HYPERCYCLIC Cy-SEMIGROUPS AND EVOLUTION FAMILIES
GENERATED BY FIRST ORDER DIFFERENTIAL OPERATORS

T. KALMES

ABSTRACT. We show that Cp-semigroups generated by first order partial dif-
ferential operators on LP(Q, ) and Co,,(f2), respectively, are hypercyclic if
and only if they are weakly mixing, where Q C R? is open. In the case of
d = 1 we give an easy to check characterization of when this happens. Fur-
thermore, we give an example of a hypercyclic evolution family such that not
each of the operators of the family are hypercyclic themselves. This stands in
complete contrast to hypercyclic Cp-semigroups.

MSC 2010: 47A16, 47D06

1. INTRODUCTION

A continuous linear operator T' on a separable Banach space X is called hyper-
cyclic if there is a hypercyclic vector € X which means that {T"z; n € N} is
dense in X. There are a number of articles dealing with hypercyclic operators, for
a survey see e.g. [10], [11].

Analogously, a Cp-semigroup T = (T'(¢));>0 on a Banach space X, or more
generally a family (T'(¢)),er of continuous linear operators on X, is called hypercyclic
if there exists an element z € X such that {T'(¢t)x; ¢t > 0}, resp. {T(¢v)z; ¢ € I} is
dense in X. In this case x is again called hypercyclic vector for the semigroup T,
or for the family (7'(¢)),ecs, respectively.

The first example of a hypercyclic Cyp-semigroup was given by Rolewicz [14],
already in 1969. A systematic study of hypercyclic Cy-semigroup was initiated by
Desch, Schappacher, and Webb [7]. Since then, various authors contributed to this
subject, see e.g. [2], [4], 3], [12], [1, [, [5].

A notion closely related to hypercyclicity is that of transitivity. A Cy-semigroup,
or more generally a family of continuous linear operators (7,),c; on a Banach space
X is called transitive if for each pair of non-empty, open subsets U,V of X there
is ¢ € I such that T,"1(U) NV # 0. It was shown by Grosse-Erdmann that (7}),es
is transitive if and only if (7}),es is hypercyclic and the set of hypercyclic vectors
is dense [9, Satz 1.2.2 and its proof]. Moreover, Peris proved that a commuting
family of continuous linear operators (7,),e; for which each 7, has dense range is
hypercyclic if and only if the set of hypercyclic vectors is dense [13]. In particular,
an arbitrary commuting family of continuous linear operators (T,),cy for which each
T, has dense range is hypercyclic if and only if it is transitive. A Cy-semigroup is
hypercyclic if and only if it is transitive (see e.g. [7, Theorem 2.2]). A family of
continuous linear operators (T,),c; on a Banach space X is called weakly mizing if
(T, ®T,).,es is transitive on X & X.

In [12], we gave a condition characterizing when Cp-semigroups on spaces of
integrable and continuous functions, respectively, generated by first order partial
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differential operators are hypercyclic. In section 3 below we show that these semi-
groups are hypercyclic if and only if they are weakly mixing. However, for a given
Cp-semigroup of the form discussed here, it might be difficult to check whether these
conditions hold, because they involve sequences of integrals with respect to certain
measures, and it has to be verified that these sequences tend to zero. Therefore,
we simplify the condition characterizing hypercyclicity considerably in the case of
one spacial dimension. This gives a characterization which is easy to check in con-
crete examples. Before we do this, in section 2 we deal with families of certain
weighted composition operators on the aforementioned spaces and prove that they
are transitive if and only if they are weakly mixing.

In section 4 we use the results of section 2 to show that for a hypercyclic evo-
lution family U = (U(s,t))sert>s on a Banach space it may happen that some
of the operators U(s,t) are not hypercyclic. This stands in complete contrast to
Co-semigroups, which can be viewed as special evolution families. In [4], Cone-
jero, Miiller, and Peris showed that for a hypercyclic Cy-semigroup 7" not only each
operator T'(t),t > 0, has to be hypercyclic but also that the set of the respective
hypercyclic vectors coincide.

2. FAMILIES OF WEIGHTED COMPOSITION OPERATORS

In this section we show that certain families of weighted composition operators
on spaces of measurable or continuous functions, respectively, are transitive if and
only if they are weakly mixing and give a characterization of when this happens.

Let © be an open subset of R?, I # () a set, and let ¢ : I x Q — Q be a mapping
such that ¢(¢, -) is injective and continuous for all ¢ € I. Typically, I will be either
Ny, [0, 0), or R.

Furthermore, let p be a positive function on 2, i.e. p(z) > 0, = € Q. We will con-
sider spaces of continuous functions Cj ,(2, C) and Cy ,(2, R), where Cp ,(2,K) :=
{f : X — K continuous; Ve > 0: {z € Q; |f(z)|p(z) > £} is compact} is equipped
with the norm [|f[| := sup,cq |f(z)|p(z).

Moreover, we consider spaces of p-integrable functions. Let p be a (positive)
locally finite Borel measure on ). In particular, p is o-finite. For 1 < p < oo let
LP(u,R), LP (11, C) be as usual. Since in most occasions it will not matter whether
the considered functions are real or complex valued, we will write L”(u) and Co ,(€2)
for brevity. Since p is locally finite, the set of compactly supported, continuous
functions C.(Q) is dense in LP(u) (cf. [15, Theorem 3.14]) and obviously C.(Q) is
dense in Cp ,(€2), too. LP(u) as well as Cp ,(£2) is a separable Banach space.

