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ABSTRACT. We give characterizations of chaos for Cp-semigroups induced by
semiflows on L5 () for open  C R similar to the characterizations of hyper-
cyclicity and mixing of such Cp-semigroups proved in [I§]. Moreover, we char-
acterize hypercyclicity, mixing, and chaos for these classes of Cp-semigroups
on W*l’p(l) for a bounded interval I C R and prove that these Cp-semigroups
are never hypercyclic on W1P(I). We apply our results to concrete first order
partial differential equations, such as the von Foerster-Lasota equation.

1. INTRODUCTION

The aim of this article is to characterize certain dynamical properties of Cy-
semigroups induced by weighted semiflows on different function spaces. Recall that
a Cyp-semigroup T on a separable Banach space X is called hypercyclic if there is
x € X with its orbit {T'(t)x; ¢ > 0} under T being dense in X. T is called chaotic
if T is hypercyclic and the set of periodic points, i.e. {x € X; 3t > 0: T(t)x = z},
is dense in X. It is well-known, that a Cy-semigroup 7' on a separable Banach
space X is hypercyclic if and only if T' is (topologically) transitive, i.e. for any pair
of non-empty, open subsets U,V of X there is ¢ > 0 such that T(¢t)(U) NV # (.
If for any pair of non-empty, open subsets U,V of X there is ty > 0 such that
T(t)({U)NV # () whenever ¢ > to then T is called mizing, while T is weakly mizing
if the direct sum Cy-semigroup 7' @ T is transitive on X & X.

The study of chaotic properties for Cy-semigroups has attracted the attention of
many researchers. We refer the reader to Chapter 7 of the monograph by Grosse-
Erdmann and Peris [I5] and the references therein. Some recent papers in the topic
are [11, 3, [4), 5], (13, [16], 22} 25]

For Q C R open and a Borel measure p over ) admitting a strictly positive
Lebesgue density p we consider Cyp-semigroups T on LP(Q, u),1 < p < oo, of the
form

T(1)f(x) = hala) f(p(t, ),

where ¢ is the solution semiflow of an ordinary differential equation
&= F(x)
in  and .
mla) = exp ([ hlels.0))ds)

with h € C(Q). Such Cy-semigroups appear in a natural way when dealing with
initial value problems for linear first order partial differential operators. While
characterizations of hypercyclicity, (weak) mixing, and chaos of such Cy-semigroups
where obtained for open 2 C R? for arbitrary dimension d in [17], evaluation of these
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conditions in concrete examples is sometimes rather involved. In contrast to general
dimension the case d = 1 allows for significantly simplified characterizations. In [1§]
these were given for hypercyclicity and mixing. In section 2, we give a simplified
characterization of chaos for such Cy-semigroups. Moreover, we further evaluate
and extend the conditions obtained in [18].

In section 3 we investigate the above kind of Cjy-semigroups on the Sobolev spaces
WLP(a,b), where (a,b) C R is a bounded interval. In case of F(a) = 0 we show that
hypercyclicity never occurs while we characterize hypercyclicity, (weak) mixing,
mixing, and chaos on the closed subspace W, ?(a,b) = {f € W' (a,b); f(a) = 0}.

In order to illustrate our results, we consider concrete initial value problems for
first order partial differential operators in section 4. Among them, we consider the
linear von Foerster- Lasota equation

(1) Z—QZ + x% = h(z)u(z) t>0,z€]0,1]
with initial condition
u(z,0) =v(x) z€]l0,1],
where v belongs to a suitable function space.
is a particular case of the equation

(2) %—Fc(m)%:f(x,u) t>0, ze€l0,1]

that was introduced in [20] to describe the reproduction of a population of red
blood cells, mainly in connection with studies about anemia. After the paper
[19], this problem has already been studied in different function spaces by sev-
eral authors either with an ergodic theoretical approach (see [25] and the references
quoted therein) or by explicitly constructing hypercyclic and periodic solutions (see
[11} [8, 10], or by investigating spectral properties of the differential operator asso-
ciated to the equation (see |27, 26] and the applications in [9]). In the present
paper the results will follow from the characterizations proved in section 3.

2. CHARACTERIZATIONS OF DYNAMICAL PROPERTIES OF Cp-SEMIGROUPS ON
LP(Q), u) INDUCED BY WEIGHTED SEMIFLOWS

Let Q C R be an open set and F : Q — R be a C'-function. Hence, for every
xo € Q) there is a unique solution ¢(-, o) of the initial value problem

& = F(z), (0) = xo.

Denoting its maximal domain of definition by J(xg) it is well-known that J(zg)
is an open interval containing 0. Throughout this section we make the general
assumption that [0,00) C J(zg) for every xzg € Q, i.e. ¢ : [0,00) — . From the
uniqueness of the solution it follows that ©(t,-) is injective for every ¢ > 0 and
p(t+s,x) = @(t, p(s,z)) for all z € Q and s,t € J(x) with s+t € J(z). Moreover,
for every t > 0 and = € p(t, Q) we have [—t,00) C J(z) and for all s € [0,t] we have
o(=s,2) = p(s,)"1(z). Since F is a C'-function it is well-known that the same is
true for (¢,-) on Q and @(—t,-) on (¢, Q) for every t > 0. We denote by dx¢(t, )
its derivative. Moreover we recall that a subset M C €2 is positively invariant under
@ if for every x € M and for every t € J(x()N]0, co[ it holds that ¢(t,z) € M.

We refer to the monograph of Amann [2] for further results on this topic.

Additionally, fix h € C(Q). We define for ¢ > 0

hi : Q= C,z— exp(/0 h(p(s,x))ds).

It is easily seen, that because of ¢(t + s,z) = @(t, (s, z)) we have hiyyq(z) =
hi(x)hs(@(t, x)) for all s,¢ > 0 and z € Q.
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For a measurable function p : Q — (0, 00) we want to define a Cp-semigroup on
LP(Q, p) via (T(t)f)(z) := he(z) f(p(t,z)), where 1 < p < oo and p denotes the
Borel measure on 2 with Lebesgue density p. The next theorem gives a character-
ization of when this is possible. For its proof see [I7, Theorem 4.7 and Proposition
4.12]. Although in [I7] h is assumed to be real valued the proofs of [I7, Theorem
4.7 and Proposition 4.12] are valid for complex valued h, too. Observe that for real
valued h we have h; = |h| for all £ > 0. From now on we write Lb(2) instead of
LP(Q, 1) and simply LP(Q) in case of p = 1.

Theorem 1. Let F,h, and p be as above and p € [1,00). Then the following are
equivalent.

i) Fort >0 the operators
T(t) - Lp(€) — LE(Q), (T(8) f)(x) == he(x) f(p(t, )
are well-defined, linear and continuous and define a Cy-semigroup Trp :=

(Tr,n(t))i>0 == (T'(t))1>0 on LH(Q).
ii) There are M > 1,w € R such that for every t > 0

Ihe(@)Pp(x) < Me! pio(t, 2))|ap(t, )| holds A-a.c. on &,
where A denotes Lebesque measure.

Moreover, if ii) holds the generator of the above Cy-semigroup is an extension of
the operator

Co(Q) = LE(Q), f — Ff' + hf
in Lb(Q2), where CL(Q) denotes the space of compactly supported, continuously dif-
ferentiable functions on Q. Additionally, if h is bounded and F is such that for
every xg € ) the mazimal domain of p(-, o) equals R, then C1(Q) is a core for the
generator of the Cy-semigroup T p,.

Definition 2. In what follows, we call a measurable function p : @ — (0,00) p-
admissible for F and h (p € [1,00)) if there are constants M > 1,w € R such
that

Ve 0,0 € Q: [h(@)p() < Me plp(t, ) ap(t, @)].
Since |he(z)| = exp(fot Reh(p(s,-))ds), p-admissibility of p only depends on F' and
Reh. By the above theorem, we have for a p-admissible p for F' and h the well-
defined Cy-semigroup T'rj, on LE(Q2).

