes (vi)lb; € £4{Bb; - § = 0}
and for all t € [0, 1] it holds that
(i) pe(vi) = pe(i(t)) and [pe(vi)ll = llpe (i),
() ||[i(t) —v|| = ||vi = v|| forve LD {vs:s€ S},
(v)  N[Pi(t) = b < Nlvi = vil| for k € C;.
Proof. First note that Obs.15(iii) implies pz(v;) = pe(wi(1)) and 6; = ||pe(vi)]]. Now (i)
and (ii) follow from direct calculation and (iii) and (iv) are proved in the same way as (i)
and (ii) of Obs. 10. It remains to prove (v).
Because of Obs. 15(v) it suffices to prove ||v;(t) — ¥r(®)]> < |l¢i(1) — wr(1)]|* for
i,k € C;. For this we need to show ;(t)71x(t) > ¢;(1)" (1) which leads to the condition

%) + bysin(yi + 1[5 — )]

fult) = (al aleos(y: + 415 = %) cos(e + €[5 = D] + ®)
sin(y; + t[g — i) sin(y, + t[g )

> (q] qi)[cos v cos Yk + sinv; sinyy, = fir(0).
We prove that fi;(t) is nondecreasing in ¢ € [0,1]. In the case ¢! gz < 0 both cosine terms
in fix(t) are non increasing and the sine terms are non decreasing. In the remaining case
we use the angle addition formulas to find

Fult) = F qu cos(1 = ) =) + (1 = g gu) sin( + 1[5 = ) sin(y 4115 ).
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But 0 < ¢l'qx <1 and so the cosine and sine terms are non decreasing. |

Again, we continue with showing that during this transformation the length of the projected
cumulated vector is nondecreasing.

Observation 18 For i, (i € C;) as defined in Obs. 17, define ¥; : [0,1] — R™ by
Ui(t) =D wilt).
i€Cj
The length ||p1(1;(t))|| is nondecreasing in t € [0,1].

Proof. Using the functions fj; introduced in (8) we may write

IS pec@) = S lpes )P+ 30 20 (1) (pes (94(0)))

ieCy i€Cy i,k€Cy i<k
= D e G@)IP+ D Sibefult)
ieC; i,keCy i<k

and we have shown in the proof of Obs. 17 that each fi(t) is nondecreasing in ¢ € [0,1]. B

We concatenate both transformations into one and summarize our findings on this collaps-
ing transformation.

Observation 19 (Collapsing Transformation)
Given j € M, b; € HN LY with ||b;|| = 1 define u; : [0,1] — R™ fori € C; by

_ [ wi(20) fort €10, 3],
wO={ S50 fredh )

with @; and ; as given in Obs. 15 and Obs. 17. Then, for i € Cj,

(i)  ui(0) = vi,

(1) ui(1) = pe(vi) + [[pee(vi)llb; € £L+{5b; : 3 = 0},
and for all t € [0, 1] it holds that

(1) pe(vi) = pe(ui(t)) and [|peo (0| = [lpes (us(t))]],

(iv) ||u;(t) — || = ||vi —v]| forve L D {vs:s€ S},

(v)  Nui(t) — un(@)]| < flvi = vel| for k € C;.

Furthermore, for
() = 3 wilt)
iECj
the length ||pex(w;(t))|| is nondecreasing in t € [0,1] and ||ps-(u;(1))|| = Zz‘ecj lpee(v:)]]-
Proof. The result follows from Obs. 15, 17 and Obs. 16, 18. |
Suppose that the lengths §; = Ziecj lpce(vi)]| (4 € M) of the collapsed sets satisty (7).
Then, in order to obtain an embedding that is also in equilibrium with respect to the
subspace £, we only have to choose the collapsing direction b; of each component C;
according to the vectors dj (embedded in £1) with the assignment « of Obs. 14, b; = dy(j)-
This will yield an optimal embedding of dimension at most dim £ + 2 as described in
following lemma.
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Lemma 20 Let v; € R™ for i € N be an optimal solution of (4) for a connected graph
G = (N,E) and let S C N with 0 € § = conv{vs : s € S} be a separator in G giving
rise to disconnected sets C; C N, j € M ={1,...,m}. Put L =spanS and, for j € M,
05 = 2iec, Iper (vl
If 6; < D jeM\() §; for all j € M then there exist vectors dy,ds, d3 € L*, ||dy|| = ||da|| =

|ds|| = 1 with dlmspan {dy1,do,d3} <2, b; € {d1,d2,ds}, j € M, so that the embedding v},
1 € N, with

U{_{vi for 1€ 5,

S pe(w) + lpes llb;  for i€ C;.

is also an optimal embedding of (4). Furthermore, such an embedding exists with b; = d;
for at most one j € M.

