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Abstract

Partitioned preemptive EDF scheduling is very similar to
bin packing, but there is a subtle difference. Estimating the
probability of schedulability under a given total utilization
has been studied empirically before. Here, we show an ap-
proach for closed-form formulae for the problem, starting
with n = 3 tasks on m = 2 processors.

1. Introduction

We consider periodic, preemptive, synchronous, inde-
pendent tasks with implicit deadlines on an identical multi-
processor with m processors or cores. Say n tasks consist-
ing of a potentially infinite number of jobs to be scheduled.
A task is then fully characterized by only two parameters:
its worst-case execution time (WCET) e; > 0 and its period
p; > 0 which coincides with its deadline d; = p;. A useful
derived property is the task’s utilization u; := ;

All deadlines should be met. It is tolerable that some
deadlines are exceeded. Thus, we consider soft real-time
scheduling contrary to hard real-time where all deadlines
must be met. Preemptions are always possible and their
costs (in terms of time) are assumed to be zero.

Global scheduling is characterized by a common queue
of ready jobs and a migration of jobs from one processor
to another. We consider here only partitioned scheduling
where each processor has its own queue. Then, the main
problem is to map the tasks to the processing units. Par-
titioned scheduling is better understood since it relies on
well-studied uniprocessor scheduling.

Earliest Deadline First (EDF) [12] is an optimal dynamic
scheduling policy based priorities according to increasing
absolute deadlines. It is optimal smce it achieves the maxi-

mal possible total utilization u© = Z u; which is 1.
=1

By combining partitioned scheduling with EDF, we ob-
tain partitioned EDF which is closely related to the classical
problem of bin packing. The bins have a constant capacity
of 1 resulting from the uniprocessor EDF utilization bound.
Following the classical approach of bin packing, one has
to minimize the number of bins (processors) given a set of
items (tasks). This is not typical in practice since the num-
ber of cores or processors, the hardware, is fixed in a charac-
teristic setting. Thus, it is more useful to indicate tolerable
total utilization u for a fixed number of bins m and a given
number of tasks n.

In hard real-time systems, the miss of a single deadline is
critical. Hence, utilization bounds taking the worst case into
account are appropriate. On the other hand, the probability
of failing to meet a deadline might be very low at utiliza-
tions beyond such a bound. It turns out that there is such
a region in many cases. The typical behavior in scheduling
is a phase transition with a sharp threshold. Then, for soft
real-time systems, it is justified to include the interval from
the utilization to the (sharp) utilization threshold in the set
of tolerable total utilization values.

1.1. Motivation

It is the goal of this article to pioneer the calculation of
exact threshold values by analytical formulae. The great ad-
vantage for soft real-time systems is the better exploitation
of available hardware by substituting conservative utiliza-
tion bounds by utilization thresholds. An important point is
to ensure the boundedness of the probability of a deadline
miss. For the particular scheduling problem here, it means
to bound the likelihood of a task-processor matching where
a per-processor utilization exceeds the uniprocessor EDF
bound of 1. Thus, a good characterization is the function
Pr(u,n,m) which should take course of a sharp threshold
for bounding processor overflow probability.

The rest of the article is structured in the following way.
In Section 2, a utilization bound is recapitulated. The gen-



eral concept of thresholds and sharpness of them is given in
Section 3. Next, the concept is discussed when applied to
RMS in Section 4. Section 5 sheds light on the relationship
between partitioned EDF and bin packing. In Section 6,
empirical and analytical approaches for partitioned EDF are
compared. Finally, a conclusion is given in Section 7.

2. Utilization Bound for Partitioned EDF

The intention of a utilization bound u g is to provide us
a linear-time sufficient test for schedulability. The summa-
tion of n task utilization values u; takes linear time. Bounds
related to utilization are typically upper bounds. All task
sets with a u value lower than or equal to up are schedu-
lable. Clearly, the most useful upper bound is the highest
one possible. Then, there is a task set and an arbitrarily
small € > 0 such that its utilization is ug + € and it is not
schedulable. Such a bound is called a tight bound. The
most famous example for uniprocessor scheduling is the
Liu/Layland bound for Rate-Monotonic Scheduling (RMS)
upp(n) = n(2Y/™ — 1) with its limit case ur 1, (c0) = In 2,
cf. [12]. Subsequently, the term bound refers to an abbrevi-
ation of tight upper utilization bound.

