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Abstract Linear periodic descriptor systems represent a broad ofasse evo-
lutionary processes in micro-electronics and circuit $ation. In this paper, we
consider discrete-time linear periodic descriptor systamd study the concepts of
periodic reachability and observability Gramians. We al&russ a lifted repre-
sentation of periodic descriptor systems and propose adediatruncation model
reduction method for such systems. The behaviour of theesigd model reduction
technique is illustrated using a numerical example.

1 Introduction

Linear discrete-time periodic descriptor systems haveived a lot of attention
over the last twenty years. They are suitable models forrabwatural as well as
man-made phenomena, and have applications in modelingiotetime-varying
filters and networks [15, 20], multirate sampled-data systgl5, 17], circuit simu-
lation [2, 7, 9, 17], micro-electronics [18, 19], aerospaealm [32, 33], control of
industrial processes and communication systems [1, 19].

A linear discrete-time periodic descriptor system withdiwvarying dimensions
has the form

EiXici1 = A+ BrUk, Yk = G, keZ, (1)

whereEy € RH1xMi1 A € RH17Tk By € RH«1XMk G € RP*™ gre periodic
with a periodK > 1 andy K~} i = S N« = n. The matrices are allowed to be
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singular for allk. For system (1), a reduced-order model of dimensiaould be
a system of the form

Exfir1 = A+ Bru, Pk = Gk, keZ, (2

whereEy € Rk12Tket| A € R¥+1xTk | B € R%+1*M G e Rk are K-periodic
matrices, YK J i = Sk grk = r andr < n. Apart from having a much smaller
state-space dimension, it is also important that the retiocder model preserves
physical properties of the original system such as regylatability and passivity,
and that the approximation error is small.

In this paper, we briefly review some basic concepts of diseime periodic
descriptor systems (Section 2). In Section 3, we study thiedlie reachability and
observability Gramians from [5] using a lifted represeiotatA balanced truncation
model reduction method for periodic descriptor systemgésented in Section 4.
Section 5 contains a numerical example that illustrategtbperties of the sug-
gested model reduction technique.

2 Periodic Descriptor Systems

Lifted representations of discrete-time periodic syst@fay an important role in
extending many theoretical results and numerical algmstfor time-invariant sys-
tems to the periodic setting [3, 6, 31]. We consider here jléiclifted represen-
tation which was introduced first for standard periodic eyt in [16]. Thecyclic
lifted representatiomf the periodic descriptor system (1) is given by

E X1 = A I+ B U, Y= C 2, ®3)

where
&= diaQEo7 Ei,..., EK_]_), B = dia(:,KBo, By,..., BK_]_),

0 .0 A 0 . 0 Co
Ay 0 C: 0 (4)
o = ) |, €=
0 Ac_1 0 0 Ck-1 O

A set of periodic matrix pair$Ek,Ak}|'f;01 is calledregularif the pencilz& — o/
is regular, i.e., déz& — «7) £ 0. In this case, we can define a transfer function of
the lifted system (3) as#’(z2) = €' (26 — /)1 5.

The regular set of periodic matrix pail{Ek,Ak}Egol can be transformed into
a periodic Kronecker canonical form [5, 30]. Fee=0,1,... K — 1, there exist
nonsingular matricedj € RH«+1*H+1 andzZ, € R%* such that

| 0

f
wkEkzmzlgk EJ, winz— | ISJ, ©)
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whereZyx = Zo, A&+K—1A&+K—2"'Aii =J is an ni X nli matrix corresponding to

the finite eigenvalueEPEL, | -+ EP, « _; = N is anng x nf® nilpotent matrix corre-

sponding to the eigenvalue at infinity, = n‘i +ng andpy = nli+1 +ng. The indexv

of the periodic descriptor system (1) is defined/as max(vp, v1,...,Vk—_1), where

vk is the nilpotency index ofNy. Note that the finite eigenvalues §Ex, Aty

coincide with the finite eigenvalues of the lifted perefl — <.
Fork=0,1,...,K—1, the matrices

le Of__; (e 0
Pr(k):anok ol & R (k) =W gk of Wk

are thespectral projectorsonto thek-th right and left deflating subspaces of the
periodic matrix pairs{Ek,Ak}l'f:‘o1 corresponding to the finite eigenvalues, and
Qr (k) =1 —R (k) andQ (k) =1 — R (k) are the complementary projectors. Let for