Proof. Choose h and H as specified in Obs. 9. If §; = 0 for all j € M then the statement
holds for dy = dy = d3 = h because v, = v; € L for i € N. So we may assume 5_j > 0 for
at least two j € M. In the case dim(H N £*+) = 1 we must have |S| =n —2, m = 2, and
|C1| = |Cs] = 1,80 by =dy = —by = —dy = —d3 with dy = ppi(v;)/||pee(v;)] satisfies all
requirements. It remains to consider the case dim(H N £1) > 2.

By Obs. 14 we find three vectors di,ds, ds € H N L+ of norm one and an assignment
k: M — {1,2, 3} satisfying ZjeMé dyy =0and {j € M : k(j) =1} =1. Forj € M
set b; = dy(j) and let u;(t), i € Cj, be the transformations of Obs. 19 for the respective b;.
Then v, = u,;(1) for i € C;, j € M by Obs. 19(ii). The distance constraints are Satisﬁed
for the new embedding because for {i,k} € E either

i,kes: ||vi — vi|| = ||vi — vg|| by definition,
i€ Cj for some j € M,keS: |v]— vl =|vi— vk by Obs. 19(iv),
i,k € C; for some j € M : |vi — v || < ||vi — vg]| by Obs. 19(v).

The equilibrium constraint is satisfied on L, because pg(v;) = pe(v)) for all ¢ € N (by
definition for i € S and by Obs. 19(iii) otherwise). It is also satisfied on £+, because

> pee()) Zpy )+ D e () = Y0 e (willlby =D i) =

1EN ZGS JeEM ieC; JEM ieCj jeEM
by construction of the d;. Finally, the objective value has not changed because ||v;|| = ||v}]|
for all i € N (by definition for ¢ € S and by Obs. 19(iii) otherwise). |

If one set ) € M is ‘heavier’ than the other sets, Sj > EJGM\{j} 5j, the need to recover
feasibility in the equilibrium constraint will not allow to collapse 7 in full. We can, however,
collapse all other sets and compensate this by carrying through the transformation in j
up to the t; € [0,1] when [|p.+(4;(4))[l = 2 ern §;. Even though this may lead to a
slight increase in the overall dimension if ¢; < %, it will help later to reduce the number of
components we have to worry about.
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Lemma 21 Given the setting of Lemma 20 assume that there is a j € M with &; >
D e\ 8;. There exists an h € span{v; : i € N}* and an optimal embedding v} (i € N)
of (4) with

v; € span{h,v; :i € C;}  for i€ Cy,

7
/

’UZ. = Ui B fOT 'l E S,
i = pe(v) + [lpee(u)llo for i€ Cy with j € M\ {7},
T pﬁl(ﬁc) P / 7 .
where b = ”p“(ﬁg)” if U5 = Ziecj vl ¢ L and b =0 otherwise.

Furthermore, if there is some direction b € span {v; : i € C;} N LEN\ {0} with b, > 0
for i € Cj, then such an embedding exists with v} € span{v; : i € C;} fori € C;.

Proof. If ZjeM\{j} Sj = 0 then we may choose h = b = 0 and not transform the embedding
at all to obtain th(i result. Therefore assume jeM\(j} §; # 0. Choose h and H as specified
in Obs. 9. Since §; > 0 we can find a b; € L+ Nspan{v; : i € C;} with |b;]] = 1. Let
u;(t) (1 € C;) denote the transformations of Obs. 19 for this b;, set u;(t) = Eiecj u;(t). By

Obs. 19, the function ||p,.(@;(t))|| is continuous and nondecreasing. As the equilibrium
constraint is satisfied for the v; (i € N), we have

||Pz:l(ﬂj(0)))|| oz HZPLL(%’)H o H Z Pz:l(vi)H

i€Cy 1EN\C;

pLL(Uz’);O (i€S) H Z Z Dot (Ul) H

JEM\{j} i€C;