Let w: I x 2 — (0,00) be such that for every ¢ € I we have 1/w(,-) € LS. (1).
We assume that for ¢ € I the mapping T, ,(¢) : LP(1) — LP(p), f — w(e, ) f(e(s, )
is a well-defined continuous operator on LP(u) and if all w(¢, -) are continuous that
the same is true for Ty, (¢) : Co,(2) — Co,(Q), f = w(e,-)f((L,-)) (see e.g.
[12, Theorem 4.1, Theorem 4.2] for conditions ensuring this). T, ,(¢) is called a
weighted composition operator.

In [I2] we characterized when the family T,, ., is transitive on LP(u), respectively
on Cp ,(£2). We now show that this is the case if and only if Ty, ,, is weakly mixing.
In order to formulate our theorems we make the following observation.

Since ¢(t, ) is one-to-one for every ¢ € I it has an inverse mapping from (¢, 2)
to  which is denoted by ¢(—¢,-). In case of (I,+) being a group we want to
emphasis that in general ¢(—¢,-) is different from ¢(k,-) for k being the additive
inverse of ¢ in (I, +). Nevertheless, in the most important case when ¢(t1 + to,-) =
©(t1,-) o p(t2,-) for all 11,10 € I and ¢(e,-) = idx with e being the unit in (I, +),
we have o(—t,-) = (K, ).
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Being an open subset of R%, ) is o-compact. Hence, by the continuity and
injectivity of ¢(¢,-) it follows that for each closed subset C' of Q the image ¢(¢, C)
is an F,-set, and in particular, Borel measurable. Since the closed subsets of (2
generate the Borel o-algebra over ), the injectivity of ¢(t,-) now implies that
©(t, B) is a Borel subset of €2 whenever B is. So by setting

Vp,.(B) 5:/ w(e, ) dp
®(t,)~1(B)
and
o B) = [ 1wl o)) d
©(¢,B)

for p € [1,00) and ¢ € I we obtain a family of well-defined Borel-measures on §).
Obviously, for a non-negative, measurable function f one has

[ v = [wter s
and

/ fvy_, = / oo F@(=t ) /0t p(—1 )P di.

Theorem 1. Under the above hypotheses on ¢ and w, the following are equivalent.
i) Ty, is weakly mizing on LP(u).
ii) T, is transitive on LP(p).
iii) For every compact subset K of Q there are a sequence of measurable subsets
(Lp)nen of K and a sequence (tp)nen in I such that

Jim p(K\Ly) =0
as well as

nh_)rr;o Vpn(Ln) = nh_)rr;O Vp,—1, (Ln) = 0.
PRrROOF: That i) implies i) is obvious. That 4¢) implies i) is shown in [I2]
Theorem 4.3]. To show that ¢i¢) implies i) we write T instead of T,, , for brevity.
Let U;,V;,i = 1,2, be non-empty open subsets of LP(u) and f;,g; € C.(2) be
such that f; € U;,g; € V;,i = 1,2. Set K := supp f1 U supp f2 Usupp g1 U supp g2
which is a compact subset of Q. Let (L )nen and (tn)nen be as in iii) for K.
For n € N we set

( gl((p(_[”“ ))
’LU(Ln, (‘P(*an )

Up = )X tn,Ln
)) @(tn,Ln)

and

o ga(p(=in, )
P = i, (ot )X

which are measurable and because of 1/w(¢,-) € LS.() in LP(p). Denoting the
sup-norm by || - || we then have
[vll” < 91115 ¥p,~ 10 (Ln)

so that (fixr, + vn)nen converges to fi. Furthermore

1T (en) (Frxe, )P < W FillEevpin (Ln),

so that (T'(tn)(f1XL,))nen converges to 0. Since T'(tn)vn — g1 = —g1XK\L, We
see that (T'(tn)(fiXL, + Un))nen converges to g;. The same arguments yield that
(faxL, +0n)nen converges to fo and (T'(tn)(faXL, +0n))nen converges to go. Thus,
T(n)(U;) NV; #£ 0,4 = 1,2, for sufficiently large n, so that i) follows. O



4 T. KALMES

The same kind of arguments as above show that 4i7) implies ¢) in the next theo-
rem, except that one needs Brouwer’s Theorem. By Brouwer’s Theorem, ¢(t, ) is
an open subset of € since (¢, -) is injective. Therefore, C.(p(t, 2)) can be identified
with a subspace of C.(Q), so that g(¢(—tn,-)) € Ce(Q) for g € C.(Q). That i)
implies #4¢) is shown in [I2] Theorem 4.5].

Theorem 2. Under the above hypotheses on ¢ and w and the additional assumption
that for all compact subsets K of Q we have inf,cx p(x) > 0, the following are
equivalent
i) Ty, is weakly mizing on Cy ,(2).
ii) T, is topologically transitive on Co ,()
iii) For every compact subset K of Q we can find a sequence (tn)nen in I such

that
lim sup w(tp,x)p(x) = lim  sup C N =0.
N0 pew(in, )~ H(K) =0 reo(in,K) w(Ln7 @(_Lna 'I))

3. HyPERCYCLIC Cy-SEMIGROUPS

In this section we use the results of the previous one to show that certain Cy-
semigroups generated by first order differential operators are hypercyclic if and only
if they are weakly mixing.