Our first aim in this section is to give a characterization of chaos for T on
LB(2) similar to the characterizations of hypercyclicity and mixing for those Co-
semigroups proved in [I§]. Before we do so we make the following observation.

Remark 3. (i) Let p be p-admissible for F' and h. If for 2y € Q we have F(x¢) =0
it clearly follows that ¢(t,z¢) = xo for every ¢t > 0. Since we have uniqueness for
the solutions of the initial value problems

&= F(z), 2(0) = ¢ (xg € ),
this immediately implies for {F = 0} := {z € Q; F(z) = 0} that
Vi>0: o(t, \\N{F =0}) = o(t, )\{F =0} C Q\{F = 0}.

Hence we can consider Fio\;r—oy and hjo\;r—o) on Q\{F = 0} and pjo\{r=o} is p-
admissible for Fig\ {r—o} and hjg\{r=o}. For notational convenience we write again
Trn and LE(Q\{F = 0}) instead of T, (r_oy ko (o a0 LY o ooy (O\{F = 0}).
Finally, if A({F = 0}) = 0 it follows that L5(Q2) and LL(Q\{F = 0}) can be
identified in a canonical way.

(ii) @(t,) : Q@ = (¢, Q) is bijective for ¢ > 0 with inverse p(—t,-) : ¢(t,Q) —
Q. For zg € Q we define Z(z() to be the connected component of Q\{F = 0}
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containing g if F(xg) # 0 and Z(x¢) := {xo} if F(x¢) = 0. It is well-known that
o(t, Z(x9)) C Z(xp) for every ¢t > 0, more precisely

Z(x0) N [x0,00) if F(zg) >0

Voo €821 ([0, 00), 20) = { Z(20) N (—00,20]  if F(z0) <0.

Herefrom and from the injectivity, it follows easily that o(t,-) : Q@ —  is strictly
increasing for all ¢ > 0 and thus ¢(—t,) : p(t,Q) — Q is strictly increasing, too.
Since

Vt>0,2 € Q: z=p(—t 0 )

we obtain
Vt>0,2€Q:1=0yo(—t,0(t,x))dp(t, )
so that
Vt>0,z€Q: drp(t,x) >0
as well as

V> 0,2 € @(t,Q): dap(—t,z) > 0.

In order to formulate our result in a convenient way we introduce the following
notions.

Definition 4. If p is p-admissible for F' and h we define for t > 0

Prp 1= [0,00), prp(T) 1= Xop(t,0) (@) e (1, 2)) [P p(p(—t, 7)) Oap(—t, )
as well as

P—tp Q- [07 OO)7p—t7p(x) = \ht(x)\_pp(go(t,x))aggo(t,x)

Obviously, p;p, and p_;, depend on F' and h but in order to keep notation
simple we will not take this into account notationally as there will be no danger of
confusion. Observe that py, = p. The next lemma will be a crucial tool. For its
proof see [I8, Lemma 7].

Lemma 5. Let F' be as above and h € C(2) real valued. Let p be p-admissible for
F and h and let [a,b] C Q\{F = 0}. Setting o := a, 3 := b if Fjq5) > 0, respectively
a:=0b,8:=a if Fjap <0, there is a constant C > 0 such that

Vz € la,b: plz) <C

1

— <

oS

as well as 1
Vt>0,z € [a,b]: 5Pt,p(04) < pep(x) < Cpip(B)

and

1
Vt>0,2 € [a, 0] : apft,p(a) < p—tp(®) < Cp_i p(B).

We can now prove a characterization of chaos for the Cy-semigroup TFj on
LB(Q2) for real valued h. We denote m-dimensional Lebesgue measure by A™ and
set A= AL

Theorem 6. Let Q C R be open, F € CY(Q) as above, h € C(Q) real valued, and
p: Q= (0,00) be a measurable function which is p-admissible for F' and h. Then
the following are equivalent.
i) T is chaotic on LH(2).
ii) A\{F = 0}) = 0 and for every m € N for which there are m different
connected components C1,...,Cp, of Q\{F = 0}, for N™-almost all choices
of (x1,...,xm) € IITL,C; there is t > 0 such that

Z Z pip(xj) < 0.

j=1 1€z
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Proof. We first show that i) implies ii). Since for all z € {F = 0} and any ¢t > 0 we
have ¢(t, z) = x it follows

VfeLy): (T(t)f)|{F=0} = (exp(t h)f)l{F=0}

so that (T'(t)f)t>0 cannot be dense in L5(Q2) for any f € Lb(Q) if A({F = 0}) >
0. Hence, since Tpy, is chaotic, we conclude A({F = 0}) = 0. As described in
Remark |3|i) we are therefore actually dealing with T on LE(Q\{F = 0}). Now,
if K ¢ Q\{F = 0} is compact there is tx > 0 such that ¢(¢, K) N K = (§ whenever
t > tx. Hence, we can apply [17, Theorem 5.3] saying that, because Tp, is chaotic
on LE(OQ\{F' = 0}) for every compact K C Q\{F = 0} there are a sequence
(tn)nen in [0,00) and a sequence of measurable subsets (L, )neny of K such that
limy, 00 p(Ly) = p(K) and

nh_)Irgo (;/Ln Pit,,p AN+ /Ln P—itn,p d)\) = 0.

(Recall that p denotes the Borel measure on € with Lebesgue density p!) We will
apply this condition to special compact sets in order to derive ii).

Let x1,...,2m, be each from different connected components of Q\{F = 0}. As
O\{F = 0} is open, there is r < 0 such that ¢(¢, ;) is well-defined for all ¢ € [r, c0)
and every 1 < j < m. For each 1 < j < m we set K; := {p(t,z;); t € [0,1]} if
F(xj) > 0, respectively K; := {p(t,z;); t € [r,0]} if F(z;) < 0. It follows that
K; = [zj,0(1,z;)] if F(x;) > 0, respectively K; = [o(r,x;),z;] if F(z;) <0. In
particular A(K;) > 0 and thus p(K;) > 0 for every j.

K = UL, K; C Q\{F = 0} is compact so that there are (t,)nen and (Ly)nen
as above. Let L, ; := L, N K; for 1 < j <m and n € N. Applying Lemmato
K it follows that there are C; > 0(1 < j < m) such that for alln € N

Pltn,p\Y

[ s anw= [ 222D ) > G, ety
Ln,j L'ﬂvj p(y)

and analogously

L Pttn (1) AN) > Cipit p(; (L 5)-

n,j

Since for n large enough

WK

o0 > / pltmp dA =+ / p—ltn7p d)\)
1=1 “JIm Ln
= Z Z (/ plt'rup d)\ + / p—lt" P d)\)
j=11=1 Ln.; Ly,;

o

Cin(Ln )Y (ﬂltn,p(a?j) + p-it,, ,p(wj)>

1 =1

NE

>

<.
Il

—~

K ;) > 0 we deduce for n large enough

S it p(x5) < 0.

=1 1€Z

and limy, oo (L ;) = p

Since for t = 0 we have p;, = p > 0 the above t,, has to be strictly positive. Thus,
ii) is proved.