< )OI DI O] e DI

JEM\{j} i€l JEM\{7}

and, by assumption, ||p,.(i;(1))|] = 6; > D e\ §;. So there is a t; € [0, 1] with
e @)=Y 6 (10)

Set v = u;(t;) for ¢ € C; and put

0= v =ty and b= —pes (i) [lpes (@) (1)
iECj

For j € M\ {j} set b; = b and let u;(t), i € C}, be the transformations of Obs. 19 for

the respective b;. Then, by Obs. 19 (ii), v; = u,;(1) for ¢ € C; with j € M \ {j}. The
equilibrium constraint is satisfied for the embedding v}, i € N, because it holds on £ due
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Figure 11: Optimal two dimensional embedding of two wheels with iden-
tical hub, see Rem. 22. The construction of the proof of Lemma 21 would
yield a three dimensional embedding.

to pe(v;) = pe(v)) for i € N by Obs. 19 (iii) and it holds on £, because

ZPLL(U;) = ZPU(U;)JFZPLL(U;)JF Z ZPU(U;)

ieEN €S i€Cy JEM\{j}i€C;

(by def.) _ T
CEY pe (@) YD Hlper (v

JEM\{j} 1€C;

(11) ., -\ pce(5) (0
n (Hpu(vj)n— 3 @)—J oy,

!
iy ) o @)]

Feasibility of v}, i € N, with respect to the distance constraints and optimality follow from
Obs. 19 (iv,v) as in the proof of Lemma 20.

Finally, suppose b exists as described in the statement of the Lemma. Then we may
ﬁ and by construction (9) of the u; (i € Cj), w;(t) = v; for t € [0, 3] (see
Obs. 15 for ¢;) and u;(t) € L+span {b,v;} for t € [, 1] (see Obs. 17 for 1;). This completes
the proof. [

choose b; =

Remark 22 A solution corresponding to the modified solution of this lemma is not neces-
sarily an optimal embedding of minimal dimension. Consider, e.g., the graph consisting of
two wheels with identical hub and rims of k and k + 1 nodes with k > 6, see Fig. 11.

Lemma 21 does not provide a bound on the dimension of the embedding but will tell us
which component we have to think about next in order to get to such a bound. The case
discussed in Lemma 20, on the other hand, yields a bound of |S| 4 1, because dim(£) <
|S] — 1 due to 0 € S = conv{v; : i € S}. In order to arrive at the result of Theorem 5,
however, we will need a further refinement of Lemma 20 in the case dim(£) = |S| — 1. In
order to set up the scene, assume that the v; (i € N) are already embedded in dimension
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Figure 12: Transformation in the proof of Lemma 25.

Figure 13: 6 squeezes C spanned by £'+span {g} and nonnegative d into
the boundary halfspace spanned by £ and nonnegative g. (Obs. 23).

|S| + 1 as described in Lemma 20 with each node set C; collapsed to some flat halfspace
L+ {6d,jy : 0 > 0} and denote by H; the set C; that is the only one assigned to direction
d;. We are interested in the case that H; is not connected to some § € S, so S' = S\ {5}
is a separator for H; in G. By Theorem 3 we must have 0 € &' = conv{v; : i € S’}
with £ = spanS’ a linear subspace of dimension dim(L') = dim(£) — 1 and vs # 0
(otherwise the dimension of the embedding would be |S| already). Figure 12 depicts the
situation when projected onto £+ with H; = UjeMW(j):i C; the set of nodes which are
embedded in direction d;, © = 1,2,3. It will turn out, that the transformation indicated
in this illustration will yield an optimal embedding of dimension at most |S|, so we can
get rid of one more dimension. For this purpose we introduce yet another transformation
comparable to closing a fan, see Fig. 13. In the following observation think of vector
g = tpri(vs))/||lpe (vs)|| as spanning the missing direction in £ and d as the additional
direction d; for spanning the embedding of some node set C' = H;.