Let Q C R? be open and F : Q — R? be a C'-vector field. We make the general
assumption that for every xzo € € the unique solution ¢(-, zg) of the initial value
problem

&= F(z), 2(0) = xo
is defined on [0,00). Since F' is a Cl-vector field it is well-known that the same is
true for ¢(t,-) for every t > 0. For a continuous function i :  — R we define for
t>0

hi : Q@ — (0,00), 2 — exp(/o h(p(s,x))ds).

It is easily seen, that because of ¢(t + s,2) = ©(t,p(s,x)) we have hyiqs(x) =
he(x)hs(p(t,x)) for all s,t > 0 and = € Q.

As in section 2, let p be a locally finite Borel measure on €2 and p a positive
function on 2. We want to define a Cy-semigroup T" on LP(pu), resp. Cp ,(£2), via
(T@)f) (@) == he(z)f(p(t,2)). In order to do so we recall the definition of the
following Borel measures on €2 from section 2. For 1 <p < oo and t >0

vp+(B) ::/ Ry du
@(t,)~1(B)

vy 1(B) = / Wttt

Recall that o(t,-),t > 0, is one-to-one and that we denote its inverse mapping from

o(t, Q) to Q by p(—t,-). Obviously, if ¢(-,z) is well-defined in —t < 0 it follows

that the two notions of ¢(—t, ) coincide, hence there is no problem of consistency.
Recall that for a positive measurable function f on €2 one has

[ s = [ W@ (ott,0)) dutz)

and

and

/fdvp,—t = /XWTQ) (@) f(p(=t,2)) [ hu(p(—t, 7)) dp().
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For a general characterization in terms of the measures (v}, ;);>0 of when the
operators T(t)f = hef(p(t,-)),t > 0, are well-defined on LP(u) and form a Cp-
semigroup, see [I2, Theorem 4.7]. If the so defined operators form a Cy-semigroup
on LP(u) we call the measure p p-admissible for F' and h.

In the special case when the measure p has a positive Lebesgue density p, one
has the following characterization of when pu is p-admissible for F' and h. For its
proof see [12, Proposition 4.12].

Proposition 3. Let p be a locally finite Borel measure on ) admitting a positive
Lebesgue density p. Then, the following are equivalent.

i) w is p-admissible for F' and h.
ii) There are M > 1,w € R such that for t > 0 and M _almost all z € Q

hi (x)p(x) < Me* p(p(t,x))| det Dap(t, )|,

where A denotes d-dimensional Lebesque measure and Dyp(t,x) the Jacobian of
@ @(t, ). Ifii) holds then |T(t)| < Me's .

For the case of continuous functions one has the following theorem. For its proof
see [12, Theorem 4.8].

Theorem 4. Let p be a positive, upper semicontinuous function on 2. The follow-
ing are equivalent.
i) The family of mappings T(t) : Co,,(2) = Co,(2), f — he(-) f(@(t,-)) is
well-defined and a Cy-semigroup on Cy ,(2).
ii) a) There are constants M > 1,w € R such that for all t > 0,2 € Q one
has hu(2)p(z) < Me“'p(p(t, 7)),
b) For every compact subset K of Q and every § > 0 the sets o~ (t,-)(K)N
{z € Q; hi(x)p(x) > 6} are compact for every t > 0.

We call a positive function p on Q Cy-admissible for F' and h if via (T'(t) f)(z) =
hi(z) f(e(t, z)) a Co-semigroup is defined on Cj ,(€2).

Under the assumption that h is continuously differentiable, it is shown in [12]
that for u p-admissible for F' and h, resp. p Cy-admissible for F' and h, the generator
of our Cy-semigroup is given by the closure of the operator

d
CH) = X, f Y F;o;f +hf

=1

in X = LP(p), resp. in X = Cp ,(Q), with C}(Q) = C.(Q) N CH(Q).

Taking into account that h is continuous, hence 1/h; € L*(u), the following
theorems are immediate consequences of Theorem [If and Theorem [2] respectively.

Theorem 5. Let pu be a locally finite, p-admissible Borel measure for F and h on
Q. Then the following are equivalent.
i) The Cy-semigroup defined by (T'(t) f)(x) = he(x) f(@(t, x)) is weakly mizing
on LP(u).
i) The Cy-semigroup defined by (T'(t)f)(x) = he(x) f(@(t, x)) is hypercyclic on
LP(p).
iii) For every compact subset K of Q there are a sequence of measurable subsets
(Ln)nen of K and a sequence of positive numbers (t,)nen such that

Jim p(K\Ly) =0



6 T. KALMES

as well as

A, ot (L) = Jig v, (L) = 0

Theorem 6. Let p be a positive Cy-admissible function for F' and h on £ such
that inf e p(x) > 0 for every compact subset K of Q. Then the following are
equivalent.
i) The Cy-semigroup defined by (T'(t)f)(x) = he(z) f(@(t, x)) is weakly mizing
on Cop ,(£2).
i) The Cy-semigroup defined by (T'(t) f)(x) = he(x) f(@(t, x)) is hypercyclic on
Co,p(2).
iii) For every compact subset K of Q there is a sequence of positive numbers
(tn)nen such that

. . ty, T
lim sup g, (9(—t 2)p(0(—tms )X s, o (@) = Tim sup 22D _ g

n—oo pe i n—oo geie hy, ()

It seems that the conditions for hypercyclicity given by the above theorems
might be hard to evaluate for a given Cp-semigroup. It turns out that in the
one dimensional case, i.e. d = 1, the above characterizations can be considerably
simplified, provided that p admits a positive Lebesgue density.

