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Abstract

Let C = (Cp)nen and D = (D™),en be families of composition and differentiation
operators, respectively, i.e.,

Cnf:fOCPm D.f:f/a

where f is holomorphic on some domain 2 C C. Our main question is: How fast can
a totally bounded set M of holomorphic functions, in other words a normal family,
be approximated by the “orbit” {C, f: n € N} or {D"f: n € N} respectively, of one
suitably constructed function f7 Our answer consists of upper bounds for the numbers

F(f,1/n):=inf{N € N: Any g € M is approximable with error < 1/n
by the first N elements of the orbit of f}, n € N.

In particular, we calculate such bounds for well-known classical normal families, like
the biholomorphisms of the unit disk I, or the set

S := {f biholomorphic on D: f(0) =0, f'(0) = 1}.

Keywords. Rate of convergence, Composition operators, Faber expansions, Normal
families, Approximation in the complex plane, Universality.
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1 Introduction and notation

Let (X,d) be a complete metric space, (),d) a separable metric space, M C ), and
L = (Ln)nen be a sequence of continuous mappings L, : X — ). The sequence L is called
universal for M, if there is € X such that M is contained in the closure of the orbit of
x under £, that is

M C{L,x:n €N},

i.e., for every y € M and for every € > 0, there exists N € N with d(y, Lyz) < €. Such
x are called L-universal for M and we denote the set of all L-universal elements for M
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by U(L, M). In case of M =), we simply speak of L-universality etc., and write U(L)
instead of U (L, M).

We consider the question, how fast certain given elements y € ) can be approximated by
(Lpx)nen for some x € U(L). With this in mind, given x € X and M C ), we define

F(z,e):=F(z,L,M,d,e) = s;/\pal inf {N € N: d(y, Lyz) < €}.
Y

For z € U(L), we clearly have that F(xz,¢) is finite for every ¢ > 0 if and only if M is
totally bounded (pre-compact), that is, M can be covered by a finite number of e-balls for
every € > 0. If the metric space ) is complete, then, M is totally bounded if and only if
M is relatively compact cf. [14, Corollary 4.10]. Moreover, if M C ) is totally bounded

and yyl), ce ,y/\ ) e Y satisfy

where B(z,7) = {y € Y : d(y,2) < r} is the open ball with center z and radius r, then,
for each x € U(L), there is k,, € N satisfying

w1
¥1<j<A31<N <k, d(Lyz,y, ))<ﬁ.

In particular, if £ is universal, then, for any totally bounded set M C ), there is a
sequence (ky)nen of natural numbers such that

{zeU(L): F(z,L,M,2/n) < k,Vn €N}

containing

"N AU 6. ) (1)
n
neN j=1 N=1
is not empty. We are interested in upper bounds for k,, depending on M. Therefore, we
introduce the following notation. For a given totally bounded subset M of ) and n € N,
we define

l
A= Ag(M) :=min< I e N: Jyp,...,y; € Y with M C U (yj,1/n) ¢,

to be the n-th covering number of M. Since M is totally bounded, A, is well-defined and
the sequence (Ap)nen is obviously increasing. It should be noted that A, depends on the
given metric d on Y! For each x € X, we obviously have

VneN: A\, < F(x,L,M,d,1/n).

In this paper, we investigate special sequences of continuous linear operators between
spaces of holomorphic functions H(2) on an open subset 2 of C. As usual, we endow
H(Q) with the compact-open topology, that is, the locally convex topology on H(f2)
induced by the increasing sequence of seminorms H f H K, = sup{‘ fz ‘ cz € Kph,neN,
where K = (K},)nen is a compact exhaustion of €, i.e., K C Q) compact, K, is contained



in the interior of K, 11 for each n € N, and UpenK,, = Q. This makes H(Q) a Fréchet
space; a metric defining the topology is given by

, 1
d(f,9) = ilégmm{Hf—gHKn,n}- (2)

It should be noted at this point that di(f,g) < 1/n if (and only if) Hf — gHK < 1/n.

In particular, we consider €2 = D, the open unit disk. For this special situation, we will
always choose the natural standard compact exhaustion

n -
n+1

Kp := (Ky)nen, where K, := (3)
Recall, a subset M of H(2) is bounded, by definition, if SUP £ M H fH K, < for each
n € N, i.e., if and only if M is locally bounded. By Montel’s Theorem, every bounded
subset M of H(£2) is relatively compact. Obviously, the converse is always true. Therefore,
the bounded subsets of H(2) are precisely the totally bounded subsets, which are also
called normal families in this context. Examples will be given in Section

2 Composition Operators and Fast Approximation

In this section, we consider composition operators on spaces of holomorphic functions,
that is, for a given sequence (¢p)nen of injective holomorphic mappings ¢,: Q1 — Q9
between open sets 21,9 in C, we consider the sequence C = (C),),en of linear operators

Cpn:H(Q2) = H(), fr— fopp.

Universality of such composition operators has been investigated by several authors, e.g.
Bernal and Montes [4], followed by many others and also on different function spaces, see
e.g. [2], B, [B1, [7], [6], [10], [I1]. Recall, (p,) is called run away, if for every pair of
compact sets K C Qq, L C Qy, there exists an N € N with

on(K)NL=0.