Observation 23
Given a linear subspace L' C R", d,g € L'* with ||d|| = |lg|| = 1, d¥g = 0 and v; €
{x € L +span{d, g} :d'z >0} (i€ C CN). ForieC, setd; = |pe(vs)|, determine
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vi € [0, 7] so that pri(v;) = 0;(g cosy;+d sin-y;) and define continuous maps 6; : [0, 1] — R™
0:(t) = pe(vi) + 6 [g cos(vi — ;) + dsin(y; — t,)] -

Then, fori e C,
(1) 0:(0) = v,
(1) 0:i(1) = per(vi) + |lpers(vi)llg,
and for all t € [0, 1] it holds that
(i) peo(vi) = pe(0i(t) and [[per (0l = [lper (6:(6)]],
(w) 6:(t) — vl < [lvi —vl| forve L'+ {Bg:F >0},
(0)  110:(8) = 0Ol < s — vl for k€ C.
Furthermore, for Oc(t) =3 ..o 0i(t),

(vi)  pa(fc(t)) € span{g} +{4d: 3 >0} fort € [0,1],
(vii)  gT0c(t) is strictly increasing in t € [0,1] if v; € (0,7] and 6; > 0 for some i € C,

(viii) Oc(1) = YoicePor(Vi) 92 e b

Proof. (i,ii,iii) follow from direct calculation and by exploiting that g,d € L are or-
thonormal vectors. In order to prove (iv), apply the same arguments used in the proofs of

For proving (v), i.e., ||60;(t) — 0x(t)||* < ||vs — vi||* for i, k € C, it suffices to show that

Fu(t) = 0:(6) 0k (t) > v] v 2 0:(0)760,(0) = fik(0),
or, as g,d € L'+ are orthonormal vectors, that the function
Sin(t) = per(vi) e (vi) + 60k [cos(v; — ;) cos(yi, — ti) + sin(y; — ;) sin(y — )]

is nondecreasing in ¢t € [0,1]. By the angle addition formulas and since the cosine is an
even function,

cos(y; — t;) cos(yk — tyk) + sin(y; — ty;) sin(ye — tye) = cos((1 — )|y — kl)-

The right hand side is non decreasing and, thus, f;; is nondecreasing.
(vi) and (viii) follow from direct computation and for (vii) it suffices to observe that

g 0c(1) = 8;cos(y; — ty)

is strictly increasing because §; > 0 for all i € C' and cos(y; — t7;) is strictly increasing in
t € [0,1] whenever v; € (0, 7]. [

The next observation will serve to find the correct balancing of the parameters for each
H; in order to guarantee the equilibrium constraint on the subspace spanned by ¢ and
appropriately chosen d;.
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Observation 24 Given continuous functions \; : [0,1] — R? (j € {1,2,3}) and 0 € R
with

(i) [M(b)]1 is strictly decreasing, [A2(t)]1 and [A3(t)]y are strictly increasing,

(i)  [Ni(t)]2 >0 forte0,1] andi=1,2,3,

(iii)  [A1(0)]1 + [A2(0)]1 + [A3(0)])1 + 0 =0,

() [Ni(0)]2 < [X;(0)]2 + [M(0)]2 for pairwise distinct i, j, k € {1,2,3},

(v) M) = [>\2( J2 = [As(1)]2 = 0.

)
There exist ty,1ts,t3 € [0,1] and pairwise distinct ke {1,2,3} satisfying
(vi) [t + [Pa(t2)li + [As(ts)i + 0 =0,

(vii)  [Na(ta)]2 = [Aj(t5)]2 4 [N (8)]2-

Proof. Due to continuity, the monotonicity property (i), and the initial condition (iii)
there exists a continuous nondecreasing function 7 : [0, 7] — [0, 1] defined implicitly via

M(@]r + Do (@) + Pa(r(t)ls + 0 =0,

where
7 =max{t € [0,1] : [\i(t)]1 + [M2(¥)]1 + [A3(t)]1 + o = 0 for some ¢’ € [0, 1]}.

By definition, (#},t5,t5) = (7,7(7), 7(7)) satisfies (vi) and by monotonicity at least one
of t, ty, t, is equal to one. Then (v) and (ii) imply that there are pairwise distinct
i,j,k € {1,2,3} with [A\i(¢:)]2 > [N (t)]2 + [Ae(tk)]2- By the initial condition (iv) and the
continuity of the A; and 7, there must be a smallest t; € (0,1] so that t, = t3 = 7(t1)
satisfy (vi) and (vii). [

Lemma 25 Given the setting of Lemma 20 assume that &; < ZJGM\{]}é holds for all
J€ M and let 7 € M be the only index with b; = d; within the new embedding of Lemma
20. If at most |S| — 1 nodes of S are adjacent to nodes in Cj, then there is an optimal
embedding of dimension at most |S)|.