The reason for this is that for d = 1 a compact subset which is contained in a
single component of Q\{F = 0} is already contained in the trajectory {¢(t,x); ¢t >
0} of a single point x € Q, simply because the trajectories are either one-point sets
(in case of the point being a zero of F') or open intervals (which then do not contain
any zero of F' and are trajectories without double points). So, for a compact subset
K of a component of Q\{F = 0} there is a compact interval [a,b] containing K
which is contained in the same component of Q\{F = 0} as K such that either
Flap) > v > 0 or Fiap < 7 < 0 for some suitable v,7'. In the first case, it
follows that ¢(t,a) > a +ty > b for all ¢ > (b — a)/7, while in the second case
o(t,b) < b+1ty < aforalt> (a—b)/y. Soin both cases [a,b], hence K, is
contained in a trajectory of a single point.

Using this idea, we first prove a technical tool.

Lemma 7. Let Q C R be open and [a,b] C {F # 0}. Assume that p : Q@ — (0,00) is
measurable and satisfies hY (x)p(x) < Me“p(p(t,z))|02p(t, x)| for some constants
M > 1,w >0 and for everyt > 0,z € [a,b)].

Then there is C > 0 such that 1/C < p(y) < C for all y € [a,b] and
hi (p(=t, ) p(p(=t, )20 (=1, €)X .1, (€)
Chi (p(=t,9))p(p(—1,9)|020(—, Y) X . 1.0y (V)

Czh?(@(fta d))p(gp(—t, d))|82§0(*ta d)|X¢(t,Q) (d)

IN N

as well as

h P (e)p(p(t, c)|dap(t,c)] < ChyP(y)p(e(t,y))|020(t,y)
< CQh;p(d)p<Lp(t, d)>|82<p(t, d)l
if

for all t > 0, where ¢ := a,d := b if Fj,y > 0, respectively ¢ := b,d := a if

Pl <0
PROOF: Let [a,b] C {F # 0}. We define

a F‘[%m >0
C .=
b R F\[a,b] <0
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p a , F|[a,b]<0
o b F|[a,b]>0-

Then there is 7 > 0 such that for every y € [a,b] there are s,,t, € [0,7] such that
©(sy,y) = d and p(ty,c) =y. It follows that for all y € [a, b]

hy, (e)p(c) Me“ p(p(ty, €))|Oagp(ty, ¢)|
Me“" p(y)|O2p(ty, )|

and

<
<

and

Me“™ p(p(sy, y))|020(sy, )]
Me“"p(d)|02p(sy, y)-
The continuity of the mappings (¢, z) — da¢(t, x) and (¢, z) — he(z), and the fact
that for fixed ¢ the map x — Jap(t, x) has no zeros, now imply the first part of the
lemma.

Observe that we have ¢(s + t,y) = ¢(s,¢(t,y)) for all s,t € R for which the
involved quantities are defined. From this it follows that

D2(s,0(t,y))020(t, y) = O20(t, (5, y))020(8,y)-

R (y)p(y)

<
<

In particular

(1) Dap(sy, p(=t,y))2p(—t,y) = Oap(—t,0(sy,9))02p(5y,y)
= aQSD(fta d)a%p(sya y)a
for y € o(t,Q), as well as
(2) Dop(sy, (L, y))02p(t,y) = Oap(t, p(sy,y))020(sy,y)
= Oap(t, d)02p(sy,y)-
Moreover, h:(y)hs(o(t,y)) = hirs(y) = hs(y)hi(©(s,y)) again for all s,¢ € R for
which the involved quantities are defined. Hence,
B)  mle(=t,y)hs, (ot o(=1,y))) = hs, (P(=t,9))hi(p(=t, 9(5y,9)))

for y € p(t,Q), as well as

(4) hi()hs, (0t ) = hs, (W) hi(p(sy,y)) = hs, (y)hi(d).

Clearly, if y € ¢(t,) and ¢(sy,y) = d it follows that d € ¢(t,12), hence
X (¥) < X0 (d). From this we get for £ > 0 and all y € [a, b]

Ry (e(=t, ) p(e(—t,9)) 020 (—t, Y)IX 0.y ()
o h(e(=t,y)) B (p(—t,y)p(e(—t,y)) [020(—1,y)|
- W, (p(—t.1)) Xocea (V)
by (p(=t,y)) Me“" p(p(sy, p(—t,y)) D20 (sy, p(—t,4))Dap(—t, y)]
hs, (p(=t,y))
hY ((—t,y)) Me“" p(o(—t, d))|0zp(—t, d)Dap(sy, y)|hY (p(—t, d))

X, (,9) (y)

B e (o(—t, y))h? (p(—t, d)) p ()
_ h(e(=ty) M p(p(-t, d))|32<p(—t,d)82<p(sy,y)|hf(<p(_t7d))x »
hE (o(—t,y))BE, (o (t, o(—t,y))) s

< Mem|0ap(sy, y)|
- e, (y)

hi (p(=t, d)p(p(=t, d))[020(=t, d)|X,, 1,0 (),
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where we applied (1) in the fourth and (3) in the fifth line. Using the continuity
of the mappings (¢t,z) +— Oop(t,x) and (t,z) — h(z) and the compactness of
[0,7] x [a,b], we get a constant K > 0 such that for all y € [a, b]

hy (=t y))p(p(—t,y))1020(—t. Y)IX, 0.0y (¥)
< KR (p(—t,d))p(p(—t,d))[020(—t,d)|X,, o ().
In the same way one shows that for all y € [a, ]

hi (p(=t, )i, (p(=t, ¢))p(p(—t, c))|O2p(—t, c)|

ht (e(—t,c)) X, (t.2)(€)
- Mewh?égty,c)hﬁ(so(—t,y))p(w(—t,ymaw(_t,y)|x¢(m)(y)

giving
h?(@(_tv c))ﬁ(@(_ta C)) ‘8290(_tv C) |X¢(t,Q) (C)
§ Kh?(@(ftv y))p(@(ft’ y)) ‘0290(*157 y) |X¢(t,Q) (y)

for all y € [a, b].
Furthermore, for t > 0 and all y € [a, b]