This property characterizes the existence of a C-universal element if ; = 9 is not
conformally equivalent to C\{0}, cf. [4]. In view of the following theorem, it is important
to have run away sequences tending in a “controlled” manner towards the boundary of €2s.
Thoughout this section, we assume the open sets 21, to consist of simply connected
components, and every compact exhaustion K = (K, ),en of them should also have only
simply connected components, see e.g. [16, Theorem 13.3].

If Q is a domain in C, a sequence of sets (L, )nen is said to tend to infinity provided that,
given a compact set L C €, there is ng € N such that L, N L = @ for all n > ng. Observe
that, if O* = QU {w} denotes the one-point compactification of €, then (Ly,)nen tends to
infinity if and only if lim,,_,, max{x(z,w): z € L,} = 0, where x is any distance on Q*
defining its topology.

Proposition 1. Let ¢, : Q1 — Q9, n € N, be a sequence of injective holomorphic map-
pings which is run away. Then, for each compact exhaustion K = (K, )nen of Q1, there
is a sequence (Mp)nen of natural numbers such that oy, (Ky) (n € N) is pairwise disjoint
and tends to infinity.



Note, the image ¢(G) of a simply connected domain G under an injective holomorphic
mapping ¢ is also simply connected. Thus, the sets ¢, (K,) (n € N) above have also
connected complements.

Proof. Fix any compact exhaustion (Ly)nen of Q2. Set mq := 1. Since (¢n)nen is run
away, there is my € N such that

Pmy (K2) N (omy (K1) U L) = 0.

If my,ma, ..., my have been found, there is, by hypothesis, m,11 € N such that

n
@mn-;—l(KnJrl) N U Pm; (Kj) ULy, | = 0.
j=1

Clearly ¢, (Ky) (n € N) fulfills the requirements of the assertion. O

For the following we abbreviate C := (C),, )nen. Before stating our first main result, we
provide an approximation lemma based on Arakelian’s Approximation Theorem, cf. [1], [9)].

Lemma 2. Let Q be a domain, (K,)nen a sequence of pairwise disjoint compact sets
in Q, whose complements are connected. Assume that (Kp)nen tends to infinity and that
fn € A(Ky), i.e., fn is continuous on K, and holomorphic in the interior of K,,. Then,
there exists f € H() with

1
Vn e N: grel?gﬂf(z) — fa(2)| < e

Proof. Define
0(z) :==—Inn, q(2):= fu(z), ze€K,.

The union U := |J,,cn Kn is closed in © and obviously satisfies that {2 \ U is connected
and locally connected at w. Thus, by Arakelian’s Theorem, there exist g, h € H(Q2) with

1)l <1, zew

For f(z) := h(2) - e9®~1 and z € K,,, we obtain

[F2) = al@)] = [£() = g(2)] < 007 < DRI < 1) =

S |-

O

Theorem 3. Let ¢,: 1 — Qo, n € N, be a sequence of injective holomorphic mappings
which is run away and let K be a compact exhaustion of 1. Then, there is a subsequence
(©m, )nen of (©n)nen and a universal function f € U(C) such that for each normal family

M in H(Qq) with covering numbers (Ap)neN = ()\n(M))nGN, we have

2
VYn e N: F(f,C,M,d;c,E) <n(A,+1).



Proof. 1. Let (my,)nen be a strictly increasing sequence of natural numbers correspond-
ing to the compact exhaustion X = (Kp),en, as in Proposition (I} Then, the sets
Om, (Kn) (n € N) are pairwise disjoint, have connected complements and tend to
infinity.

2. According to Mergelian’s Theorem, the set of polynomials with coefficients in Q+4iQ
is dense in (H(£1),dx). Let (g) be an enumeration of them, and let fl(n), e )(\:) €
H(£1) be those functions whose 1-neighborhoods cover M. We define (fy) as the
following sequence

1(1)7f2(1)7"‘7f)(\1)7q17f1(2)7 2(2)7’ . '7f)(\z)7qQ7 1(3)7f2(3)7"‘7f)(\§)7q37' <

3. According to Lemma there exists a function f € H(Qs), such that

max (70~ fv(enh ()] < 5 Nen

or equivalently,

[Conf = Iy = 1 o mw) = Iivll1ey < 3 NN

By definition of the metric dx this implies

1
<—, NeNlN
N’

dlC(Cmea fN)
4. Fix g € M and n € N. According to the second step, we find a function fy with
n—1
1
n<N<Y> NG+ + M <n(Mn+1) and  de(fn,g) < e
j=1

Together with the third step, we have

1 1 2
d -4 =< —.
Moreover,
1
dlC(kaf’ qn) <+ n e Na

k )
with k = Z?Zl(/\j + 1) showing that f € U(C) satisfies the desired property.

Remark 4.

(i) Roughly speaking, for a sequence of composition operators between spaces of holo-
morphic functions, the speed of approximating the elements of a normal family M
by a universal function is only governed by the size of M, measured by the covering
numbers (\p,)nen.