Partitioned scheduling is characterized by a static map-
ping of tasks to processors. Thus, a single task can block
a processing unit when having a utilization of 0.5 + ¢ with
€ > 0,e — 0 and all other tasks having the same utilization
value. In order to block m processors, m such tasks are re-
quired. Then, the (m+1)-th task can not be attached. An in-
finitesimally small decrease in its u; value by 2¢ would ren-
der the task set schedulable since, then, it would exactly fit
to an arbitrary processor. So, the utilization bound for par-
titioned scheduling is the total utilization in this worst-case
situation: % Asymptotically, for m — oo, it becomes
normalized' 0.5. Just a half of the potential processing ca-
pacity can be used, see (1) and (2), formulae for utilization
bound and normalized utilization bound.

m+1

up = — (1)
m+1

UBN = ——— 2
2m

This bound was shown to be valid in the popular special
cases of partitioned EDF [14] [13] and partitioned RMS [1].
Note that for partitioned scheduling, the bounds for static
and dynamic priority scheduling coincide.

Contrary to that, for global scheduling, the normal-
ized bounds are 3+2 Vel 0.382 (with Slack-Monotonic
Utilization Separation, SM-US [2]) in the static case and

!'This means a scaling with the reciprocal of the number of processors
m. Such a normalization is useful for a comparison with uniprocessor
bounds since the result is independent of the number of processors.

73—:11 — 0.5 (with EDF-Utility Separation, EDF-US[0.5]
[4]) in the dynamic case. Note that the non-constructive
normalized bound for global static-priority scheduling is
V2 — 1 ~ 0.414 under the constraint of only using e; and
p; values [3]. Thus, there still remains a normalized gap
of more than 0.03 to improve on a global static priority
scheme. Relaxing this restriction by allowing more com-
plex priority assignments leads to an even larger gap.

Both EDF and RMS without an improvement by the US
modification suffer in the global case from the well-known
Dhall’s effect [6] where guaranteed utilization drops to 1
corresponding to a normalized u value of zero?. This shows
clearly that a straight-forward lifting of approved uniproces-
sor algorithms can result in a disaster; more sophisticated
approaches are required.

3. Thresholds and Sharpness

Utilization thresholds are inherent to many scheduling
problems. This becomes obvious when noting that small
total utilizations u imply small average utilizations u; often
resulting in utilization bounds up discussed in Section 2.
This guarantee for bounded utilizations corresponds to a
probability of 1 for schedulability. There is always such a
guarantee on uniprocessors, and often on multiprocessors.
An exception are the policies affected by Dhall’s effect,
global EDF and global RMS, see Section 2. But even there,
a degenerated utilization bound equal to 1 can be regarded.

At the other end of the spectrum, at high utilizations,
the necessary condition® of v < m is general. Thus, its
violation implies always a likelihood of schedulability of O.

Relating these two fixed data points and regarding the
interior of the [up,m] interval makes clear that there must
occur a changeover from probability 1 to 0. This knowl-
edge becomes useful when one can show that it is a sharp
threshold up. Then, in the interval (up,ur), there is a
high probability of schedulability, and in (ur,m), there is
a high probability of unschedulability. Exactly at ur, the
odds are fifty-fifty. The terms threshold and sharp thresh-
old are mathematically defined by Gopalakrishnan in [10]
who first tackled real-time scheduling problems using sharp
utilization thresholds in chapter 6 of his PhD thesis [9]. Fur-
ther, there is shown that the width of the threshold interval
will narrow. When the number of tasks approaches infinity,
n — 00, it even converges to a binary switch from 1 to 0.
More precisely, the width is O(1/+/n), cf. [10].

Real-time scheduling can profit from sharp thresholds by
accepting task sets with u € (up,ur|. Due to the sharp-
ness of the threshold, the probability of obtaining a false

2But, we have to admit that tardiness under global EDF is bounded.
Thus, it might be an option for soft real-time systems.

3There is a second necessary condition which is frequently no more
mentioned and implicitly assumed: V% : u; < 1.



positive decision is small. Symmetrically, task sets with
u € (ur, m] should be rejected. Again, the probability to
obtain a false negative result is small.

4. Thresholds for RMS

In [10], RMS on a uniprocessor is analyzed. By resort-
ing to a task set graph abstraction, it can be shown that RMS
is provided with a sharp utilization threshold. The thresh-
old value can be estimated between 0.85 and 0.9. Since the
RMS utilization bound ur, s, (c0) = In2 =~ 0.69, see Sec-
tion 2, is much less than the estimated threshold, it makes
sense to use the threshold obtained for RMS. Similar mea-
sures going beyond the pessimistic utilization bound con-
cept, see Section 2, are Breakdown Utilization, BU [11] and
Numerical Optimality Degree, NOD [5]. These metrics are
compared and discussed in [5]. They are obtained empiri-
cally by probabilistic simulation. Such a method bears al-
ways the danger of a bias, cf. [S]. There, it turned out that
NOD is more fair than BU.