[
hy P (y)p(e(t,)020(t,y)| = M (W) p(e(t,y))|020(t, y)|

hs, (o(t,y) "

Me“svp(p(sy, ( Y))1020(sy, p(t,y))D2p(t, y)|
£, (p(t,9)hi (v)

Me“*vp(p(t, d))lazw(t d)dap(sy,9)|
)

hs, (y)hi (d)

(
< M,Lfff(fy’ D @ttt ) Pl

where we used (2) and (4) in the third line. Again the continuity of the mappings
(t,x) — Ox(t,x) and (t,z) — hi(z) and the compactness of [0,7] x [a,b] give a
constant L > 0 such that for all y € [a, D]

hy P (y)p(e(t, 9))020(t,y)| < Lhy P (d)p(p(t, d))|02sp(t, d)].

In the same way as above one shows that for all y € [a, b]

hy P(e)p(e(t, e)|020(t, ¢)| < Lhy P (y)p(e(t, y))|020(t,y)l,

proving the lemma. O

As a second tool, we need the following proposition. For its proof, see [12
Proposition 4.12].

Proposition 8. Let p be p-admissible for F' and h with Lebesgue density p. Then,
a p-density of vy ¢, respectively vy _y, is given by
hi (p(=t,-))p(p(=t, )| det Dap(—t, )|

Xo(t,92:) P ’

respectively

hi "p(ep(t, )| det Dop(t, )|
p :

Recall that we denote d-dimensional Lebesgue measure by A%,

Theorem 9. Let Q2 C R be open and assume the locally finite p-admissible measure
w has a positive Lebesgue density p. Then, the following are equivalent.
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i) The Cy-semigroup T defined via (T'(t)f)(x) = he(x) f((t, x)) is hypercyclic
on LP(u).

i) The Co-semigroup T defined via (T(t)f)(x) = he(x)f(@(t,x)) is weakly
mixing on LP(u).

iii) AY(F = 0) = 0 and for every m € N for which there are m different
components C1,...,Cn of Q\{F = 0}, for X™-almost all choices of x; €
Cj,j=1,...,m, there is a sequence of positive numbers (t,)nen tending to
infinity such that

lim ht_np(xj)p(go(tnaxj))a2§0(tnvxj) =0

n—oo

as well as

lim hy (o(—tn,25))p(e(—tn, 5))020(—tn, Tj)X (0 ) (T5) = 0

n—roo

forg=1,....m.

PRrROOF: That ¢) implies i) follows from Theorem In order to show that
i1) implies 4i7) observe that ¢(t,z) = x if F(z) = 0 so that h(z)f(p(t,z)) =
exp(th(z)) f(z) for every f € LP(u) on {F = 0}. From this it follows easily that T
cannot be hypercyclic if A\'(F = 0) > 0. Let x1,...,2,, be from different compo-
nents of Q\{F = 0} which, by Proposition[3} we assume without loss of generality to
satisfy he(z;)p(x;) < Me“ p(p(t,z;))|020(t, z;)| forallt > 0,5 =1,...,m. Since Q
is open there is 7 < 0 such that ¢(t, z;) is well-defined for all t € [r,00),j =1,...,m
and the aforementioned inequality is valid for ¢(r,z;) in place of x;, too. For
Jj=1,...,m we define K; = {¢(t,x;);0 <t < 1} if F(z;) > 0, respectively
K; :={p(t,zj);r <t <0} if F(z;) <0. Then the K;’s are compact intervals con-
tained in Q\{F = 0} satisfying A(K;) > 0, since F(x;) # 0, and K, = [z}, (1, z;)]
if F(x;) > 0, respectively K; = [z;, ¢(r, ;)] if F(x;) < 0. In particular p(K;) > 0.
From Theorem [5|it follows that for the compact subset K := U;<;<n K; of Q there
are a sequence of measurable subsets (L, )neny of K and a sequence of positive
numbers (t,)nen such that

nh—>I%o p(KNLS) = nh_)ngo Upt, (Ln) = nh—>120 Vp,—t, (Ln) = 0.
Since T is weakly mixing, it follows from Proposition [3| that w > 0, because other-
wise {||T°(¢)||;t > 0} was bounded, implying the boundedness of each orbit under
T. Defining L, ; := L, N Kj,n € N,1 < j < m we obtain from Proposition [§ and
Lemma |Z| that for some constant C; > 0

/ he P () p(@(tn, y)) |02 (tn, y)| ()
Lo, p(y)

Cihg, (@) p(p(tn, ©5))|02(tn, )| 14(Ln.5)-

Because lim,, o0 tt(Ly ;) = p(K;) > 0 it follows from lim, o vp ¢, (Ln ;) = 0 that

Vp,—t, (Ln,j)

v

Jim by P (25)p(p(tn, )02t 25)] = 0

for all j = 1,...,m and the continuity of (s,y) — hs(y), p, and d2¢ together with
Lemma |z| imply that (¢,)nen has to converge to infinity.
Furthermore, we get from Proposition [8| and Lemma
:/ ht, (P(=tn, ) p(p(—tn, )20 (~tn, y)|
Lo p(y)

> Gl (p(=tn, 25))p((—tn, £)|020(=tn, 25) X 1, 0 () 1L, )

Vp,tn (Lin,j)

Xo(tn,2) (y) d:“'(y)
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which shows by the same arguments as above that
Jim BE (o(—tn, 25))p((—tn, 25)|02p(=tns ) X o 0, 0 (25) = 0.