(ii) In [4], it is proved that, in case of Q1 = {2 not being conformally equivalent to
C\{0}, the set U(C) is a dense Gs-set, if non-empty. The above theorem states that

there is
-1 n
feueyn () N U cu (B, 2).
neN j=1 N=1
where fl(n), ce f/(\:) are the centers of open 1/n-balls covering the normal family M.

The continuity of the operators Cy,, implies that the above set is a Gs-set. But in
general it is not dense.
To see this, let £ = (K,)nen be the compact exhaustion of Q0 giving the metric di

and let M = {0}. Then, one has A\,, = 1 and one can take fl(n) =0, n € N. Assume,
there is a sequence (ky)nen of natural numbers such that

kn
N U el (B0.)
neN N=1

= {fGH(QQ) :Vn € NI1 N < ky, with sup | femy (2))] < 1}

ZEKn n

is dense in H(Q9). Let K C Q2 be compact such that U’f\}zl Omy (K1) € K. By
assumption, there is

kn
g € {fEH(QQ): If =2 < 1} n U C,;}V(B(o,l)).
neN N=1 "

Hence, there exists an 1 < N < k; with
lg =0, ) = [[Cmng = Ol ¢, <1,

which gives a contradiction to Hg — 2H <1l

Let X', ) be metric spaces and £ = (Ly)nen a universal sequence of continuous mappings
from X to Y. If M C Y is totally bounded, we have just seen that for any sequence of
natural numbers (ky,),cn the Gs-set in (1) need not be dense in X although there is always
some sequence (kp)nen such that the above set is non-empty, cf. the introduction.
However, if one weakens the requirement

VneN: F(x,L,M,2/n) <k,
to (we use the standard Landau notations)
(F(e, £,M,2/n)). 1, € O((kn)ncn),  shortly F(z, £, M,2/n) € O(kn).

then the corresponding set is dense, see the next result. Whenever the index, mostly n € N,
is clear, we will shorten the Landau notation from (a,)nen € O((bn)neN) to a, € O(by,).

Theorem 5. Let @,: 1 — Qo, n € N, be a sequence of injective holomorphic mappings
which is run away, and let IC be a compact exhaustion of 1. Then, there is a subsequence
(©m, )nen of (Pn)nen and a dense set of universal functions f € U(C) in H(Qs), such that



for every choice of countably many normal families M; in H(1), i € N, with covering
numbers (Ani)neN = ()\n(./\/l,)) we have

neN’
2
VieN: F(f,C,Midx, =) € O(nn), (4)
Proof. 1. Let (my,)nen be again a strictly increasing sequence of natural numbers cor-

responding to the compact exhaustion K = (K}, )nen, as in Proposition I} Then, the
sets Ym,, (Kn) (n € N) are pairwise disjoint, have connected complements and tend
to infinity. We have to show that for given h € H(Q2), K C Q9 compact and € > 0,
there exists a universal function f € U(C) with the desired property and

Hf - hHK <E.

Since @, (Ky,) (n € N) tends to infinity, there is some M € N such that K N
Om,, (Kp) =0 for all n > M.

2. Also, let (g,) be as in the proof of Theorem and let fl(n’i),...,f)(\:’j) € H()
be those functions whose %—neighborhoods cover M;, merged in sequences ( fg))neN

defined as

PRI

1, 1, 1, 2,i 2,i 2,i) +(3,i 3, 3,
fl( )’fQ( )7"')f§1 )7 1( )7f2( )7"'af)(\2 )fl( )7 2( )a'”v )(\3)

With these sequences we build (fy) as follows: Every (25 — 1)-st element of (fn)
is ¢j, j € N. From the remaining elements every (2j — 1)-st element is fj(l), jeN.

Again, from the remaining every (2j — 1)-st element is fJ@), J € N, and so on.

3. According to Lemma there exists a function f € H(2), such that

Hf - hHK < e and max |f(z) — fN(gz);&”N(z))} <

ompy oy (Km4n)

M+ N’

or equivalently,

1
[Crnnsionf = fNHKMJrN = |(f 0 Pmarin) = fNHKMHV < M+ N’ Nel

By definition of the metric di, this implies

1
d]C(CmA{Jer,fM_A'_N) < m, NEN
4. Fix g € M; and n € N. According to the second step, we find a function fy with
n<M+N <G -n(Ani+1) <cindng, (5)

for appropriately chosen constants ¢;, ¢;, and

de(fxsg) < %

Together with the third step, we have

1
M+ N

1 2
d’C(Cm]\/[_»,_Nfa g) < ﬁ + S E

7



Moreover,
1
dIC(CmMJranlf? Qn) < m,

showing that f € U(C) satisfies the desired property.

n €N,

In equation , we have seen
2
Vi,neN: F(f,C,M;,di,—) < ¢cinhp,
n

where the constants ¢; as given in grow exponentially in i, more precisely (¢;)ien €
@((27’)i€N), ie., (¢i)ien € O((T)ieN) and (2');en € O((ci)ieN), as we see from the second
step of the above proof.