It remains to show that ii) implies i). Since A({F = 0}) = 0 we consider T, on
LE(Q\{F' = 0}), as explained in Remark ). If K C Q\{F = 0} is compact there
is tx > 0 such that ¢(¢t, K)NK = () whenever ¢t > tx. Hence, we can again use [17,
Theorem 5.3]. For fixed compact K C Q\{F = 0} there are finitely many intervals
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laj,b;] € Q\{F = 0} such that each [a;,b;] is contained in a different connected
component of Q\{F = 0} and K C U’ ,[a;,b;]. We define z; := a; if Fjjq;5,) > 0,
respectively ; := b if Fjjy; 5, < 0. Moreover without loss of generality, we can
assume by ii) that there is t > 0 with

m
S pupla) < oo
=1 1€z

Now it follows from Lemma [5| that for some constants C; > 0(1 < j < m) with
t, :=nt,n €N

l_zl(/KPltmpd)\—i—/Kpltmpd/\)

o0

S pmptrt [ p,d)

=1 Vlaj,b5] [az,b;]

(/ pltvup d,u—"/ p_ltn)p d//[/)
[ajvb'] p [ajvbj] p

M

Jj=1

I
NgE

j=11=1
m oo

< ZC,M aj,b; Z(plnt,p zj) + p- lnt,p(x7))
j=1 =1

so that

lim (/ pie,. d>\+/ peie. d)\):o.
nﬁw; K bnop K tnop

With L, := K, n € N it follows from [I7, Theorem 5.3] that Tr} is chaotic on
LE(Q\{F' = 0}). This proves the theorem. O

Example 7. (i) Let Q = R, FF = 1, and h = 0 so that ¢(t,z) = = + ¢ and
hi(x) = 1. Then a measurable function p : R — (0,00) is p-admissible for F' and
h for some p € [1,00) if the same holds for every p € [1,00) and the corresponding
Co-semigroup Tr is the (bilateral) left translation semigroup on LH(R) and given
by (T(t)f)(x) = f(xz +t), its generator being an extension of

C:(R) = LE(R), f = f'.
Moreover, we have

prp(x) = p(x+1t) and p_yp = p(z — t).
Since {F = 0} = @ we have only a single connected component of R\{F = 0} so

that by Theorem |§| the left translation semigroup on Lg(R) is chaotic if and only if
for A-a.e. © € R there is t > 0 such that

Zp(x-i—lt) < o0

ez

This weight condition is originally due to Matsui et al. [23] Theorem 2] (see also
Chapter 7 and related exercises, in [I5]). Note that chaos is independent of p €
[1,00).

(ii) Let again Q@ = R. Moreover, F(z) := 1 — z,h(z) = 0(z € R) so that
o(t,z) = 1+ (x — 1)e ", hy(z) = 1, and dap(t,x) = e *. Then a measurable
function p : R — (0, 00) is again p-admissible for F' and h for some p € [1, c0) if the
same holds for every p € [1,00) and the corresponding Cyp-semigroup T, is given
by (T(t)f)(x) = f(1+ (z — 1)e~ ") with generator being an extension of

CLHR) = LE(R), f = (z— (1 —a)f'(2)).
Furthermore, R\{F = 0} = (—o0,1) U (1,00) has two connected components and

VteR: pp(w) = p(1+ (x—1)e)e,
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so that Tr, is chaotic on LE(R) if and only if for A*-a.e. (z1,22) € (—00,1) x (1,00)
there is ¢t > 0 such that

ZZp(l + (zj — Det)e! < 0.

j=11€ez
Again, the occurrence of chaos is independent of p € [1,00) as h = 0.

Analogous characterizations of hypercyclicity and mixing for T, on Lb(2) for
some p-admissible p for F' and real valued h were proved in [I8]. Since we will
use them in sequel, we include them here for the reader’s convenience. For the
proofs see [I8, Theorem 9 and Remark 12]. It is worth observing that, by applying
Theorem [8|to the left translation semigroup as stated in Example i), one recovers
the characterizations of hypercyclicity and mixing originally proved in [12] and [6]
respectively.

Theorem 8. Let Q2 C R be open, F € C1(Q) as usual, h € C(Q) real valued, and
p: Q= (0,00) be a measurable function which is p-admissible for F and h.

a) For the Cy-semigroup Tr,p, on Lg(Q) the following are equivalent.
i) Trp is hypercyclic.

i) Trp ts weakly mizing.

ili) A({F = 0}) = 0 and for every m € N for which there are m differ-
ent connected components C1,...,Cp of Q\{F = 0}, for A™-almost
all choices of (x1,...,2m) € L, C; there is a sequence of positive
numbers (L, )nen tending to infinity such that

vi<j<m: lm p, p(z;) = lm pg, p(25) = 0.

b) For the Cy-semigroup Tk on LH(S2) the following are equivalent.
i) Trp is mizing.
ii) A{F =0}) =0 and for X-almost every x € Q@ one has

i pgp(x) = Tim py () = 0.

So far, we have only characterizations of hypercyclicity, mixing, and chaos of T,
in case of real valued h. In order to obtain some results for at least some complex
valued h let us recall the so-called comparison principle which is a useful tool in
order to identify hypercyclic, (weakly) mixing, or chaotic Cy-semigroups. Let T be
a Cy-semigroup on a Banach space Y and S is a Cy-semigroup on a Banach space X
which is quasi-conjugate to T, i.e. there is a continuous mapping ® : ¥ — X with
dense range such that ® o T'(t) = S(t) o @ for every ¢t > 0. Then, S is hypercyclic,
(weakly) mixing, or chaotic respectively, if the same holds for T, see for Example
[15] Proposition 7.7]. Recall that T and S are said to be conjugate, if the above ®
is a homeomorphism.

Let F € CY(9) be as above and h,g € C(Q) with g real valued. Moreover,
let p be p-admissible for F' and h as well as for F' and g. We want to find some
measurable function ¢ : Q — C such that exp ot induces a continuous, invertible
multiplication operator M on Lb(€2) for which the Cp-semigroups Tr, and Tr 4 are
conjugate via M, i.e.

Vt>0,f € L) : exp() Trn(t)(f) = Try(t)(exp(¥)f)

Being Tr4(t)(M f) = exp(¢(p(t, ) £ Tr,n(f), this is satisfied, if for each z € (2

3) Vi>0: ¢(pt, ) — /0 (h(e(s,2)) = g(p(s, ) ds = ().
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Now, if x € {F = 0} it follows from ¢(¢,z) = x that the above expression reduces
to
VS 0: (@) — Hh(e) - g(@)) = B(a).
Thus, it is necessary that h and g coincide on {F = 0}.
Moreover, for z € {F # 0} we also have F(p(t,z)) # 0 for every t > 0 so

Ve>0: p(t,x)) /h s,2)) — g(e(s,x))ds
_ . h(p(s,2)) = 9(o(5,2)) 5 oo
= el - [ MECI) 0y s
f“otx) hy}(yg M=9W) gy i F(z) > 0
w(cp(t,:v +f¢(m %dy . if F(z) < 0.

Hence, if € is connected, o := inf Q,w := sup {2, and the function Q& — R,y —
2w =9W) elongs to L ((a, B)) for every B € 2, or to L'((3,w)) for every 3 € Q) we

F(y)
can set ””h()— ()

“ h(y) —9(y)
Q= Rz :—/ — = dy,
(@) < F)
respectively, and it follows from the above calculation that holds on {F # 0}
for this .

Proposition 9. Let Q C R be an open interval, F € C*(Q) as above and h € C(£2).
Moreover, let p be p-admissible for F' and h and set o := inf Q, w := sup Q. Consider
the following conditions.

1) Ve e {F=0}:h(z) eR

2a) The function Q@ — R,y — I';}(I("ﬁ’) belongs to L' ((cv, B)) for all B € Q.

2b) The function Q — R,y —Imh y) belongs to LY((B,w)) for all B € Q.

or

If 1) and 2 a) are satzsﬁed letp : Q= Rp(x) =i [0 Irj}’gyy)dy, if 1) and 2'b)
hold, set ¢ : Q — R ap(x) = —i f‘” Ir;,?y?)’) dy. Then exp ot defines a continuous,

invertible multiplication opemtor M on LP(Q) such that the Cy-semigroups Tk,
and Tpren ON Lg(Q) are conjugate via M.