In order to show that 4i7) implies ¢) let K be a compact subset of . Since
obviously LP(Q, u) = LP(Q\{F = 0}, u) and (¢, Q\{F = 0}) € Q\{F = 0} for all
t > 0 we can assume without loss of generality that K C Q\{F = 0}.

Therefore, there are finitely many intervals [a;,b;] C Q\{F = 0} such that each
[a;, b;] is contained in a different component of Q\{F = 0} and K C Ui<j<m[aj, b;].

We define z; := a; if Fjjq; ;) > 0, respectively z; := b; if Fjjq,,) < 0, where
without loss of generality we assume 4ii) to be true for x1,...,x,,. Let (t,)nen be
a sequence of positive numbers according to i) for x1,...,2,,. From Lemma |7]it

follows that for some C; > 0

Vp,ftn (K) S Zyp,tn([ajvbj]) — Z/[ . h;p(y)p((p(tn7y))|a290(tn7y)‘ dﬂ(y)
J=1 j=1195:05

p(y)
< Y Cinllag, b))y P () p(p(tn, 7)) |02 (tn, ;)|
j=1

so that lim,,_,o vp 4, (K) = 0.
Analogously, one shows that lim, o v 1, (K) = 0 as well. Now i) follows from
Theorem [ O

In order to prove an analogue of Theorem [J] for spaces of continuous functions,
we need the following lemma. Its proof is so similar to that of Lemma [7] that we
omit it.

Lemma 10. Let Q C R be open and [a,b] C {F # 0}. Assume that p: @ — (0, 00)
satisfies hy(z)p(x) < Me* p(p(t, x)) for some M > 1,w € R and all z € [a,b],t > 0.
Then there is C > 0 such that 1/C < p(y) < C for all y € [a,b] and

R (o(—t,))p(o(—t, €)X o (€) < CRE((—t,9))p(o(—t, y))X 0. (4)
< CPRY(p(—t D) pl(—t d))x o ()

as well as

hi P(e)p(p(tc)) < ChP(y)p(e(t,y))
< C?hP(d)ple(t,d)).
for all t > 0 and all y € [a,b], where ¢ := a,d = b if Fj,5 > 0, respectively
c:=bd:=a Z'fF”a,b] < 0.

Using the above lemma we can now prove the following theorem.

Theorem 11. Let Q C R be open and assume that the function p :  — (0,00) is
Co-admissible for F' and h, and satisfies inf,c i p(x) > 0 for every K C 2 compact,
as well as hy(x)p(z) < Me“ p(p(t,z)) for some M > 1,w € R and all x € Q,t > 0.
The following are equivalent.
i) The Cy-semigroup T defined via (T'(t) f)(x) = he(x) f(@(t, x)) is hypercyclic
on Cop ,(£2).
ii) The Co-semigroup T is weakly mizing on Cy ,(S2).
iii) {F =0} =0 and for every x € Q there is a sequence of positive numbers
(tn)nen such that
i Pt 2)
n—oo  hy ()
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as well as

lim_ Ay, (o(=tn, 2))p(o(=tn: )X o, 0 (2) = 0.

n—oo
ProOOF: Obviously, i) implies i) by Theorem @ To show that i) implies i)
observe that {F = 0} = () by the same reasoning as in the proof of Theorem @
Let z € Q. We define K := {¢(t,2);0 < ¢t < 1}. Then K is a compact interval
contained in . From Theorem|[G]it follows that for K there is a sequence of positive
numbers (¢, )nen such that

. . tn,
i sup (9t )PPt 0))X, oy (0) = lim s 2ELD)

n—00 ¢ n—ooyer hy, (y)

From this, iii) follows immediately, since z € K.

In order to show that #i¢) implies ¢) let K be a compact subset of 2 and [a, b] C Q2
such that K C [a,b]. We define z := a if F > 0, respectively z := b if FF < 0. Let
(tn)nen be a sequence of positive numbers according to 4ii) for . Now it follows
with Lemma [I0] as in the proof of Theorem [J] that

: . p(p(tn;y))
lim sup h —tn, —tn, . = lim sup ————= =0.
i sup tn (P(=tn: 9)) (D (—tns Y)) X0, ) (Y) A sup = )

Theorem [6] now implies 7). O

Remark 12. Combining Lemmam resp. Lemma with [12], Theorem 5.1], one
obtains an easy characterization of when T is mixing, i.e. for every pair of non-
empty open subsets U,V there is to > 0 such that T(t)(U)NV £ 0 for all t > tg.

Analogously to Theorem[9, one can prove for Q C R open, F continuously differ-
entiable, and p-admissible measure p with positive Lebesque density p that T(t)f =
hef(p(t,-)) defines a mizing Co-semigroup on LP(u) if and only if \'(F = 0) = 0
and for \'-almost every x € Q\{F = 0} one has

Jim 2y (2)p(e(ts 2))Oap(ts ) = 0
as well as
Jim B (p(=t, 2))p(p(=t, ) Dap (=, )X (1.0 () = 0.