3 Differentiation Operators and Fast Approximation

In this section, we consider the differentiation operator
D: H(Q)— H(Q), f—f,

on spaces of holomorphic functions on a simply connected bounded domain 2 C C, as
well as the sequence D := (D"),en. It is known that the existence of f € U(D) is
equivalent to € being simply connected, cf. [I8]. Therefore, without loss of generality, we
may and will assume €2 to be simply connected throughout the whole paragraph. Since
differentiation commutes with translations, we can assume 0 € ) without loss of generality.
More precisely, we may assume that 0 is contained in the interior of Kj for a compact
exhaustion K = (K, )pen of €.

Moreover, there is a compact exhaustion K = (K, )nen of Q such that K, is connected
and simply connected for every n € N, see e.g. [16l Theorem 13.3]. Therefore, we assume
without loss of generality that for the metric dx inducing the compact-open topology on
H(Q), cf. , we have K, connected and simply connected.

Furthermore, we denote the m-th Faber polynomial for K,, by F, .., m € No. Then, F,, ,,
is a polynomial of degree m which is obtained in the following way, see e.g. [9] or [13].
By the Riemann Mapping Theorem, there is a unique conformal mapping ¢, : C\K,, —
C\D with ¢, (00) = oo and ¢/,(00) > 0. Hence, for some ¢ > 0, we have for || sufficiently
large

1 o
on(z) = ztat 221 ez

Moreover, for |z| sufficiently large and every m € N, we have
o
o (2) = Fam(2) + Yz,
v=1

that is, F}, ., is the analytic part of the Laurent expansion of ¢;'. With v, = ¢, L
C\D — C\K,,, we have

Yn(w) = cw + do + Z dyw™", |w| > 1.

v=1

8



For R > 1, we set I', g := {¢n(w): |w| = R}. Then, I, g is a closed Jordan curve, and
for each n € N, there is R,, > 1, such that I', g C {2 for all 1 < R < R,,. Denoting by I, g
the bounded (open) component of C\I';, g, we obtain K,, C I, p C €2 for every n € N and
1< R<R,.

If f is a complex function holomorphic in a neighborhood I, r of K,,, we define for v € Ny

L )
a(f, K,) = — DY) o,
(f, Kn) /|w|r

27 ian

which is independent of r € (1, R). Then

f(z) = Z ay (f; Kn) Fnp(2),
v=0

where the series converges uniformly and absolutely on I,, g, in particular, on K,. Thus,
this expansion is valid in I, g, for every f € H(). Moreover, the above so-called
Faber expansion of f is unique, see again e.g. [9] or [13]. From this, and the fact
that F, ., is a polynomial of degree m, it follows that for every polynomial p, we have
p=> 0 oav(p, Kp)Fy ., whenever m > deg(p). In case of K,, = {z € C: |z — 2| < p},
the above expansion of f is nothing but the Taylor expansion of f about zj.

From [13| Lemma preceding Theorem 3.16], it follows

1 17 3 1%

for all 1 < R < R,, for every z € I';, g, and v € Ny.
For f € H(?) and n,m € N, we define

Tomf :C—=C, Tomf(2) = an(f, Kn)Fnu(2),
v=0

that is, T}, f is a polynomial of degree < m.
Moreover, we denote by f(~7) the j-th anti-derivative of f, i.e.,

fOG) =), f) = / FEIQd¢, jeN,zeQ.
0

Recall, we assume without restriction 0 € Q. It is very well-known that for every f € H()
the sequence (I, f);en, converges to zero in H(f2), where I;: H(Q) — H(Q), I; f := (=),
J € Np, see e.g. [12, Lemma 1].

The next Lemma is rather technical. Its conclusions simplify in case of 2 = D, which will
be stated separately as Corollary [7] below.

Lemma 6. Let K be a compact exhaustion of Q and M C H() a normal family. For
n €N, let

M, = M,(M) := sup max | f (vn(w))].
fEM |w|:§(1+Rn)



1. There is an increasing sequence

R,+1 R,+1
vn(M)EO(Rn_lln(an_an)>,

of natural numbers tending to infinity such that, for every f € M, we have

1
HT”:’Ynf - fHKn < n

Moreover, if there is k € Ng such that M,(M) € O(n¥), then,

R,+1 R,+1
’yn(M)EO<Rn_1ln(an_1)>.

2. There is a sequence (U”(M))neN of natural numbers tending to infinity, such that
for every f € M, n € N, and m € Ny, we have

H(Tn,mf)(_J)HKn < R

whenever j > op(M).

We point out that the above sequences (’yn(./\/l))neN and (U”(M))neN depend on the
compact exhaustion IC of 2!

Proof. Let n € N be arbitrary. Note, M,, < co by the total boundedness of M.