everyk=0,1,...,K — 1, the vectoZ, x. = [(x{)T, (X¢)T]" and the matrices

be partitioned in blocks conformally to the periodic malp'a(irs{Ek,Ak}E:’Ol in
(1). Under this transformation, the system (1) can be ddedupto forward and
backward periodic subsystems

f fof of £ Aff
X1 = A Bl Y =GeX, (6)
EDR. = x@+Blu, yP=CPx, @)

respectively, withy, = yﬁ + yE k=0,1,...,K—1. The state transition matrix for
the forward subsystem (6) is given bp:(i,j) = AifflAiffz---Ajf fori > j and
®¢(i,i) = Inif. For the backward subsystem (7), the state transition xestrde-
fined as®y(i, j) = EPEP,; -+ EP_, fori < j and®y(i, i) = In=. Using these matrices
we can now define the forward and backward fundamental neata€the periodic
descriptor system (1) as

d:(i,j+1) O L
Zi{f(l’(rr)o}wj’ i> ],

These fundamental matrices play an important role in thenitiefa of the reacha-
bility and observability Gramians of the periodic desaipgystem (1) that we will
consider in the next section.

Hi= (8)
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3 Periodic Gramians and Matrix Equations

The dynamics of the periodic descriptor system (1) are aftleiressed by the eigen-
structure of the periodic matrix paif€x, Ax} o

Definition 1. The periodic matrix pair:{Ek,Ak}k ‘0 are said to beeriodic stable
(pd-stablg if all the finite eigenvalues O{Ek,Ak} l lie inside the unit circle.

In balanced truncation model reduction, Gramians play ddumental role [14,
23, 26, 29]. For the periodic descriptor system (1), thelrehbiity and observability
Gramians have been first introduced in [5].

Definition 2. Suppose that the periodic matrix pa{i&, Ak} are pd-stable. For
k=0,1,...,K—1, we define theausalandnoncausal reachablhty GramiansiG
andGECr of system (1) as

k+vK—-1

G = Z %JBJBIT%TJ" G = Zk ‘H(IBJBJT

17700

The complete reachability Gramian |Gis the sum of the causal and noncausal
Gramians, i.e.G, = G+ G“ fork=0,1,... . K- 1.

Definition 3. For the pd-stable matrix pairfEy, A}k andk = 0,1,...,K — 1,
the causaland noncausal observability Gramians;Gand G{°° of system (1) are
defined as

o k-1
GO = Ek”’jT,kflchCj‘*’kal, Gi°= ; Wl 1ClC W1
= =k—vK

The complete observability Gramiands the sum of the causal and noncausal
Gramians, i.e.G) = G°+ G *°fork=0,1,..., K- 1.

Note that the causal and noncausal Gramians corresponalfiarttard and back-
ward subsystems (6) and (7), respectively.

3.1 Periodic Projected Lyapunov Equations

It has been shown in [24] that the Gramians of discrete-timgcdptor systems
satisfy projected generalized discrete-time Lyapunowagqas with special right-
hand sides. A similar result also holds for periodic degoripystems.

Proposition 1 ([5]). Consider a periodic discrete-time descriptor syst@mwhere
the periodic matrix palrs{Ek,Ak} ! are pd-stable.
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1. For k=0,1,...,K — 1, the causal reachability and observability Gramians
{GE4 and {GP°}-¢4 are the unique symmetric, positive semidefinite so-
lutions of the projected generalized discrete-time pdaddd/apunov equations
(PGDPLES)

AGIA —EGY L El = —R(KBBR (KT, )
Gk =R KGR (KT,
and
ALGR A —ElG°E,_; = —R(KTGICR (K), (10)

G = R(k—1)TGPA(k—1),

respectively, where 5= Gf', Gi° = Gg°, E_1 =Ex_1, and P(—1) =R (K —1).

2. For k= 0 1,...,K-1, the noncausal reachability and observability Gramians
{GRerk- and {G”CO} & are the unigue symmetric, positive semidefinite solu-
tions of the PGDPLEs

AGE'Al —EGIE] = Q(KBBQ (KT,

Gncr — Qr(k) GEchr(k)T’ (11)

and

Ak ncoAk ET GncoE _ Qr( ) Cer( )
k1 k1 é(nc%) Ql(k 1)TGnC0Q (k 1) (12)

respectively, where i = Gj° , Gg°= Gg®®and Q(—1) = Q (K —1).