5. Partitioned EDF and Bin Packing

In [9], partitioned EDF on multiprocessors is considered.
Again, a sharp threshold could be proved. Partitioned EDF
is closely related to bin packing, but in some respect a dual
problem to it. Bin packing is (3), but partitioned EDF is (4).
u = const.  (3)

m — min. subject to

U — Max. subject to

Partitioned EDF and bin packing are NP-Hard [8]. Thus,
heuristics and tests of polynomial complexity are required.
In [9], the approved heuristic First-Fit Decreasing (FFD)
was applied. It is known to require in the worst case %
bins where o is the optimal number of bins. The bound is
tight and was proven in [7]. Note that this approximation
ratio result is lacking a link to utilization. Thus, rearranging
it can not give a result of the form v = f(m) as required for
solving the scheduling problem.

m = const. (4)

6. Thresholds for Partitioned EDF
6.1. Experimental Evaluation

The study in chapter 6 in [9] considers m =
2,4,8,16,32,64 processors and n = 2im + 1;i =
0,1, 2, 3, 4 tasks respectively except for m = 64 where only
the cases n = 65,129,257 are regarded. In all cases, a
sharp threshold for larger values of n - as predicted by the-
ory - was observed. These thresholds are located at about
0.95m. It is a huge difference to the bound (2) which

quickly drops from 0.75 for m = 2 to ca. 0.51 for m = 64,
indicating the convergence to 0.5. Thus, the method of
sharp thresholds succeeds for partitioned EDF.

But the experimental method has the following weak
points. First, the application of FFD gives only an approx-
imation from below of the achievable utilization. Second,
the Monte Carlo method used here comes at the risk of bi-
ases which are sometimes hard to notice, cf. Section 4. We
favor to ensure uniformity in the space of task sets with a
lattice as proposed in the next section.

6.2. Towards Exact Thresholds by Analysis

In order to overcome the shortcomings of the experimen-
tal method, we want to try to analytically derive formulae
for partitioned EDF.

For determining the schedulability probability, we first
use a generalized midpoint rule for integration. An equidis-
tant (d > 0) lattice of u; values is generated in the space
(0,1]™. There are (1/d)™ points. Then, the ratio of in-
stances meeting the schedulability constraints to the num-
ber of them meeting the total-utilization condition is an es-
timator of the probability. The number of instances under
investigation is controlled by d. According to frequentists’
probability, the ratio converges to Pr(u,n, m) for d — 0.

We start with the simplest reasonable case of m = 2 and
n = 3. The interval of interest is (up,m) = (1.5,2.0).
Here, exact constraints for schedulability can be derived
when considering the EDF criterion u < 1 and that at least
two of the three tasks must be attached to one and the same
processor. Thus, the schedulability constraint is (5).

UL +us <1Vup+us <1Vus+usz <1 (®))

The total-utilization condition can be obtained when rec-
ognizing that there are only two degrees of freedom when
u is fixed. The third utilization is just ug = u — u; — us.
Then, in the ujuy square, it has to be checked whether a
0 < us < 11is obtained.

Using a C program, our empirical method is just count-
ing the points meeting the constraints and then to print out
the ratio for the respective u value.

The analytical method is to calculate the areas of the ap-
propriate shapes in the u;us plane, see Fig. 1. The ratio of
these areas is the exact value of probability Pr(u, 3,2), de-
rived using geometrical method. The first total-utilization
condition ug < 1 cuts the lower left triangle from the
ujue square. And the second condition ug > 0 cuts the
upper right triangle. Thus, the residual shape represent-
ing all task sets meeting the total-utilization condition is a
hexagon plotted with a thick line. Next, the schedulability
constraint (5) cuts an inner triangle (filled with black) from
this hexagon. Hence, the ratio is the area of the hatched
region to the area of the hexagon. This evaluates to (6).
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Figure 1. Derivation of the closed-form for-
mula for Pr(u,3,2); here: u = 1.8
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Both empirical (for d = 0.01) and analytical result are given
in Fig. 2. The two graphs lie close to each other confirm-
ing the analytical result. As expected, the probabilities are
slightly greater than the ones obtained in [9] due to the
inherent pessimism in the FFD approximation there. The
threshold is ur ~ 1.89. We hope to apply this approach for
general n and m values in the future.
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Figure 2. Probability of schedulability
Pr(u,3,2) for partitioned EDF of 3 tasks onto
2 processors; step d = 0.01

7. Conclusion

A formula for the partitioned-EDF scheduling of 3 tasks
onto 2 processors has been derived and compared to former
empirical results. The threshold is ur ~ 1.89. This proba-
bilistic result can be applied in soft real-time scheduling or
as a pre-test in hard-real time scheduling. In the future, this
method shall be used in order to obtain Pr(u,n,m) formu-
lae and thresholds for greater n and m values.
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