1. For f € M and 1 < R < R,,, we have by the maximum principle

0o 3 00
Tomf = fllie, < D2 Nl K [Fasllie, <5 D lan(f )[R
v=m+1 @ v=m+1

Moreover, for the Faber coefficients we obtain

f(Wn(w))
—"d
/leé(l—l—Rn) v+l w

so, for | < R< 2+ 1R, = 2(2+4 R,),

3 , 3 > 2R \"

v=m+1 v=m+1

2R m—+1 1
M, (1 R ) 2R
+ iy 1_71+Rn

44 2R, \™! 1+R
(som) O,
Ry+1, (4+2R,
R, —1 <3+3R>

1
2

’au(,ﬂ Kn)’ =

IN
ot

10



Thus, in order that HTn,mf — fHKn < %, it suffices

Ry, +1 3+3R, R,—1
1 M, 1)1 — | = )In{1l+ ——— .
n(5an_1 ><(m+ )n<4+2Rn> (m + )n< +2(2+Rn)>

Using the elementary inequality

T
>0: <
Vo >0 T2 <In(1+z),
the above inequality is surely satisfied if
Ry —1
R, +1 2(24+Rn) R, -1
In [ 5n M, <(m+1)—/——="—=(m+1)——.
() < Ty~ " s,
Taking all this together, we conclude
= 1
S Janlf Kol [Fasle, < -
v=m++1
for n € N, and for all f € M, provided that
R,+1 R,+1
> 1 M, | .
m_3Rn_1n<5an_1 ) (7)

. (i) Now, we consider T}, ,, as a continuous linear operator from H(2) into H (I, r,)
and, first, we show that N := | Ty.m(M) is a normal family in H(I, g,):

From the above mentioned properties of the Faber expansion, it follows that for
every f € H(Q) the sequence (Ty,m f)men, converges in H (I, g,) to f|r, p - Since
H() is a Fréchet space, the equicontinuity of the sequence of operators (T}, m)men,
follows from the Uniform Boundedness Principle.

meENy

Next, let U be an absolutely convex zero neighborhood in H (I, g, ). By the equicon-
tinuity of (T,m )men,, there is an absolutely convex zero neighborhood V' in H(2)
such that T;,,,(V) C U for every m € Ny. Since M is a normal family, hence,
bounded in H (), there is p > 0 with M C pV', implying N := U, ,eny, Tnm(M) C
pU. Since U was arbitrary this gives the boundedness of N in H (I, gr,). Thus, N/
is relatively compact, i.e., a normal family.

(ii) Since we assumed 0 € K, the above-explained mappings I; : H(I,r,) —
H(I, Rr,) are well-defined, continuous and linear. Moreover, for each f € H(Iy Rr,)
the sequence (I f);jen, tends to zero in H (I, r,). The Uniform Boundedness Prin-
ciple implies, again, the equicontinuity of (I;)jen,. Because K, C I r,, we can
find a zero neighborhood V such that HijHKn < ﬁ for every f € V and every
J € Ny. Since for every f € H(I, g,) there is j(f) € N with HijHKn < # for each

j=3f), .
19l ke, < 11iC9 = Dllxe, + 118, < 2

holds for every g € f +V and j > j(f).

11



Because N' C |Jycp(f + V) is totally bounded, there are f1,..., fp € N such that

=

U Tn,m<M):Ng

meENy

(fi+V).

~

1

Setting o, := max{j(f1),...,7(fx)}, we finally obtain H(Tn,mf)(*j)HKn < # for
each f € M, m € Ny, and j > o,.

O

Corollary 7. Let M C H(D) be a normal family and Kp be the standard compact ex-
haustion of D, cf. .

1. For each n € N, we have M, = M,(M) = sup ey HfHKMH.

2. For the sequence (’yn(M))neN, we have

(M) € O(nln(nhy,)),
and if M,(M) € O(n¥) for some k € Ny, then,

(M) € O(nln(n)).

3. For the sequence (an(./\/l)) we can assume without restriction

neN’

on(M) € O(In(n® M,)).

Proof. For the compact set K, = niﬂﬁ, we have ¢, : C\K,, — C\D, p,(z) = ”THZ
Thus, ¥n(2) = ;472 and R, = 2l - Moreover, because ¢%(z) = (ZH)¥2¥, we have

Fou(z) = ()27, So, we obtain for sufficiently small 1 < r

| F(ba(w)
a,(f,K,) = — - dw
(f.Ky) /wzr

27 wvtl

|
() o,
n—+1 2T |w|:%r wrtl

- (%) aw

where a, (f) denotes the v-th Taylor coefficient of f expanded about the origin. Therefore,
for every f € H(D), n € N, and v € Ny, we have

Vze Ky a(f, Kp)F,(2) =a,(f)2". (8)
1. For each f € M, we have

max |f('¢n(’lU))‘ = max ‘f(2)| = HfHKQnJrl'

1 2n+1
lwl=5(1+Rn) |2|=3nt3

12



2. From inequality (7)), equation (8)), and £2*l = 2 4+ 1, we obtain for every f € M
R,—1

and each n € N that
> n \~ 1
> Jal(50) <

v=m-+1

whenever

m > 3(2n + 1) In(5n(2n + 1) M, (M)). 9)
3. Asshown above, the m-th partial sums 75, ,, of the Faber expansions are independent

of n and coincide with the m-th Taylor polynomials expanded about the origin.
Because K, = NLHD, it follows

1 f(2) 2n+2\"
— dz| < . 10
27‘[‘Z /ﬂ_ini; ZVJrl Z| — <2TL + 1) HfHK2n+1’ ( )

which leads, for every n € N, m € Ny, 7 > 2, and f € M, to

al/(f) Zu—l-' l - a n v+
v+1)---(v+7) ’ Sjlgo‘ V(f)}<n+1>

‘au(f)} =

NE

H(Tn,mf)(_j)HKn =

v=0 Ky
<1< n >ij|| i( n(2n + 2) >”<(2n+1)Mn
@J' \n+1 Konn £\ (n+1)(2n+1)) ~ J!
<3nMn
J— j! .