Numerical solution of the PGDPLES has been considered iff i method pro-
posed there extends the periodic Schur method [4, 27, 28hargEneralized Schur-
Hammarling method [22] developed for periodic standard@ofected generalized
Lyapunov equations, respectively. This method is basedamittal reduction of the
periodic matrix pairs{Ex, A}k, to the generalized periodic Schur form [10, 30]
and solving the resulting generalized periodic Sylvesterlayapunov equations of
(quasi)-triangular structure using the recursive blogdogthms from [8]. Due to
the computational complexity, the periodic generalizedusd¢dammarling method
is restricted to problems of small and medium size. In [11 25}, iterative methods
based on Smith iterations [21] have been developed for giergtandard Lyapunov
equations and also for projected generalized Lyapunovtensa These methods
can also be extended to periodic projected Lyapunov equetby using the lifted
representation of these equations. Therefore, we willudis¢hese lifted represen-
tations in the following subsection.

3.2 Lifted Representation of Periodic Lyapunov Equations

It is known that the Gramians of standard periodic systertisfgahe lifted form
of the periodic Lyapunov equations and the solutions ofdhegguations are block
diagonal matrices [11, 27].
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The following theorem describes the block structures ofthlations of periodic
Lyapunov equations in lifted form and their relations to tleeresponding solutions
of the PGDPLEs in Proposition 1.

Theorem 1. Consider the periodic discrete-time descriptor sys{éjrand its lifted
representatior(3), where the periodic matrix pair’?'Ek,Ak}E;Ol are pd-stable. The
causal and noncausal reachability Gramia#$" and ¥"°" satisfy the lifted pro-
jected Lyapunov equations

SIOAT —EGOET = —PBH P G = PGP
o GNer 7T _ gegner oT _QI @{@TQT7 @cr — o@rgcrg;l"

respectively, where¢’, <7, & are as in (4) and
@ =diagG{',...,G{_;,G§"), ¥"°"=diag(G]“,...,Gg",,Gj%),
2 =diagR(0),R(1),....A(K-1)), 2 =1-2,
e@r:d|aqpr(o),Pr(1),7Pr(K_1)), Qrzl_e@r.

Proof. We will only sketch the proof due to space limitations. Hdals from [5, 12]
by writing out the first equation in (13) in block-structurigdm. A straightforward
calculation shows that the resulting system of equatioregjisvalent to the peri-
odic projected Lyapunov equations of Proposition 1. Sihegperiodic matrix pairs
{Ek,Ak}lfgol are pd-stable, the matrix pene#” — <7 is regular and all its eigenval-
ues lie inside the unit circle. Thus, the projected disetite Lyapunov equation in
(13) has a unique solution [22]. The proof f6F" is similar. O

For the observability Gramians, the situation becomes anbite complex. In
that case we make a backward time-shift of the original sy$8¥, 29]. The reason
is that we do not want to destroy the block diagonal struabfitee lifted solutions
and we would like to use the lifted solution to find a balancedlization of the
original system.

Theorem 2. Consider the periodic discrete-time descriptor systemitmidted rep-
resentation as in Theorem 1. The causal and noncausal odisiéity Gramiansé©©
and¥"c° satisfy the lifted projected Lyapunov equations

08908 —0d 90T = PLoCT0C P, G°=P9°P, (14)
08Y9"C0ET —0d G 0T = 2f 06T 062, Y = 2[9%°9,
respectively, where & = diag(Ex_1, Eo, . .., Ex_2) is the backward time-shift f,
0% = diag(Co,C]_, e 7CK_]_) and

0 0 0 Ak

Ao 0
od = ] . ,
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9% = diag(Gg°,GY°,..., G 1), ¥"°°=diag(Gy® G5°,...,G%%).
Proof. The proof is analogous to the previous proof of Theorem(2.

Note that the lifted solution&® and %" also have block diagonal structure,
but now the diagonal blocks appear in a different order.

3.3 Hankel Singular Values

Let the periodic matrix pair$Ek7Ak}E:‘0l be pd-stable. Then the causal and non-
causal matricedlc = Gf'E,l_; GEoEy_; andM°= GI"Al GRG A, k=0,1,... . K—1,
have real and nonnegative eigenvalues. These eigenvalgesed to define the
causal and noncausal Hankel singular values of system (1).