Proof. By the observation preceding the proposition applied to h and ¢ = Reh
we only have to show that exp ot defines a continuous, invertible multiplication
operator on Lb(€). But this is obvious because |exp(¢(z))| =1 for allz € Q. O

Remark 10. From the above proposition and the comparison principle it follows
immediately, that in Theorems [§] and [6] we can replace the hypothesis of h being
real valued by the weaker conditions
1) Vee{F=0}:h(z) eR
2) With o :=inf Q and w := sup the function Q — R,y — I'}’é;’) belongs
to LY((a, B)) for all B € Q or to L1((B,w)) for all 3 € Q.

As is seen in Theorems |§| and |8, the dynamical properties of T, on Lb(Q) are
determined by the asymptotic behavior of the functions

R Rt — prp(x),

where © € ) is fixed. In the definition of p;, the term Oyp(t,x) appears. We
have the following representation of da¢(t, ) at our disposal which not only makes
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it sometimes easier to evaluate the characterizations of the different dynamical
properties of T, but will also be very useful in section 3.

Proposition 11. Let Q C R be open and F € CY(Q) as above. Then for every
x € Q we have

Vit >0: dap(t, ) = exp (/0 F'(p(s,z))ds).

Moreover, for every x € o(r,Q),r >0,
0
Vte[0,r]: Bap(—t,x) =exp ( —/ F'(p(s,z))ds).
—t

Proof. For z € Q we have 8,¢(t,z) > 0 by hypothesis on F and Remark[3]ii). Since
F is C' it is well-known that 0;92¢ exists and is continuous and 9 (0,x) = 1 for
all z € Q). Hence,

! L F (p(s,2))020(s, x) P2 (Fop(s,)(x)
wzo:/F' Jx))ds = / ’ ’ ds:/ Oz ds
, s = T s, a) ) el )
P2 L o(s,x) s — b L 0op(s,x)
o Oop(s, ) o Oap(s, )
= Indap(t,z) — In020(0,x) = In Dagp(t, x).

Therefore, exp (fot F'(p(s,x))ds) = Oa¢(t,x) for each t > 0. Now, if z € ¢(r,Q)
with 7 > 0 it follows as above for t € [0, 7]

0
—/ F'(o(s,2))ds = —(InOap(0, 2) — In Oap(—t,z)) = In Daip(—t, x).

—t

O

Corollary 12. Let Q C R be open, F € C1(Q) be as usual, h € C(Q), and let p be
p-admissible for F' and h. Then we have for allt >0 and x € Q
0

pin(@) = X (@) exp (p / Re h(p(s,2)) — = F'((s, 2))ds) plp(—t, )

¢ p

{exp (pt(Re h(z) — %F/(x))p(x), x € {F =0},

z  Reh(y)~3F'(y)
Xeto) (@) exp (p [, ——Fgh——dy)p(e(—t,x)), @€ {F #0}

and
piale) = (b [ Ren(plo,) = LF(pls,2)ds)olelt,0)
_ {exp( pt(Reh(x) — 1F’(:c/))p(x x € {F =0},
o (—p [74 Re’“y;;f Ly)plet, ), @€ {F 0}
Proof. While a straightforward calculation gives
0 1
Prp(®) = X0 (x) exp (p /4 Reh(p(s,z)) — EF'(w(Sam))dS)PGﬂ(*t’x))
and
t 1,
p-iple) = exp (= | Reh(p(s.2) = ~F'(p(s.2))ds)olo(t. )

we observe that for x € {F = 0} we have ¢(t,z) = x for each ¢ so that in {F = 0}

pip(x) = exp (pt(Re h(z) — %F’(m))p(x)
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as well as
p-tal) = exp (= pt{Reh(a) =+ (@) plo).
For z € {F # 0} it is well-known that ¢(t,x) € {F # 0} so that in {F # 0}
t _Lp
PN . L L)
e(t.z) Re h(y) — %F’(y)
e T

8150(57 fﬂ)dS)P(@(t7 x))

dy) p(e(t, x))

and similarly

v Reh(y) — LF
pt,P(x):ch(t,Q)(m)exp(p/ W) - (y)dy)p(ga(—t,m)).

p(—t,x) F(y)
0

We finish this section by taking a closer look at the case p = 1 for some special
cases which are of particular interest in section 4.

Theorem 13. Let I C R be an open interval, F € CY(I) as usual with F(x) <0
for each x € I and such that p(t,I) # I for some t > 0. Moreover, let h € C(I) be
such that with o ;= inf I and w := sup I the function
Im h(z)

F(x)
belongs to L*((a, B)) for every B € I or to L*((B,w)) for every B € I. Furthermore,
let p =1 be p-admissible for F' and h for some 1 < p < 0.

I >R x+—

a) For the Cy-semigroup Trp on LP(I) the following are equivalent.
i) Trp is hypercyclic.
ii) T is weakly mizing.
iii) There is a sequence (p)nen in I converging to a such that for some
xg €1

. 0 Reh(y) — L F'(y)
lim
n—oo /o F(y)

n

dy = —o0.

b) For the Cy-semigroup Tgp, on LP(I) the following are equivalent.
i) Tpp is mizing.
i) For some xg € I
/"’/’0 Reh(y) — L F'(y)
a F(y)

¢) For the Cy-semigroup Tpp, on LP(I) the following are equivalent.
i) Tpp is chaotic.
il) There is some xg € I such that for every x € I there ist > 0 such that

w0 Reh(y) — +F'(y)

; exp (p w/cp(lt,w) F(y)

Proof. From Corollary |12 it follows

dy = —o0.

dy) < 00.

*  Reh(y) — 2F'(y)
Vt>0,z€l: pplx)= Xo(t,1) () exp (p/ = P
p(—t,x) (y)

and

e(t.x) Reh(y) — LF'(y
VtZO,JL‘EIIP—t,p(x):eXp(_p/ (I)T(y)p .
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As is well-known, for each x € I the trajectory {@(t,x); t > 0} is either an open
subinterval of I or equals {x}. Since the later occurs if and only if F(z) = 0 it
follows from F(z) < 0 that inf{p(¢,x); t > 0} = « for every € I. Moreover,
the assumption (¢,I) # I for some ¢t > 0 implies that for every = € I there is
to > 0 such that x,, 1) (2) = 0 whenever ¢ > to. In particular, for all z € I we have
pt.p(x) = 0 for sufficiently large ¢.

PROOF OF PART a). It follows from Remark 10| and Theorem |8 that i) and ii)
in a) are equivalent and by the preceding observation they hold if and only if for
A-a.e. x € T there is a sequence (t,,)nen in (0,00) tending to infinity such that

/ﬂ” Reh(y) — L F'(y)
@(tn,z) F(y)
Being ¢(-, ) strictly decreasing and o = inf{p(t,z); t > 0} for every = € I,

the above relation obviously holds if and only if for some sequence (ap)nen in
I converging to a we have

0= lim p_y, p(x) =exp (p dy).

n—oo

_ [™ Reh(y) - ;F'(y)
lim
n—o0 F(y)

Qn

dy = —o0

for some (and then any) z¢ € I. Thus a) is proved.

The proofs of parts b) and c) go along the same lines as the one of part a) by
applying Theorem [§ b) and Theorem [6] respectively, instead of Theorem [§] a), so
that we omit them. (|

Remark 14. i) If under the hypotheses of the above theorem we have p(to,I) = I
for some tg > 0 it is easily seen that the same holds for every ¢ > 0 so that

*  Rehly) — 3 F'(y)
prp(x) = exp (p A o o)

It follows by the same kind of arguments as in the above proof that T, is hyper-
cyclic on LP(I) if and only if T, is weakly mixing if and only if there are sequences
(an)nen and (wp)nen in I converging to o and w respectively, such that for some
xog €1

dy).