If j satisfies j! > 3n2 M, we get H(Tn,mf)(_j)HK < n—lg for all f € M. In particular,

by applying Stirling’s Formula, we can choose o,,(M) € O(In(n? M,)).
0

Theorem 8. Let K be a compact exhaustion of Q and M be a normal family in H ()
with covering numbers (Ap)pen = (An(M))neN, as well as the sequences (Vp)nen =

(’yn(./\/l))neN and (op)nen = (U"(M))neN from Lemma @ Then, there exists a univer-
sal function f € U(D) such that

3
Vn e N: F(f7D7M7d/C7 ﬁ) < n()‘n + 1)(771 + O-n()\n—&-l))'

Proof. 1. Let fl(n), e f)(\:) € H(Q) be those functions whose %—neighborhoods cover

M. Moreover, let Q = {g, = f)(\:)Jrl : n € N} be a dense set of polynomials in
H(Q), which exists by Mergelian’s Theorem and our general assumption that € is
simply connected. Without restriction, we may assume deg(qn) < 7n, as well as

Hqﬁfj )H o <1 /n? for every j > o, holds for every n € N. Otherwise, we elongate
the sequence (g,) by adding the zero polynomial several times, noticing (v,), (07)
may be chosen to tend to co, as n — oc.

Now, we define (fx)ren as the following sequence
1 1 1 2 2 2 n n n
fl( )7f2( )7""f)(\1)<"»17f1( )’f2( )7"'7f§2){;17"'7 1()’f2( )7""f)(\n)<lr1?"'

13



For every k € N, there are unique n = n(k) € N, n <k, and 1 < j < A, + 1 such
that fr = f;n). According to Lemma |§| and the fact that the degree of ¢, does not

exceed 7y, it holds for Py := T, 4, fr = Tiy fir that

k) n (k)

1
12— Fellge, = T fi = fill e, <

Therefore, by the definition of our metric, this implies

1
dic(frs Pr) < —
n

for every k € N. Note, in case of f = >(\:)+1

because g, is a polynomial of degree not exceeding .

Next, we define
Niy=o1+1, Ng:=x) +0k+ Nk-1, k> 2,

and the function f as

f(z) =3P (),

j=1
Since, for every n <[, we have
l+m (_N)) l+m (N)) l+m 1
SR < S I <>
j=l j=l j=l

= @n, we have P, = T, qn =

(11)

qn,

by Lemma [6] and the choice of Q, f is a well-defined holomorphic function in .

. Let k € N. For all 1 <j <k, we have Ny — Nj > v,x) = Vn(j)- [t follows

FN(z) = Pi(z) + Y PN ()
j=k+1

For j > k + 1, we have N; — Nj, > 0. Since k > n, we estimate

o0 oo
R P DO Al I D L i
Jj=k+1 K, j=k+1
o0
= D @y )T
j=k+1
- =1 _ 1 _ 1
- J:k-&-lﬁ kon

Therefore, by the definition of our metric di, we obtain

1
dic(D™* f, Py) < o

14

(12)



3. Let given an arbitrary function g € M. Hence, there exists a function f; with
E<n-(A,+1) and

1
dic(frs9) < —.
n
Together with ([11)) and (12]), it follows

Ae(DY£,9) < dic(DV* , By) + dic(Pes fi) + dic (i) < =

We calculate

k

Ny = Z Vo) + 05 < k() + 0k) <A +1) (I + 0nrnt1))
j=1

as proposed.

4. Moreover, by construction, we have P, = ¢, for every k € N with fi = ¢,. From

(12), we conclude
1
dic(D™ f, q,) < -

for such k, which finally shows f € U(D).

Combining the above Theorem [§ with Corollary [7, we immediately get the following.

Corollary 9. Let Ky be the standard exhaustion of D and M C H (D) be a normal family
with covering numbers (Ap)nen. Then, there is a universal function f € U(D) such that

F(f, é) c O(nz)\n In(n\, max{1, Mgn)\n}))

n

or equivalently
1
F(f, E) c O(nQ)\gn ln(n)\gn max{l, MGTL)\Bn})) )

where Mn = MH(M) = SupfeM HfHKmH»l‘

Remark 10. In contrast to sequences of composition operators, the speed of approximat-
ing elements of a normal family M by universal functions for the differentiation operator
is not only governed by the size of M, measured by the covering numbers ()\n)n N’

In case of Q@ = D, also the growth of the members of M, given by the sequence (M,)nen,
comes into play. In the general case, the sequences (% (M))n oy quantizing the approxi-
mative behavior of the Faber expansion, and (O’n(./\/l))n cn» 8iving the speed of convergence
towards zero of the anti-derivatives, are relevant.