Proof. Let v;, © € N be the optimal embedding resulting from Lemma 20 with normalized
vectors dy,dy, ds € L satisfying dimspan {dy,ds, d3} < 2 and an assignment x : M —
{1,2,3} with b; = d(j) for j € M. Set Hy = U;cpsp(jy=i Cj for k € {1,2,3}. Then,

v, e L4+{pd;: >0} forie H;, je{l,2,3}. (12)

Together with £ = spanS and 0 € § = conv{v, : s € S} the dimension of this embedding
is bounded by dim £ + dimspan{d;, ds,ds} and dim £ < |S| — 1. If dim £ < |S| — 1 or
dim span {d;, ds, d3} < 2 then the statement holds, so we may assume dim £ = |S| — 1 and
dim span {d, d2, d3} = 2. Next suppose there is a j € {1,2,3} with v/ d; =0 for all i € Hj,

w.l.o.g. assume this to hold for j = 1. Then the equilibrium constraint on £+ 51mphﬁes
t0 Y sem, IPcs (vi)llde = 3 ey, [P (v5)]lds. Thus, the embedding on £+ is restricted to a
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one dimensional subspace and the dimension of the embedding is again bounded by |S]|.
So it remains to consider the case

for each j € {1,2,3}, wv/d; > 0 for some i € H,. (13)

By assumption there is a node 5§ € S not adjacent to any node in H; = C;. Put S’ =
S\ {5}. This set S" separates H; from G. We have 0 € &’ = conv{v, : s € §'}, because
otherwise the Separator-Shadow Theorem 3 would imply v; € £’ = span S’ for i € Hy, in
contradiction to (13). Now 0 € &' yields dim £ = |S’| — 1 and as dim £ = |S| — 1 we find
a vector g with

O#QZMGEHEIL and ¢"v, =0forse s (14)
[P (vs)]]

Set g1 = —g and g, = g3 = g, then by (12)
for each j € {1,2,3}, v; € {x € L +span{d;,g;} : dJT:c > 0} for all ¢ € Hj.

Therefore we may use Obs. 23 for j € {1,2,3} with C = H;, d = d;j, g = g; to define
transformations 6;(¢) for i € H; and 6;(t) = fp,(t). Observe that ' C L' and S C
L' +{Bg; : B > 0} for j € {2,3}, so Obs. 23 (iv,v) establish that for j € {1,2,3} and
t; € [0,1] the distance constraints of edges incident to nodes i € H; remain satisfied for
embedding 6;(¢;) and the objective value remains unchanged due to Obs. 23 (iii) by 0 € L.
Also note, that replacing d; by some other normalized d; € L+ will not affect distance
constraints but only the equilibrium constraint. So it remains to find appropriate t; € [0, 1]
and normalized d; € L+ so that the equilibrium constraint holds while the dimension of
the embedding is reduced by at least one. For this purpose, define for j € {1,2,3} the
function A; : [0,1] — R? by

A(t) = ( cnge]»Eg ) for t € [0, 1].

We show that the A; and o = §7v; satisfy the requirements of Obs. 24. Obs. 24(i) holds
because of Obs. 23(vii) and (13). Obs. 24(ii) follows from Obs. 23(vi). Obs. 24(iii) is
implied by the feasibility of equilibrium constraint on the linear subspace spanned by ¢ for
the embedding v;, i € N; for this, use Obs. 23(i), (14) and the definition of o. Suppose
Obs. 24(iv) does not hold and assume, w.l.o.g., that A;(0) > A2(0) + A3(0), then by (12)
and Obs. 23(i) this is equivalent to

Dol = D o (i)

1€H, 1€H2UH3

and together with the equilibrium constraint

> e @illdi+ > lper (i)lldz + Y llpee (vi)llds = 0

i€Hy i€Ho i€EHo
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this implies d; = —ds = —dj3 in contradiction to dim span {d;, ds, d3} = 2. Thus, Obs. 24(iv)
holds. Finally, Obs. 24(v) follows from Obs. 23(viii). Hence, there exist t1,5,3 € [0, 1]
and pairwise distinct 7, j, k € {1,2,3} so that Obs. 24(vi,vii) hold. Now,

choose d e LY ||d| =1, setd = ~d; = —d; = d (15)
and
UI . Vi 1€ S,
‘ per(vi) + 6ilg; cos(vi — tjvi) + djsin(yi — tjv:)] i € Hy, j € {1,2,3}.