= Reh(y) — 5 F'(y) “n Reh(y) — 3 F'(y)
lim P dy = —o0o, lim P dy = oo.
n—oo [, F(y) n—=0 Ju, F(y)
Mixing of T, then occurs if and only if
w0 Reh(y) — 2 F w Reh(y) — 1 F’
/ W) =5 (y)d _ / W)= (y)dy:oo,
o F(y) 20 F(y)

while T, is chaotic if and only if there is some xy € I such that for every z € I
there is ¢ > 0 such that

il 20 Reh(y) — LF’
S exp (7 / () — 5 F' () @)
=1

p(lt,x) F(y)

e #(-1t2) Re h(y) — 3 F'(y)
+Zexp(—p/ F(y)p dy)<oo.
=1 To

ii) Of course it is possible to characterize hypercyclicity, mixing, and chaos of Tr
in case of F' being strictly positive on I, too. The other hypotheses of Theorem
unchanged it follows for example that T is hypercyclic if and only if there is a
sequence (wy )nen in I converging to w = sup I such that for some xg € T

_ [“n Reh(y) — LF'(y)
lim

dy = oo
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It should be obvious how the conditions characterizing and mixing and chaos
change, respectively, so that we do not state them explicitly.

To conclude this section we give a concrete description of the generator of Ty,
in case of p = 1, at least under some mild additional assumptions on F' and h.

Theorem 15. Let F,h be as above, 1 < p < oo and assume that p = 1 is p-
admissible for F' and h. Assume that additionally h € L>(Q2) and that F' can be
extended as a C-function to R such that
i) F,F' € L*(R),
ii) Q is positively invariant under the flow ¢(-,-) associated with the problem
&= F(x),z(0) = xg (defined on R @ R by the assumptions on F).
Then the generator (A, D(A)) of the Cy-semigroup Ty on LP(Q) is given by
D(A) = {f € I(Q); Ff € (@)}
and
A:D(A) = LP(Q),Af = Ff' + hf,
where [’ denotes the distributional derivative of f.
Proof. Let D :={f € LP(Q); Ff' € LP(2)} and
B:D — LP(Q),Bf:=Ff.
We first observe that the operator (B, D) is a closed operator. Indeed, let (uy)nen

be a sequence such that lim, o, u, = f and lim,_, Bu, = g in LP(Q2). Since
F € CY(9) we obtain for the distributional derivative of Fu,,

(Fu,)" = F'u, + Ful, = F'u,, + Bu,

which converges in LP () to F’ f+g because F' € L>°(Q). It follows lim,, o Fu,, =
g in LP(Q?). On the other hand (Fu,,),en converges in the sense of distributions
to Ff" and thus Ff' = g € LP(Q2). Hence f € D and Bf = g, so that (B, D) is a
closed operator.
Next we show that
Dy :={f e C' () NLPQ); f' € LP(Q)}.

is a core for (B, D). Being F € L>®(), we have D; C D. Let ¢y € C°(R) be
such that ¢ > 0 and [, (z)dr = 1 and set ¢, (z) := ny(nz),n € N. In what
follows we extend all functions from LP(€2) by 0 to all R. Fix f € LP(Q2). Then
¥ f € C®(R) N LP(R), thus its restriction to 2 belongs to C'(Q). Moreover,
as is well-known (¢, * f)' = ¢/, * f € LP(R) and therefore (¢, * f) € Dy with
limy, 00 (¥n * o = f in LP(Q). Since we assumed F' to be extendable to R
such that F € C1(R) with F, F' € L*(R) it follows from [28, Lemma 1.2.5] (see
also [24, pp. 313-315]) that F (¢, x f) — b, * (Ff’) € LP(R) for all n € N and
limy, 00 F'(¥n % f) —p x (Ff') =0in LP(R). As Ff’ € LP(R) by f € D we have

F(bo s f = Ff = (b s (Ff) = Ff) + (FWu ') = bux (FF)),

$0 limy, s o0 F'(1y, * f)fQ = Ff"in LP(2) implying that (B(¢p * f)ja)nen converges
to Bf in LP(Q)). Hence D; is dense in D equipped with the graph norm of B, i.e.
D is a core of (B, D).
Since we assume h € L>°(Q) it follows that |h(x)| > e tIMl= for all 2 € Q.
Since p = 1 is p-admissible for F' and h we conclude that
VaeQ: 1< Me@Hrlhl=t| g0t 2)|

so that p = 1 is p-admissible for F' and 0, too. Denote the generator of the
Co-semigroup Tro = (Tro(t))>0 on LP(Q) by (Ao, D(Ap)). Using Lebesgue’s
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dominated convergence theorem it is straightforward to verify that D1 C D(Ay)
and Agf = Bf for all f € D;.

Next we show that D; is also a core for (Ag, D(Ap)). Indeed, as C1(Q) C Dy it
follows that D is dense in LP(§2). Moreover, it follows immediately from Tpo(t) f =
f(e(t,-)) that D is invariant under Tro because of the additional hypothesis ii).
Applying [14, Proposition I1.1.7] we conclude that D; is a core for (Ag, D(Ap)).
As both operators (B, D) and (Ag, D(Ap)) are closed and coincide on the common
core Dy, we obtain (Ag, D(Ao)) = (B, D).

As h € L*>(2), the operator

My, : LP(Q) —» LP(Q), f — hf
is well-defined and continuous. Being a bounded perturbation of (Ag, D(Ay))
C: D(Ao) = LP(), f = Aof + Mypf = Bf + My,

generates a Cp-semigroup S on LP(Q) (see e.g. [14, Theorem II1.1.3]) and D; is a
core of (C, D(Ap)).

Now, let (A, D(A)) be the generator of the Cy-semigroup T, . As above for the
special case h = 0 one shows that D; C D(A) and that A and C coincide on Dj.
Moreover, if a € p(A) N p(C), it follows from D; being a core for (C, D(Ap)) that

(@ = A)(D1) = (o = C)(D1) = LP(92).

From [14, Exercise II.1.15 (2)] we derive that D; is a core for (A, D(A)). Since
(A,D(A)) and (C,D(Ap)) are both closed operators coinciding on the common
core Dy we finally obtain the assertion.

O

Remark 16. Conditions on F' that ensure that ii) holds can be found in [2],
Theorem 16.9 and Corollary 16.10. In particular if = (a,b), then ii) holds if
F(a) >0 and F(b) <0.

3. DYNAMICAL PROPERTIES OF Cp-SEMIGROUPS ON SOBOLEV SPACES
GENERATED BY FIRST ORDER DIFFERENTIAL OPERATORS

In what follows let I = (a,b) be a bounded open interval in R. For 1 < p < co we
denote as usual by WP (I) the first order Sobolev space of p-integrable functions
on I, ie.

WhP(1) = {u e LD € L(1)},
where v/ denotes the distributional derivative of u. We equip WP (I) with its usual
norm turning it into a Banach space. It is well-known that W1P(I) C Cla,b] and

that for any x € [a,b] the point evaluation d, in x is a continuous linear form on
WLP(I). We will use the following closed subspace of W1P(T),

WEP(I) := ker 4.
For the boundedness of I we have the topological direct sum
WHP(I) = WHP(I) @ span {1},
where 1 denotes the constant function with value 1.

Lemma 17. Let I = (a,b) be a bounded open interval in R and 1 < p < co. Then

®: L7(1) > WIP(D, 8(f)() = [ 1) dy
a
is a well-defined, linear and continuous bijection with continuous inverse

Ot WHP(I) — LP(I), @71 (f) = f.
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Proof. A straightforward application of Jensen’s inequality gives that

/ 'l @) de / o ) de / ) dy

IN

b
(4) - %(bw)p / F@)P dy

Moreover, as in [7, Lemma 8.2] it follows that the distributional derivative of ®(f)
equals f, so that ® is in fact well-defined, obviously linear, and by and ®(f) = f
continuous. Injectivity of ® follows from ®(f)’ = f. Additionally, from ®(v') = u
for every u € W*l’p(I) we obtain the surjectivity of ®. Obviously, ®~!(f) = f’ for
all WP(I). O

The comparison principle and Lemma [T7] imply the next result.