Analogously to Theorem one proves that for & C R open, p Cy-admissible
satisfying he(z)p(x) < Me“tp(o(t,x)), that T(t)f = hef(@(t,-)) defines a mizing
Co-semigroup on Cy ,(Q2) if and only if {F =0} =0 and for every x € Q

_pleltz))
tlggo W =0

as well as

lim hy(p(—t, x))p(p(—t, x))X¢(t,Q) (z) =0.

t—o0

The special case when F'=1 and h = 0 gives ¢(¢t,2) = = + ¢ and hy = 1 so that
(T'(t)f)(x) = f(x +t), i.e. the so called left translation semigroup. From hy =1 it
follows from Proposition 3| that for a locally finite measure p on € {R,[0,00)}
with positive Lebesgue density p, that u is p-admissible for some p € [1,00) if
and only if it is p-admissible for all p € [1,00) if and only if there are constants
M > 1 and w € R such that p(xz +t) < Me“!p(x) for all t > 0 and almost all
x € Q. Moreover, in case of continuous functions, the left translation semigroup is
a well-defined Cy-semigroup on Cj ,(€2) if and only if there are constants M > 1
and w € R such that p(z +t) < Me“!p(z) for all t > 0 and x € Q.
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Hypercyclicity and mixing of the left translation semigroup was characterized in
[7, Theorems 4.7 and 4.8], respectively [2, Theorem 4.3]. We obtain these results
as corollaries of Theorems [0} [II} and Remark [I2] respectively. Note however, that
in case of continuous functions the aforementioned results deal with Cy ,([0, 00))
instead of Cp ,((0,00)). It is shown in [I2, Example 3.16] that when regarding
hypercyclicity, resp. mixing, of the left translation semigroup there is no difference
between Cp ,([0,00)) and Cp,,((0,00)). Obviously the spaces LP((0,00), pd\) and
L?(]0,00), pd\) are the same.

Corollary 13. ([7, Theorems 4.7 and 4.8], [2, Theorem 4.3]) Let Q € {R,[0,00)}
and p : Q — (0,00) be such that p(z+t) < Me“tp(z) for all t > 0 and for (almost)
all x € Q with constants M > 1 and w € R.

a) The following are equivalent.
i) The left translation semigroup is hypercyclic on LP(u), resp. Cp ,(£2).
il) For every x € § there is a sequence of positive numbers (tending to
infinity) (t,)nen such that

nh_)rr;o ple+t,) = nh_)rréo plx —tn)x,(z —t,) =0.

b) The following are equivalent.
i) The left translation semigroup is mizing on LP(u) resp. Co ,(€2).
i) We have limy_,o0 p(t) = lims— 00 p(—1t)x,(—t) = 0.

PROOF: We only consider the LP-case. The case of continuous functions is dealt
with in the same way. In order to prove a) just observe that Q\{F = 0} = Q
has only one component so that a) follows from Theorem @ In order to prove
b) observe that for every z € Q we have lim; o p(t) = limi_,o0 p(z + t) and
limy 00 p(—1)Xq (—t) = lim¢_y00 p(x — )X, ( — t) so that b) follows from remark [12]
O

4. HYPERCYCLIC EVOLUTION FAMILIES

As Cp-semigroups are related to autonomous abstract Cauchy problems, evolu-
tion families are related to non-autonomous abstract Cauchy problems.
Recall that a mapping U : {(¢,5) € R%;t > s} — L(X), where X is a Banach
space, is called an evolution family, if it satisfies
i) U(s,s) =id for all s € R
i) U(t,r)oU(r,s) =Ul(t,s) forall s <r <t
iii) U is continuous when we equip L(X) with the strong operator topology.
If T is a Cy-semigroup it is trivial to observe that U(t,s) :=T(t —s),s € Rt > s
defines an evolution family.
Furthermore, let D(A(t)) C X be dense subspaces and A(¢) : D(A(t)) — X be
linear mappings, t € R. The evolution family U is said to solve the non-autonomous
Cauchy problem

(nCP) Zut) = A)u(®)
u(s) = zrxeXt>s

(on the spaces X;) if there are dense subspaces (X;):er of X such that U(t, )X, C
X: € D(A(t)),t > s, and the function t — U(t,s)z solves (nCP) for fixed s €
R,z € X, (cf. [8, Chapter VI1.9]).
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The results of section 2 can also be used to characterize when the evolution
family U = (U (¢, s))ser,i>s of non-autonomous Cauchy problems of the form

D ts2) = (F(2), Vault,,0) + h(t,2)ult, ,0), 1 > 5,2 € 0

u(s,s,x) = wus(z),s €R,

is transitive, where again Q C R? is open, F : R x Q — € is locally Lipschitz
continuous with respect to z and h : R x 2 — R is continuous.

We assume that for every s € R and every z( € € the unique solution (-, s, z¢)
of the initial value problem

x(t) = F(t,x(t)), z(s) = xo

exists on all R. The uniqueness of the solution implies that (¢, s, ) is a bijective
mapping on 2 and that its inverse mapping is given by (s, ¢, ).

Let p again be a locally finite Borel measure on Q. We define hs(z) =
exp(fst h(r,p(r,s,x))dr),t > s, and observe that h;s is measurable, real-valued
and satisfies 1/hy s € L7 (1).