Since only the d; have been replaced by d}, j € {1,2,3}, the distance constraints are still
valid for the new embedding v}, i € N, and the objective value is unchanged. Furthermore,
setting

= Z per(vi) + 0ilg; cos(y; — ty;) + dj sin(y; — ty;)]  for j € {1,2,3},

’iEHj

we see that the functions \;, j € {1,2, 3}, also satisfy

Aj(t) = ( (;;Z//((tt)) ) for t € [0,1].

Therefore Obs. 24(vi,vii) still hold for ¢y, t5, t3 and 7, j, k yielding

0 = o+ 3 (0 (t) +O(ts) +Oy(t2) = (s + > S ) (3 o))

je{1,2,3}i€H; iEN
0 = dTOn) - 4T — 4T ) AT Y 3w ()
je{1,2,3} icH; iEN

So the equilibrium constraint holds on the linear subspaces spanned by g and d. Tt also
holds on £’ because pe/(v;) = per(vi) for i € N and the embedding v; was feasible. Since
vl € L' +span{§,d} = L+span{d} for i € N, the new embedding satisfies the equilibrium
constraint on the entire space. Therefore it is an optimal embedding of dimension at most
dim £+ 1=19]. |

5 The proof of the Tree-Width Theorem 5

We will show that for any tree-decomposition T'= (N, E) of G (see Def. 4) there is always
an optimal embedding of dimension at most max{|U| : U € N'}. As this also holds for a
tree-decomposition giving the tree-width of G, this will prove the theorem.

Note that in a tree decomposition any U € N and any U N U’ with {U,U’} € £ is a
separator of G (see e.g. Lemma 12.3.1 in [5]). In the proof we will show that for any optimal
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embedding v;, i« € N, we can find a separator S of the form U € N or {U,U’'} € £ with
0 € conv{vs : s € S} so that either Lemma 20 or Lemma 25 yield an optimal embedding
of dimension at most |S|.

The first step asserts, that for any optimal embedding any tree-decomposition has
“zero-nodes” containing the origin in their convex hull.

Lemma 26 Given a tree decomposition T = (N, E) of a connected graph G = (N, E) and
an optimal embedding v; € R™ (i € N) of (4). There is an S € N with 0 € conv{vg : s €
S}.

Proof. Consider a subtree 7" = (N’,&’) of T with |N’| minimal so that 0 € conv{v; :
i € Uyenr U} Such a tree exists since the condition holds for 7" = T' by the equilibrium
constraint. Let the convex combination giving the origin be described by C' = |J,c0 U
and « € RY with a’e =1 so that >, . ov; = 0.

Assume, for contradiction, that |[N’| > 1. Then there is an edge {U,U’} € £ and
S"=UNU'is a separator of G. Deleting edge {U, U’} from T" splits 7" into two nonempty
subtrees T = (N}, &) for j € {1,2} with 0 ¢ conv{v; :i € UUeNJf U} by assumption. Set
Nj = UUeNJf U. Because S" C N for j € {1,2} we obtain 0 ¢ &' = conv{v; : i € 5'}.
Thus, the Separator-Shadow Th. 3 applied to S’ implies that, w.l.o.g., for all i € Ny,
conv{v;,0} NS’ # (. But then the origin must be contained in the convex hull of subtree
Ty as we show next. Put C7 = Ny — 5, Cy = Nj and set, for j € {1,2}, a; = Eiecj a; and
v = @% Zz‘ecj a;v; € conv{v; : i € Ni}. Then 0 = a9, + Gty € conv{vy, o} (by definition
of the ;) and ) # &’ N conv{vy,0} C conv{vy, o} (by the separator-shadow property),
so there is a p € & C conv{w; : i € Ni} with 0 € conv{p,v2} C conv{v; : i € Nj}, a
contradiction to the minimality of [N”|. Hence, 7" consists of only one node. |

We will call a node U € N a zero-node (with respect to the embedding v;, i € N) if
0 € conv{w; : i € U} and an edge {U,U’'} € &€ a zero-edge (with respect to the embedding
v;, 1 € N)if 0 € conv{w; : i € UNU'}. Note, for a zero-edge both endpoints are zero-nodes.