Proposition 18. Let I = (a,b) be a bounded open interval, 1 < p < o0, and
let ® be as in Lemma . Moreover, let T be a Cy-semigroup of LP(I). Then
S = (DT (t)o® )50 is a Co-semigroup on WP (I) which is hypercyclic, (weakly)
mixing, or chaotic respectively, if and only if the same holds for T.

Proof. Clearly, S is a Cp-semigroup on Wi *(I) by Lemma The rest of the
assertion follows immediately from the comparison principle. O

Now, let F : [a,b] — R be a C''-function on the bounded closed interval [a, b].
As in section 2 we assume that for every xo € I = (a,b) the unique solution ¢(-, z¢)
of the initial value problem

&= F(z), z(0) = x9
is defined on [0, ).

Lemma 19. Let I = (a,b) be a bounded interval and F : [a,b] — R a C'-function as
above. Then the function p =1 is p-admissible for F and F’ for every 1 < p < oo,
i.e. via

VE>0,f € LP(I): (T(1)f)(x) = exp ( / F/(ip(s,2)) ds) f((t, )

we have a Cy-semigroup Tr pr on LP(I).

Proof. Since F is C' on [a, b] there is w € R such that F'(z) < w for all z € [a, b].
Hence, for ¢ > 0 and x € (a,b) we have

0

IN

0 (tx)—l—f—/taa (sas)als—l—f—/taa (s,xz)ds
280) - 0 at 2%0 I - o 8&:82‘:80 9

t t
= 1 —|—/ F'(o(s,2))020(s,z)ds < 1 —l—w/ (s, ) ds.
0 0
An application of Gronwall’s lemma yields
V€ (a,b),t>0: Oap(t,x) < e’

For 1 < p < o0 it follows from the above inequality, the hypothesis, and Proposition
that for every = € (a,b) we have

Vt>0: (exp (/Ot F'(p(s,2)) ds))p = (324,0(t,x))p71|82<p(t,x)\
< P Oyp(t )|

proving the lemma. O
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Theorem 20. Let I = (a,b) be a bounded interval and F : [a,b] — R a C-function
as above with F(a) = 0. Then for every 1 <p < oo and v € R

Vt>0,f e WD) (S(t)f)(x) = " f(o(t, 7))

defines a Co-semigroup Sg., on WHP(I). WP (I) is Sg.-invariant. The generator
of Sp~ in WHP(I) is given by

B:{f e W (I); Ff" € L'(I)} » WH(I), Bf = Ff' +4f,
while its generator in WP (I) is

B {f e WrP(I); Ff" € LP(I)} = WP(I), Bof = Ff' +9f.
Proof. By the preceding lemma Tp pr = (T(t))¢>0 is a well-defined Cp-semigroup
on LP(I) for every 1 < p < oo. As F(a) = 0 we have ¢(t,a) = a for all £ > 0 so

that for all f € LP(I) and ¢ > 0 with ® as in Lemma [17) and the fact that ¢(¢, ) is
increasing

x gp(t,z)
B(T(1) f)(x) = / Flo(t, 0)) |0 (t,y) | dy = / f(y) dy = B(f) (ot 2).

where we used Proposition[I1] Since @ is bijective it follows that Sp 1= (S(t))¢>0 =
((I)o (eMT(t)) o(ID‘l) o defines a Cy-semigroup on Wi (I). Clearly, for every t > 0
t=>
the mapping
S(t) : span {1} — span {11}, all — " (all) o p(t, )
is well-defined, linear and continuous. It follows that Sp, is a well-defined Cjy-
semigroup on WP (I) = W,"P(I) @ span {1} such that W, (I) is Sp,-invariant.
The generator of Sp, | 10 py is given by (PoAod~1 ®(D(A))), where (A, D(A))
is the generator of (e"T'(t))¢>o in LP(I) which by Theorem [15|is
A:{felr(I); Ff' e LP(I)} — LP(I), Af = Ff' + F'f +7f.
Therefore
O(D(A)) = {f e WSP(I); Ff" € LP(I)}
and
VfE(D(A): @oAod(f) = Q(Ff"+ F [ +~f)=Ff +~f.

Obviously, span{1} is contained in the domain of the generator (B, D(B)) of Sg
with Bl = ~1. Therefore,

D(B) = ®(D(A)) ®span{ll} = {f € W"P(I); Ff" € LP(I)}
and
VfeD(B): Bf =doAod \(f — f(a)l) +7f(@)L = Ff +~/.
O

Using the above theorem together with the results stated in section 2 we are now
able to prove the following theorem.

Theorem 21. Let I = (a,b) be a bounded interval, 1 < p < oo,y € R, and
F :[a,b] = R a C'-function as above with F(a) = 0. Then the following holds.
a) The Co-semigroup Sp . is not hypercyclic on WHP(I).
b) On W*l’p(f) the following are equivalent for the Co-semigroup Sp ~.
i) Sp. is weakly mizing on WP(I),
ii) Sg., is hypercyclic on WiP(I),
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iii) A({F = 0}) = 0 and for every m € N for which there are m differ-
ent connected components Ci,...,Cp, of IN{F = 0}, for A™-almost
all choices of (x1,...,xm) € I, C; there is a sequence of positive
numbers (t,)nen tending to infinity such that for every 1 <j <m

nlinéo Xo(ta,1) (Z5) PV Dy p(—tn, zj)lip =

and
lim e PYin Dop(tn, ) +P =
n— 00 (92()0(215”, Ij)p
c) On W*l’p(f) the following are equivalent for the Co-semigroup Sp ~.
i) Sp. is mizing on WHP(I),
ii) A({F =0}) =0 and for A\-almost every x € I

_ oyt Oap(t )P
pyt . 1—p _ p'ytw’i
Jim Xe(t,n) (%) "7 Oaip(—t, ) dm e Dap(2t, )P

d) On W*l’p(l) the following are equivalent for the Cy-semigroup Sp .
i) Sp. is chaotic on WP(I),
ii) A{F = 0}) =0 and for every m € N for which there are m different
connected components C1,...,Cp, of IN{F = 0}, for A™-almost all
choices of (z1,..., %) € IIJL,C; there is t > 0 such that

% = g O(lt, )P
m”a It 1-p pyit 2PV L) <
; Xo(it,1)(T) € bp(=lt, x) P + ; ¢ Bwp2lt, zyp

for every 1 < j <m.
Proof. Let Py : WHP(I) — span {1}, Pi(f) = f(a)ll. As F(a) = 0 we have p(t,a) =
a for all t > 0 which implies P; o S(t) = S(¢) o P;. Since there are no hypercyclic
Co-semigroups on finite dimensional spaces (for the single operator analogue of this,
see e.g. [I5, Corollary 2.59]) part a) follows from the comparison principle.

Now, let ® be as in Lemma Since (@' o S(t) o ®);>0 = Tk pr4 and
o1 (W*l P(I)) = LP(I) it follows from the comparison principle and Theorem
a) for p = 1 that i) and ii) in b) are equivalent and that these are equivalent to
hypercyclicity of Tr g4y on LP(I). For h(z) = F'(z) + v and p(z) = 1 it follows
that for p;,, and p_; , from definition [] we have

Vi >0,z € (a,0) : prp(x) = Xee,ry (@) 17 (0(=t, 7)) Dap(—t, 7)
as well as
Vi>0,2 € (a,b): p_yp(z) = hy P(2)020(t, x).
Observe that for h(z) = F'(z) + v we have by Proposition

Vit >0,z € (a,b) : hi(x) = exp(yt + /0 F'(p(s,7)) ds) = e 0a0(t, 7).