4 Examples of normal families

We conclude with some examples of normal families in H(D) and apply our results from
the previous sections. Throughout, we choose the standard compact exhaustion Kp of I,
cf. . Therefore, we omit the reference to the fixed metric dx, in the notation of this

15



section.

Trivially, every finite subset E = {fi,..., fx} of H(D) is a normal family with eventually
constant sequence \,(FE) = k. Applying Theorem [3| and Corollary |§| respectively yields
the following result.

Corollary 11. Let C be a sequence of composition operators as in Theorem [3, D the
sequence of differentiation operators. For every finite subset E = {f1,..., fv} of H(D),
there are f € U(C) and g € U(D) such that

1
F(facha g) € O(n)
and 1
F(g9,D,E, 5) € O(n*In(n max{1, Mgy, (E)}))
respectively.

Moreover, the unit ball
B> :={feHD):|f(z)] <1forall z €D}

of H>*(D) is a normal family in H (D) because, obviously, it is locally bounded. It is

immediately seen that the corresponding sequence (Mn(BOO)) is constantly equal to

neN
one. Hence, taking In(n) € O(ns) for each € > 0 into account, another application of

Theorem [3| and Corollary [J] gives the next corollary.

Corollary 12. Let C be a sequence of composition operators as in Theorem [3, D the
sequence of differentiation operators. There is f € U(C) with

1

F(f,C, B>, ~) € O(nA2n(B™)).
Moreover, there is g € U(D) such that
1

F(g,D, B®, ~) € O(n*"*(Asn(B))"7),

for every e > 0.

By Corollary |§| the covering numbers ()\”(M))nEN’ as well as the sequence (M”(M))new
determine how fast the approximation of a normal family M C H(D) by a universal
function may be.

In order to get a better impression of the concrete error terms involved, we shall consider
the following example. It is very well-known, cf. [I6, Theorem 12.6], that the set of
holomorphic one-to-one mappings of I onto itself, Aut(D), is given by

Aut(D) = {fw(z) —e" 2Ly e0,2n),a € ]D} .

1—az’

Since fy (D) =D, Aut(D) is bounded in H (D), so a normal family, and M, (Aut(D)) = 1
for every n € N. Next, we give bounds for A, (Aut(D)).

Lemma 13. For the normal family Aut(D) in H(D), we have \,(Aut(D)) € O(n7).

16



Proof. Fix two functions f,, o, € Aut(D) (j = 1,2). Because |fo,a,(z)| < 1, we have for
every z € K,, that

zZ — Qi

‘f’h,al(z) _f’72,a2(z)‘ - ezwl—fqz _€W21 —az

= 17 (o (2) = foa(2)) + (€7 =€) fo0a(2)]

zZ — ag

(z—a1)(1 —agz) — (z —a2)(1 — a12) i(—v2)
- (1—@12)(1—6_1,22’) +‘e o 1‘
1
<~ Wlaz — a1 + ((llC_LQ — (ZQC_Ll)Z + (al — C_LQ)ZQ‘
Y172
+]i/ ]
0
< (n+1)? (2]a1 — a2‘ + |araz — QQalD +|m —72}
< 4(n+1)%|ar — az| + |1 — 1|

Thus, for Hfm,cu — fro,a0 HK < 1/n to hold, only O(n) different v and O(n®) different a € D
are needed. Since, by the definition of the metric di, the inequality H friar = frosan H % <
1/n implies dic(fyy,a1s fra,a2) < 1/n, we obtain A, € O(n").

O

Remark 14. If one considers, instead of Aut(D), the smaller set

M :={f € Aut(D): the only zero zg of f satisfies [2| < r}
— {Fra lal < 1,7 € 0,2m))
for fixed r € (0,1), a similar calculation as in the proof of Lemmal[13]gives \, (M) € O(n®).
These growth estimations motivate to introduce the following notion.

Definition 15. Let (X,d) be a complete metric space, (V,d) a separable metric space,
M C Y be totally bounded, and L = (Ln)nen be a sequence of continuous mappings
L, : X — Y. We say that an element x € X is m-polynomial L-universal for M if
x €U(L) and

F(z,L,M,1/n) € O(n™).

We abbreviate the set of all such x by Up, (L, M). L is called m-polynomial universal for
M if U (L, M) £ 0.

Again, taking In(n) € O(n®) for each & > 0 into account, Theorem (3, Corollary |§| and
Lemma [13| immediately give us

Corollary 16. Let C be a sequence of composition operators as in Theorem [3, D the
sequence of differentiation operators. Consider the normal family Aut(D) in H(D). Then,
there exist

(i) 8-polynomial C-universal functions for Aut(D),

(ii) (9+¢)-polynomial D-universal functions for Aut(D) for each € > 0.

17



Remark 17.

(i) If the covering numbers A\, = A,(M) of a totally bounded subset M satisfy A\, €
O(n™), the number m is related to the so-called box-counting dimension of M.