Observation 27 The subgraph T" = (N',&') of T = (N, E) induced by the zero-nodes of
an optimal embedding v; (i € N) of (4) is a tree and E' is the set of zero-edges.

Proof. Suppose that there are two zero-nodes U and U’ that are not connected in 7" or
that they are connected in 7" by an edge that is not a zero-edge. In both cases there is an
edge {S,5'} € £ with 0 ¢ S = conv{w; : i € SN S’} on the path connecting U and U’ in
T. But then the Separator-Shadow Th. 3 implies, w.l.o.g., that conv{v;,0} NS # ( for all
1 € U. This can be worked out to contradict the assumption that U is a zero-node. |

Hence, for a given tree-decomposition any optimal embedding induces a zero-tree (with
respect to the embedding v;, i € N) consisting of the zero-nodes and zero-edges.

The algorithmic idea is to pick a zero-node U, transform the embedding for S = U as
suggested in lemmas 20, 21, 25 and to check whether the resulting dimension is at most
|U|. If it is not, it will turn out that in the zero-tree of the new optimal embedding, U has
a unique incident zero-edge {U, U’} leading to the that part of the graph whose embedding
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cannot yet be flattened out sufficiently with respect to U. We then go on transforming
the new optimal embedding with respect to the separator U N U’ which may again lead to
a sufficiently flat optimal embedding or, in failing to find one, lead on to U’ via the the
part that is not flat enough. Now, at some point this algorithm might turn back in U’ and
try to cross this last edge a second time. Happily, this will immediately allow to produce
an optimal embedding that is sufficiently flat. As going on in one direction will only be
possible for a finite number of times, this will complete the proof.
We start with the convenient case, where all parts can be flattened out sufficiently.

Lemma 28 Given a tree decomposition T = (N, E) of a connected graph G = (N, E), an
optimal embedding v; € R™ (i € N) of (4), and a zero-node S € N whose deletion splits T
into m subtrees T; = (N;,&;) (j € M ={1,...,m}). Put

L = span{vs:s € S},

¢, = |JUu\s

UeN;

5 = Y lpctw)ll (€ M),

iECj

If §; < EjeM\{j} §; for ) € M then there is an optimal embedding v (i € N) of dimension
at most |U’| for some U" € {S,U : {S,U} € £}.

Proof. We distinguish two cases. In the first case assume that S has a neighbor U’ in
T with |U’'| > |S| and apply Lemma 20 with respect to S and the C; (j € M). The
resulting optimal embedding v, has dimension at most dim £+ 2 and since dim £ < |S|—1
(0 € conv{wg : s € S}) the dimension is at most |U’].

In the second case all neighbors U of S in T satisfy |U| < |S|. By definition, no two
nodes in N are identical, so each set C; is separated from S by a subset S; = S N U;
induced by an edge {S,U;} € £ with |S;| < |S|. Therefore we may apply Lemma 25 with
respect to S and the C; (j € M) and obtain an optimal embedding of dimension at most

El n

If, however, one of the sets is too big to be flattened out, we can find a unique edge that
leads us towards a more balanced center in the big set.

Lemma 29 Given the setting of Lemma 28, assume that &; > ZjeM\{j} 5 foraje M.
Let v} (i € N) be an optimal embedding arising from Lemma 21 for this S and the C,
(j € M). The (unique) edge {S, ﬁ} € & with U € Nj is a zero-edge with respect to this
new optimal embedding.

Proof. Since §; > 0 neither the subtree T} nor C; are empty, so there is an edge {5, ﬁ} €&
with U € Nj. Suppose, for contradiction, that it is not a zero edge with respect to the
embedding v, (i € N). Then S = SN U separates G into C; and N\ (5'UCj). By
assumption, 0 ¢ conv{vs : s € §'} and 0 € conv{vs : s € S}, so the Separator-Shadow
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Th. 3 applied with respect to the separator S” implies that v; € cone{v, : s € S"} C L for
i € C;. But then §; = 0. |

Note that U is a zero-node of the embedding v, and we could continue with transforming
v, with respect to U ending up in Lemma 28 or Lemma 29 again. However, in order to
ensure that no edge is crossed twice, we need to look at the zero-edge itself first.