Moreover, because ¢(s + t,x) = p(s,¢(t,x)) for all s,t € R and each = € (a,b) for
which the involved quantities are defined it follows
Vit > 0,$ € (aa b) : 6290(21571‘) = 8290(t, @(t,$))3290(t,33)
and thus for every = € (a,b) we have
62410(2757 Z‘)
Vit>0: Ox0(t, ot = -
> H(t, p(t, ) Dot 2)

as well as
vt Z 0:1= aQ(AD(tv (p(_t,$))82g0(—t,$)
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for every x € ¢(t,I). Taking all this into account it follows

Vt>0,2 € (a,0) : prp(@) = Xoun(@) e (D2p(t, o(—t,2))) O2p(—t, 7)
= Xoun(w)e" (8290(—t,w))1_p

as well as

Vt >0,z € (a,b) : p_tp(x) e P (Dap(t, p(t, 2)) " Oop(t, )
8290(1;’ x)1+p

8290(2t7 z)p .

—pt

By Theorem [§a) T, pr 4~ is hypercyclic on LP(I) if and only if A({F = 0}) = 0 and
for every m € N for which there are m different connected components C,...,Cy,
of I\{F' = 0}, for A™-almost all choices of (z1,...,x,,) € IIJL;C; there is a sequence
of positive numbers (¢, )nen tending to infinity such that

Vi<j<m: lim p, p(z;) = lim py, p(25) =0,

so that by the above considerations b) follows.
The proofs of part ¢) and d) of the theorem follow by exactly the same arguments
by referring to Theorem [8|b) and Theorem @ respectively. O

So far, we have only considered v to be a real constant. If h € Wh>°(I) we
would like to have similar results to the above for the Cp-semigroup on WP(I)
generated by

= Ff +hf.
Since h € W1°°(I) it follows that the corresponding multiplication operator
My, : WYP(I) — WhP(I), My(f) = hf
is well-defined and continuous. If we denote the generator of Sgo in WP (I) by
(A,D(A)) it follows that (A + M}, D(A)) generates a Cy-semigroup Sgj. By a

well-known pertubation result (see e.g. [I4) Theorem III.1.10]) this semigroup is
given by

(5) S f =Y Tu(t)f,
where Ty(t) = Spo(t) and

¢
T () f = /OSF,o(t*S)MhﬂL(S)de

/Ot h(p(t —s,-)) (Tn(s)f) (o(t —s,-))ds,

where the integrals are Riemann integrals in WP(I). In order to get an explicit
form of Sgj we use the following well-known elementary observation.

Proposition 22. Let v : [0,00) — C be continuous. Then

v’rne\] t>“~ t_s t—9+TdT d—i Sd
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Proof. Setting V(t) := fg v(s)ds it follows that

/Ot u(t — s)(/os v(t — s+ r)dr)nds = /Ot Vit —s) (V(t) —Vie- S)>nds

-y <Z)Vk(t)(—1)”"“ /0 V)V E (wdu

k=0

" /n _ 1 bl
- I;)(ka(t)(—w e L A0
= n;—:lvrwrl(t) Z (n;: 1) (71)n+17k

k=0

([
(]

Using Proposition [22| for ¢ — h(¢(¢,z)) with fixed z € [a,b] and the fact that
point evaluations in WP (I) are continuous it follows by induction on n that the

above operators T,,(t) in equation are given by
1/ n
7,0)1(w) = o ([ hlo(s,2)ds)"Sral011(2)
0

ol
which in turn implies the expected expression for the Cp-semigroup S
Vt>0,f e W) : Spa(t) f(z) = S(t)f(z) = hu(2) f(o(t, 2)),
where again h;(x) = exp(fot h(¢(s,z))ds). Thus we obtain the next proposition.

Proposition 23. Let I = (a,b) be a bounded interval, 1 <p < 00, F : [a,b] > R a
C-function as above with F(a) =0 and h € WH°°(I). Then
A {feW" (), Ff' e LP(I)}, f = Ff +hf
generates the Co-semigroup Sp on WYP(I) which is given by
Vi = 0:Spnt)f(z) = S)f(x) = ha(2) f((t, 2)).
Moreover, W*l’p(l) is Sg p-invariant.

Our next aim is to generalize the content of Theorem 2] to the Cp-semigroups
SF n, at least under some mild additional hypothesis. As in section 2 we want to find
a measurable function ¢ : [a,b] — R with exp ot inducing a continuous, invertible
multiplication operator M on W1P(I) such that for some v € R the Cyp-semigroups
Sr~ and SF, are conjugate via M, i.e.

Vt>0,f € W) : exp(v) Sea(t)(f) = Sry(t)(exp(¥)f).
This is satisfied, if for all = € [a, ]

t
(© Ve 00 plplta)) = [ (he(s.2) =7)ds = bla).
Now, if z € {F = 0} it follows from ¢(t,2) =z for all t > 0
Vit >0:9(x) = t(h(z) = 7) = ().
Thus, since F(a) = 0 it is necessary that h(xz) = h(a) for every x € {F = 0}.

As in section 2, if the function [a,b] — R,y +— % belongs to L!(a,b) we
can set

W [a,b] —>R,¢(x):/zM

a F(y) i’
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and it follows that this function ¢ satisfies (6) on {F # 0}.

Proposition 24. Let I = (a,b) be a bounded interval, 1 <p < 0o, F : [a,b] - R a
Cl-function as usual with F(a) =0, and h € WY>°(I). Assume that the following
conditions are satisfied.

i) Vo € {F =0} : h(z) = h(a).

ii) The function [a,b] = R,y — w belongs to L>=(I).

Then expotp with ¥ : [a,b] — R,¢(z) = f:: %y};a)dy defines a continuous,
invertible multiplication operator M such that the Cy-semigroups Sg p(a) and Srn

on WYP(I) are conjugate via M.

Proof. By the observation preceding the proposition we only have to show that
exp oty defines a continuous, invertible multiplication operator on W?(I). First
we note that 1 € W1>°(I) and therefore exp otp € W1>°(I), too. Hence,

M : WhP(I) — WHP(I), M f = exp(v) f

is a well-defined continuous multiplication operator on WP (I) with continuous
inverse given by exp(—v)f. O

Remark 25. In the discussion preceding the above proposition we only required
that [a,b] — R,y — %’;(a) belongs to L!(a,b). Nevertheless, it is not hard to
show that this function actually has to belong to L>°(a,b) in order for exp(¥) to
induce a bounded multiplication operator on WP (I).

Obviously, the multiplication operator M from the above proposition satisfies
M (WP (I)) = WEHP(I) so that the restrictions of the Co-semigroups Sk h(a) and
Spp to W.HP(I) are conjugate via M, too. Combining Theoremwith Proposition
[24] the next theorem follows directly from the comparison principle.

Theorem 26. Let I = (a,b) be a bounded interval, 1 < p < 0o, F : [a,b] = R a
Cl-function as above with F(a) =0 and h € Wh°°(I). Assume that
1) Ve € {F =0}: h(z) = h(a) €
2) The function [a,b] — R,y — % belongs to L>°(I).
Then the following holds.
a) The Co-semigroup Sp, is not hypercyclic on WHP(I).
b) On WP(I) the following are equivalent for the Cy-semigroup SEh-
i) Sp is weakly mizing on WiP(I),
) S is hypercyclic on WP (I),
iti) A({F = 0}) = 0 and for every m E N for which there are m differ-
ent connected components Ci,...,Cp, of IN{F = 0}, for A™-almost
all choices of (x1,...,2m) € I, C; there is a sequence of positive
numbers (L, )nen tending to mﬁmty such that for every 1 < j <m

lim Xep(tn,1) () XMW Oyp(—t,, 25) 7P = 0

and
lim e~ PM@)in 32<P(tnaxj)1+p —0
n—o0 Oap(2ty,, xj)P
c) On W*l’p(I) the following are equivalent for the Cy-semigroup Sg .
i) Spy is mizing on WP (I),
ii) A({F =0}) =0 and for A\-almost every x € I

_ph(ayt 2p(t, )P
ph(a)t 1-p __ ph(a 2§ o
A Xee.n (z) e ap(—t,@) " = Jim e Dop(2t, )P
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d) On W*l’p(l) the following are equivalent for the Cy-semigroup Sgp.
i) Sp is chaotic on WP(I),
ii) A{F =0}) =0 and for every m € N for which there are m different
connected components C1,...,Cp, of IN{F = 0}, for A™-almost all
choices of (z1,..., %) € IIJL,C; there is t > 0 such that

e 3 > Oop(lt, z) 1P
PRt (1t ) 1P ph(a)it 2PV L) 7
lzzl Xt (z) e ho(—lt,x) 7P + 1221 € Do (21t, )P >

for every 1 < j <m.