Definition 4. Let the set of periodic matrix pair§Ex, A}, be pd-stable. For

k=0,1,...,K—1, the square roots of the Iargeéteigenvalues of the matrid¢,
denoted by j, are called theausal Hankel singular valugand the square roots of
the largesty eigenvalues oM}, denoted by ;, are called the@oncausal Hankel
singular valuef the periodic descriptor system (1).

Since the causal and noncausal reachability and obsetydbibmians are sym-
metric and positive semidefinite, there exist the Choleskydrizations

Ggr = RkR-lI;’ ﬁo = L-I[ Ly, GEU = |ik'i-l[’ GECO: I‘:Ik-lik7 (15)

Simple calculations show thak ; = {j(LkEx_1R) andék j = j(Lk; 1AR«), where
;(.) denotes the singular values of the corresponding matrices.

4 Balanced Truncation Model Reduction

In this section, we present a generalization of a balaneett#ation model reduc-
tion method for periodic descriptor systems. For a balaisgstem, the reachability
and observability Gramians are both equal to a diagonalix{a#, 23]. Balanced
realizations for periodic descriptor systems have also lseasidered in [5].

Definition 5. A realization (Ey, Ax, Bk,Cx) of a periodic descriptor system (1) is
calledbalancedf

S R G S A

whereX = diag(akl,...,aknf) and®y = diag(Gk‘L...,ek’noke), k=01,... K-1.
: n : :
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Consider the Cholesky factorizations (15) of the reacihtgitaind observability
Gramians and let

LBk 1Re = UV, Lo 1ARK = UGV (16)

be the singular value decompositions of the matriods, 1R« and IV_kHAink for
k=0,1,...,K — 1. HereUy, Vi, Uy, Vi are orthogonal, and anda< are diagonal.
If a realization(Ey, Ak, Bx,Ck) with pd-stable matrix pair$Ek,Ak}k_0 is minimal,

i.e., 2k and@ are nonsingular, then there exist nonsingular periodicioest

1/2 _1/2 L12 5 1)2
S= [Lk+1Uk+1Zk+l/ , Lk 100, ), T = [RMcZ 2, RMO ),

such that the transformed realizati¢§] E, T, 1, St ATy, St B, G Ty) is balanced
[5]. Note that as in the case of standard state-space sydtegrtzalancing transfor-
mation matrices for periodic discrete-time descriptoteys(1) are not unique.

Model reduction via balanced truncation is discussed vadebly for standard
discrete-time periodic systems [11, 29] and also for camtirs-time descriptor sys-
tems [13, 23]. For a balanced system, truncation of statateckto the small causal
Hankel singular values does not change system properseatlly. Unfortunately,
we can not do the same for the noncausal Hankel singularsdfuge truncate the
states that correspond to the small non-zero noncausalgHsinigular values, then
the pencil for the reduced-order system may have finite gajaeas outside the unit
circle that will lead to additional errors in the system apgmation.

Assume that the periodic matrix palfﬁk,Ak}k are pd-stable. Consider the
Cholesky factorizations in (15). Let

5, . .
LkEx—1R¢ = [Ui1,Ux 2] { - 5 J Mo, Vi), Lkt ARc= U, 0V,

be singular value decompositionslafEy_1Rc andLy 1 ARy, where

21 =diagok1,...,0, 1), k2= dlag(

) k,rk -7O-f),

rk+1 Ny

with Ogq > >akrf>0k_rf >...>0, f>0 and©y = diag(6k 1, . . 76krk)
is nonsingular fork = 0,1,. K 1. Then the reduced-order system (2) can be
computed as

Ex= S{rEkaJrl,h A= S{rAka,r7 Bk = SI,Bk, Ck = CcTir, 17)
where 1 1
Scr = [Lk+1Uk+1 1Zk+1/1v Lk+1UkOk / ] € RHr ki,

Tir = [RMe 12_1/27 RV, O, e, %] e R,

with r, = rk +rp.
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Table 1: Norms and residuals of the reachability Gramians
G ll2 o G [l o
5.8182x 107 6.1727x 10712 1.3946x 10" 1.5444x 1014

8.2981x 10* 8.2172x 10712 1.3660x 10 1.7508x 1014
7.1107x 10° 3.0961x 10712 1.4308x 10 3.3847x 10714

N = O =

Theorem 3.Let.7#(2) be the transfer function of the lifted descriptor sys{&jn(4)
and let.77 (z) be the transfer function of the reduced-order lifted systenmed from
the reduced-order periodic descriptor systé) (17). Then we have the following
He-norm error bound:
- ) - K-1
| A — ||, = sup || (€°)—#(€9)|,<2 ;trace(zkg) : (18)
we (0,2 K=

where||.||> denotes the spectral norm of matrices afi¢h contains the truncated
causal Hankel singular values.