(ii) Let M C Y be totally bounded with covering numbers (). Hence, for every n € N,

there are fl(n), e (n) € Y which cover M with their f—nelghborhoods Then, we

have
An cn™

=U NN U L3 Oaz™). (13)

ceNneNj=1 N=1

From the description , we deduce that the polynomial universal elements form
a countable union of Gg-sets, which is called a Gg,-set in the literature. A natural
question is: Is it also Gg?

A very prominent example of a normal family in H(D) is the set

S={fe H(D): f one-to-one, f(0) =0, f'(0) = 1}.

From the well-known inequality due to Koebe, see e.g. [I5, Satz 15.15]:

2]
VeSS zeD: |f(2)| < ——, 14
< g (1)
follows the boundedness of S in H(D), in fact, S is a normal family and
M,(S) = (2n +1)(2n + 2) € O(n?). (15)

A special subset of S is given by

(1-

the so-called Koebe extremal functions. Obviously, K is a normal family also with M,,(K) €
O(n?). As Taylor expansions about the origin, one gets

= i I/Zl” fa(Z) — i Vei(u—l)az
v=1 iyt

Lemma 18. For the normal family K in H(D), we have A,(K) € O(n?In(n)).

K:={fo:a€l0,2m)}CS, folz)=

gp el =o€,

Proof. Consider
T fa(z Zyezy DB 2V, meN, gel0.2m),

where T),f denotes, again, the m-th Taylor polynomial of f expanded about the origin.
By Corollary there is a sequence 7, € O(n ln(n)) with H T, [ — fHK < 2 for all
f € S. Using the simple estimate

Lfa-s

eilv=Ta _ git=1)8| _ ‘/ ToEt (=Dt gy| < , (16)
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we obtain, for f € K and z € K,

T2n

Fal®) = T fae)] < Sov]e D0 - 009 g, - T L
v=2

= 7223 - _/B + ! < 2 _/8 + 1

) VzQu—l'“ |+ 5 < 27am|a— B[+

Thus, for || fo — Ty, f5|| . < 1/n to hold for some f € [0,2m) only O(n?In(n)) values of
B are needed. O

As above, we deduce from the results of the previous section and Lemma

Corollary 19. Let C be a sequence of composition operators as in Theorem [3, D the
sequence of differentiation operators. Consider the normal family K of Koebe extremal
functions in H(D). Then, there exist

(i) (2+¢)-polynomial C-universal functions for K for each € > 0,
(ii) (4+¢)-polynomial D-universal functions for K for each € > 0.

Before we give (what we think to be rather coarse) bounds for the growth of (A,(S5))

eN
we apply Theorem [3] and Corollary [9] to S. "

Corollary 20. Let C be a sequence of composition operators as in Theorem [3, D the
sequence of differentiation operators, and (Ap)pneny = ()\n(S))n Then, there are some

feU(C) and g € U(D) with

S\

F(f,C,S, %) € O(n)\2n)a

respectively
1
F(g,D,S, E) € O(n*A3n In(n)sy)).

The next result gives bounds for ()\n(S))n N’

Lemma 21. We have
An(S) € O(exp(n1+‘5)),
for every e > 0.
Proof. 1. Let n € N be fixed. Consider for f € S its Taylor expansion f(z) = z +

Y25 a,(f)z" about 0. By de Branges’ famous proof of Bieberbach’s Conjecture [8],
we know a,(f) € vD for all v > 2. In (9)), we obtained

5 ol () <1

v=m-+1

whenever

m > my = 3(2n + 1)[In(5n(2n + 1) M, (5)) |; (17)
as mentioned earlier M, (S) = (2n + 1)(2n + 2).
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2. As we will see from the following estimate, any function

whose coefficients b, fulfill ‘a,,( f) — b,,’ < # for each 2 < v < mao,, satisfies
di(f,9) < % Counting how many of these functions g are at most needed, so that
for any f € S there is at least one such g with di(f,g) < %, will give us an upper
bound for A, (S) in the next step. But before, we estimate

[e.9]

7ol = St -l () + > v(3)

v=man+1
I =/ n \ 1 1
< — — ==
2n2;<n+1> o T

By the definition of our metric di, this implies dic(f, g) < %

3. For fixed v € [2,mg,] NN, we set a grid of points by, spaced at intervals of ﬁ
parallel to the real and imaginary axes, on the disk vID. This shows that there are
at most 16n*(v + 1)? points b, needed, so that for any f € S there is at least one b,
with ‘a,,(f) - b,,‘ < -15. Hence,

2n2"

man
An(8) < [T 160 (v +1)% < 167 n*™2n (Mg, + 1)), (18)
v=2

Using (mgy, + 1)! = T'(ma, + 2), as well as

I 2
lim LEE2

#7200 20/2m2(2)?
cf. [15 page 59|, there is C' > 1 such that

man

YneN: ((man + D < O, (M2)" < Omrentt < mipe. (19)
Combining equations and , we obtain

() < C(16n)™2" (nmagy,)3m2n, (20)
From ([L7), it follows msg, € O(nlIn(n)) Together with , we conclude

An(S) € O(exp(nln(n))).

In?(x) _

xE

Since limy_, 00 0 for every € > 0, this finally implies the lemma.

For further examples of normal families one may consult [17].
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