We assume that the mappings U(¢,s)f = his(-)f(e(t,s,)),t > s, are well-
defined linear operators on LP(u) for all s € R and ¢t > s. It is obvious, that
U(s,s)f = f for all s € R and that U(¢t,r)(U(r,s)f) = U(t,s)f for all s <r <,
so that U is an evolution family if and only if the mapping {(u,v) € R%;u > v} —
LP(u), (t,s) — U(t,s)f is continuous for every f € LP(u).

For s € R and t > s we define as in section 2 the Borel measures

Vp (t,s) (A) = /( +.4) hf,s dp
w(st,
and
et (4) = | o Vst )
p(t,s,

Theorem 14. Assume that (U(t,s)f)(z) := hs(x) f(@(t, s,)) defines a continu-
ous linear operator on LP(u) for every (t,s) € {(u,v) € R%u > v}.
a) For the family U = (U(t, s))ser>s of linear operators on LP(u) the fol-
lowing are equivalent.
i) U is weakly mizing on LP ().
ii) U is transitive on LP(u).
iii) For every compact subset K of Q there are a sequence of measurable
subsets (Ly)nen of K and a sequence ((tn, $n))nen in {(u,v) € R*u >
v} such that lim, oo (K \Ly) =0 as well as

nli)ngo va(tnysn) (Ln) = nll)n/olc pr—(tmsn) (Ln) = 0.

b) For a fized s € R the following are equivalent.
i) {U(t,s);t > s} is weakly mizing on LP(u).

ii) {U(t,s);t > s} is transitive on LP(p).
iii) For every compact subset K of §) there are a sequence of measur-
able subsets (Ly)nen of K and a sequence (ty)nen in [s,00) such that

lim,, o0 (K\Ly) =0 as well as
Jim vy 1,0 (Ln) = m v, g, ) (Ln) = 0.

PROOF: Having in mind that ¢(t,s,Q) = Q and ¢(t,s,)"! = ¢(s,t,-) for all
t,s € R the theorem is a direct consequence of Theorem O
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If F and h are continuously differentiable, it is straight forward to show that in
case of U being an evolution family, it solves the non-autonomous Cauchy problem

%u(t, s,0) = (F(t,-),Vyu(t,s, )y + h(t,u(t,s, ), t > s,
U(S,S, ) = fO

on the spaces X; := C1(Q), t € R, in LP(u).

Example. Let Q =R, F' =1, h(t,x) := 2ct where ¢ € R and let p be the finite
Borel measure with Lebesgue density p(z) := e~1#l. It then follows that ¢(t, s, z) =
T+ (t —8), hys(x) = exp(c(t? — s?)) and obviously U(t, s)f := hys(-)f(e(t,s,"))
defines an evolution family on LP(u). Moreover, each operator U(t,s) has dense
range, since U(¢, s)(C(R2)) = C.(22) and the operators of U commute so that U is
transitive if and only if U is hypercyclic by the results of Peris [I3] mentioned in the
introduction. The same holds obviously for the family of operators {U(¢, s); t > s}
for fixed s € R.

It is readily seen that v, (; 5) has Lebesgue density exp(pc(t? — s%) — |- —(t — s)|)
while v, _(; 5) has Lebesgue density exp(—pc(t* —s?)—|-+(t—s)|) forall s € R, ¢ > s.

For a bounded, measurable subset B of R with A\}(B) > 0 and a sequence (t,)nen
in [s,00) we have lim,, 00 Vp,(1,,,5)(B) = 0 if and only if (%, )nen converges to infinity
and pc < 0 because for sufficiently large t,,

Vit (B) = explpelts = 52) = (1 =) [ exp(a) da.
B
Furthermore, we have limy, o0 Vp,—(¢,,s)(B) = 0 if and only if (¢,)nen converges
to infinity and pc > 0 because for sufficiently large ¢,

Vit (B) = exp(pel = 52) = (b =) [ exp(-o) .
B
From this and Theorem [14] b) it follows that for fixed s € R the family of
operators (U(t, s))i>s is hypercyclic on LP () if and only if ¢ = 0.
On the other hand, if £ > 0 is sufficiently large and s := —t we have

Uy (1.1 (B) = exp(—2t) / exp(x) de
B

and
Vp,—(t,—t)(B) = exp(—2t)/ exp(—z) dz,
B
which both converge to 0 when ¢ tends to infinity, so that by Theorem a) the
family (U(t, s))ser,t>s is hypercyclic on LP () for all values of c.

Finally, for fixed (t,s) € {(u,v) € R%* u > v} we have for each n € N that
Ut,s)"f = exp(en(t? — s2))f(- +n(t — s)). Setting h, := exp(cn(t?> — s?)) and
p(n,x) = z+n(t—s) and adapting the notation from section 2 we get for sufficiently
large n

o (B) = exp(n(ep(t? — 5%) = (t = ) [ exp(o)
B
and
Ve (B) = exp(-n(ep(t? — 52)+ (¢ =) [ exp(-a)da.
B
Therefore, for a sequence (ny)ren of natural numbers both v, ,, (B) and vp _,, (B)
converge to 0 as k tends to infinity if and only if (ng)ken converges to infinity and
ep(t? — s%) — (t —s) < 0 as well as cp(t? — s?) + (¢t — s) > 0. Hence, by Theorem
U(t, s) is a hypercyclic operator on LP(u) if and only if |c(t + s)| < 1/p.
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So by fixing ¢ = 1 this gives an example of an evolution family (U (¢, s))ser,t>s on
(u) which is hypercyclic but for which for fixed s none of the families (U(t, 5));>s

is hypercyclic and for which a single operator U(t, s),t > s, is hypercyclic on LP(u)
if and only if |t + s| < 1/p.
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