This error bound can be obtained similarly to the standaie Space case [12, 29].

5 A Numerical Example

We consider the periodic discrete-time descriptor systémm= 10,m=2, p= 3,
and perioK = 3 presented in [5, Example 1]. We repeat some of the calonkti
from [5] using standard algorithms applied to the projetigghunov equations (13)
and (14) in order to verify the validity of the lifted represation, while for the
future, we plan to use the lifted representation in orderewetbp algorithms for
large-scale, sparse problems based on [25]. We also sholtsrés the balanced
truncation approach discussed in Section 4.

The periodic matrix pair$Ek,Ak}E;01 are pd-stable Witlmli = 8 andny = 2 for
k=0,1,2. The norms of the computed solutions of the periodic Lyapeguations
and the corresponding residuals, e.g.,

P = I AGYAL ~ EGELE{ +RKBBIR (K2

are shown in Table 1 and Table 2.

The original lifted system has order= 30. Figure 1(a) shows the causal Hankel
singular values for the different systems corresponki+00,1,2. We see that they
decay fast, and, hence system (1) can be well approximatediiydel of reduced
order. We have 24 causal Hankel singular values for theraidifted system and
the remaining 6 are noncausal Hankel singular values whietpasitive. We ap-
proximate system (1) to an tolerance 2y truncating the states corresponding to
the smallest 7 causal Hankel singular values.
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Table 2: Norms and residuals of the observability Gramians

k I G&° ll2 o’ 1 GR 2 P
0 9.7353x 10t 2.7678x 10  1.6866x 10° 1.3372x 1015
1 11373x 10° 7.7003x 10 1.7406x 10° 21113x 101
2 9.6984x 10° 1.7859x 1014 1.6866x 10° 1.1626x 10715
B Causal Hankel singular values Finite eigenvalues
10 083
e k=0 i
10 . + k=2
0.4
10° P £ 02 ..
; § 0 :4»@: g + L]
10” ° s \ g—o.z +°
107 -0.4
-0.6
6| e
107 2 3 4 5 6 7 8 085 0 0.5 1
iteration real axis

(@ (b)

Fig. 1: (a) Causal Hankel singular values of different subsystemdiriite eigenvalues of the
original and the reduced-order lifted systems.

Figure 1(b) shows the finite eigenvalues of the original adlced-order lifted
systems. We observe that stability is preserved for thecethorder system. In
Figure 2(a), we present the norms of the frequency resperé@s”®) and.7# (%)
of the original and reduced-order lifted systems for a festay rang€g0, 2r1. We
observe good matching of the system norms. ~

In Figure 2(b) we display the absolute erfo”’ (€%) — 7 (€“)| > and the error
bound (18). One can see that the absolute error is smalletlieserror bound.

6 Conclusions

In this paper, we have considered lifted representatioriseofeachability and ob-
servability Gramians as well as Hankel singular values oiogé descriptor sys-
tems. For such systems, a balanced truncation model reductéthod has been
presented. The proposed method delivers a reduced-ord#sl ithat preserves the
regularity and stability properties of the original systeéircomputable global error
bound for the approximate system is also available. In thedéyuwe plan to use the
lifted representation in order to develop algorithms fogéascale, sparse problems
based on the Smith iteration for large-scale projected ugap equations so that
problems of larger sizes than the toy example in Section Heareated.
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Magnitude

Error systems and error bounds

Systems norms o
300 10
250 -o--Reduced - - -Error bound
zon} A f ! o [T
| H A i 5
T _
150(} ¢ it ! £10
] r‘ X HE ¢ 2
} ; F g
100 $o AR
4 id FY °
50
-3
% 1 2 3 4 5 7 %9 1 2 3 4 5 7
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(@ (b)

Fig. 2: (a) The frequency responses of the original and theceztiorder lifted systems; (b) abso-
lute error and error bound.
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