Lemma 30 Given the setting of Lemma 29 with {9, ﬁ} € & being the zero-edge with
respect to embedding v, (i € N) satisfying Ue Nj. Deleting this edge in T splits T into
two subtrees T; = (N7, &) with j € M' = {8, U} so that S e N¢ and U € Nj. Put

3%
S = SnNU,
L' = span{v,:s e S},

¢, = |JU\s,

UeN]

0 o= > llpe @)l (€M)

iECj
If 0% > 5;7 then there is an optimal embedding v! (i € N) of dimension at most |S]|.

Proof. If 05 = 5;7 then Lemma 20 applied to embedding v; with respect to S" and C for
j € M’ yields an optimal embedding
v for i€ 9,
v = q per(vi) +[pee ()b for i€ Cy
pﬁ’(vi) — ||p£/L('UZ)||b fOI' 7 € Cé:

for some normalized b € £'* and the dimension is bounded by dim £' + 1 < |S’| < |S].
For 6¢ > 5A remember that the v] were constructed via Lemma 21. So with the
definitions of b and the v} given there, we have

o =pe(v) +llpes )IB forieCy= [J G US\S.
jeM\{3}

If b = 0 then all these v/ lie in £ and by applying Lemma 21 to v} with respect to S’ and
C’ for j € M', the space of the new optimal embedding v, i € N, will be £ enlarged by
some dlrectlon h at most, so its dimension is bounded by dim £ + 1 < |S].

If b+ 0, then pyu(v;) # 0 for some i € C and using b € L4, ||b]| = 1, we get

b0 = b pe(vi) + [pes ()[[670 = |Ipes(v)]| 2 0 for i € C.
Since £ C L we obtain b € span{v} : i € C5} N L+ \ {0} and bTv] > 0 for i € C%. So

we are in the special case of Lemma 21. Thus, applying Lemma 21 to v} with respect to
S" and C’ for j € M’ yields a new optimal embedding v/, i € N, with v; € span {v; :
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i € C} C L+ span{b} for i € C% and therefore v/ € L + span {b} for all i € N. The
dimension of this new embedding is again bounded by |S]|. |

In proving finiteness of the algorithm below we will see that the values 5} of Lemma 30

do not change if the algorithm turns back in U to cross the same edge again, so that the
condition 0y > 5;3 will be met the second time at the latest.

Algorithm 31

Input: a connected graph G = (V, E), a tree decomposition T = (N, E) of G, an optimal
embedding v;, i € N, of (4).

Step 0: Set S to a zero-vertex of T with respect to the embedding.

Step 1: Using the notation of Lemma 28 with respect to S, determine &; for j € M.
Step 2: If 6; < EjeM\{j} §; for 3 € M apply the proof of Lemma 28 to find an optimal
embedding of dimension at most the width of T plus one and stop.

Step 3: Transform, as described in Lemma 29, the optimal embedding to v, (i € N)
and compute the corresponding zero-edge {9, (7} Determine &5 and 5_27 in the notation of
Lemma 30.

Step 4: If g > 5[7 apply the proof of Lemma 30 to find an optimal embedding of dimension
at most the width of T' plus one and stop.

Step 5: Set S «— U, v; < v} fori € N and goto Step 1.

Theorem 32 Let G = (N, E) be a connected graph and T = (N, E) a tree decomposition
of G. Algorithm 31 is correct and stops with an optimal embedding for (4) of dimension
at most width of T plus one in at most |N| iterations.

Proof. Step 0 can be carried through by Lemma 26.

If in Step 1 the set M is empty (N = {S}), then the condition in Step 2 is vacuously
satisfied and the transformation of Lemma 28 is the identity. But in this case S = |N| and
any optimal embedding has dimension at most |[N| — 1 by Obs. 9, so the algorithm stops
correctly.

We will prove that the algorithm steps over any edge at most once without stopping and
this will yield the iteration bound. Suppose {S, U} is the first edge of T" to be considered a
second time and that the algorithm just stepped from S to U and now considers stepping
back to S. Then U transforms, by means of Lemma 29 the embedding v; that was generated
by S via Lemma 29. By construction (see Lemma 21), both transformations have £ =
span{v; : i € SN U} as an invariant subspace. Therefore the numbers % and &% of Lemma
30 computed in Step 3 have identical values in both cases (but with names interchanged),
so the condition of Step 4 is certainly satisfied the second time and the algorithm stops.

The correctness of the statement regarding the dimension of the optimal embedding at
termination is a consequence of the respective lemmas 28 and 30. |
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