Instead of formulating analogues to Theoremfor WP (I) we apply our results
to some concrete examples in the next section.

4. APPLICATIONS TO FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS
EXAMPLE 1. As a first application we consider for h € C(0,1) N L*>°(0,1) the
so-called von Foerster-Lasota equation, that is the first order partial differential
equation

0 0
— >
atu(t,x)—i—xaxu(t,x) h(z)u(t,z), t>0,0<z<1

with the initial condition
u(0,2) =v(z), 0<z <1,

where v is a given function. Because of Theorem [15] it is natural to consider our
results from section 2 for I = (0,1), F(z) = —z and h and the Cy-semigroup T, on
LP(0,1). We call this Cy-semigroup the von Foerster-Lasota semigroup on LP(0, 1)
associated with h and denote it by Tj,.

Moreover, if h € W1°(0, 1), in view of Propositionit is again natural to apply
our results from section 3. We call the resulting Cp-semigroup the von Foerster-
Lasota semigroup on W1P(0,1), respectively whp (0,1), associated with h and
denote it by Sj. The dynamical properties of these semigroups are given in the
next theorem.

In case of a real valued h € C[0,1] with x — M being in L!(0,1) it was
already shown by Dawidowicz and Poskrobko in [I0] that T}, is chaotic on LP(0,1)
if and only if T}, is hypercyclic if and only if A(0) > —%. In fact, it was even proved
in [I0] that T}, is strongly stable on LP(0, 1) for h(0) < —1%.

Theorem 27. a) Let h be in C(0,1) N L>°(0,1). Then the following prop-
erties of the associated von Foerster-Lasota semigroup T, on LP(0,1) are
equivalent.

i) Ty is hypercyclic.
ii) Ty, is weakly mixing.
ili) There is a sequence (an)nen in (0,1) converging to zero such that for
some zg € (0,1)
®0 Re h(y) + *
lim gdy = 00.

n—oo an y

b) Assume that for h € C[0,1] the function
[0,1] = R,z — hiw) = Re h(0)
x

belongs to L'(0,1). Then the following properties of the associated von
Foerster-Lasota semigroup Ty, on LP(0,1) are equivalent.
i) Ty is hypercyclic.
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i) Ty, is weakly mizing.
iii) T}, is mizing.
iv) T}, is chaotic.

v) Reh(0) > —%,
c) Assume that for h € W°°(0,1) the function

h(z) — h(0)

[0,1] - R,z +—

belongs to L>°(0,1) and that h(0) € R. Then the von Foerster-Lasota semi-
group Sy is not hypercyclic on WP (0,1). For the restriction of Sy, to
W.EP(0,1) the following are equivalent.

i) Sy, is hypercyclic on WP (0,1).

ii) Sy, is weakly mizing on WP (0,1).

iii) S}, is mizing on WP (0,1).

iv) Sy is chaotic on Wi P(0,1).

v) h(0) >1-— %.

Proof. For F(z) = —x we have (t,z) = ze~" and thus the hypotheses of Theorem
[[3] are satisfied.

PROOF OF PART a). Since (0,1) — R,z % belongs to L'(3,1) for each
B € (0,1) part a) is obviously a direct application of Theorem [13|a).

PROOF OF PART b). Since the hypotheses of a) are satisfied, it follows that i)
and ii) are equivalent and that because of h € C[0,1] i) holds if and only if

1 Reh(y) + %
(7) lim édy =00
n—oo [, y

for some (o )nen in (0,1) converging to 0. Since

VReh(y)+5 P Reh(0)+ ' Re (h(y) — h(0))
[t = [y e [ R

y = 2 dy +
" Y n Y Y

Re (h(y) — h(0))
y

dy

1
= —(Re h(0) + %) In(o,) + / ———=dy
it follows from the hypothesis on A that holds if and only if Reh(0) + % > 0.
Hence, i), ii), and v) in b) are equivalent. As iii) and iv) imply i), respectively, it
remains to prove that v) implies iii) and iv).
Let us denote by ¢ the L'(0,1)-norm of the L!-function z M. If v)
holds, it follows that for each x € (0,1),¢t > 0, and I € N we have

e (1 /Wdy) " / Reh((y’”idy).

o y (s / Refh) =0,
< (exp(—pt(Re h(0) + %)))l epe.

Because of v) it follows that for every z € (0,1) and ¢t > 0

v " Reh(y) + 1

l;ilexp (p/ﬂc #dy) < 00,

hence Tj, is chaotic by part ¢) of Theorem
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In order to show that v) implies iii) we observe that as in inequality (8 we obtain
for each z € (0,1) and t > 0

2" Reh(y) + 1
exp (p/ ?dy) < exp(—pt(Re h(0) + 5))6”,
so that by part b) of Theorem [L3[iii) holds. Hence, b) is proved.

PROOF OF PART c¢). That S, is not hypercyclic on W1?(0,1) follows imme-
diately from Theorem As [0,1]\{F = 0} has only one connected component,
Xe(t,1)(x) = 0 for every € (0, 1] for sufficiently large ¢ > 0, and

1
Vz e (0,1]: e—Ph<0>tM — e—t(1+(h(0)_1)p)
Oap(2t, )P
the rest of ¢) now follows from Theorem [26|b),c), and d). 0

Remark 28. i) Of course Theorem [13| also provides characterizations of mixing
and chaos for T}, under the general hypotheses of part a) of the above theorem.

ii) It should be noted that the proof of part b) remains valid if we replace the
hypothesis h € C[0,1] by h € C(0,1)NL>(0,1), h continuously extendable into the
origin.

iii) The hypothesis in c) is obviously satisfied if h(0) € R and h is differentiable at
the origin.

Remark 29. In [8 [TT] the authors prove that, if h is a continuous real function on
h h(0
[0, 1] such that (z) = 1(0)

on the space

; € L*(0, 1), then the restriction of T}, is a Cy-semigroup
Vo = {h € h*([0,1]) | h(0) = 0},
where h*([0,1]) is the little Holder space of order o €]0,1[, that is the closure of
C1[0,1] in the Holder space C*[0,1]. Observe that h? is a separable space (see [21])
and since for p = (1 —a)~"
Whe — C*0,1]

continuosly, it is immediate to show that Wir (0,1) is continuously embedded with
dense range in V.

As a consequence, by Theorem 27 if h(0) > o = 1 —1/p, then the Co-semigroup

T}, is mixing and chaotic on V,,. Thus we obtain the result of [II, Theorem 2.4]
and [8, Theorem 3.10 and Corollary 3.11].

EXAMPLE 2. Let us consider for h € C(0,1) N L>(0,1) and r > 1 the first order
partial differential equation

0 0
— T* = >
8tu(t7x)+x aggu(t@) h(z)u(t,z), t>0,0<zx<1

with the initial condition
u(0,2) =v(z), 0<z<1,

where v is a given function. As for F'(z) = —a" we have

1
xrr—1

(1+ (r—Dat)=1
and therefore ¢([0,00), (0,1)) C (0,1), it is again natural to consider our results

from section 2 for I = (0,1) and h and the Cyp-semigroup T ; on LP(0,1). We
write T 5, instead of T .

W(ta ‘T) =
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Again, if h € W°°(0,1), in view of Proposition it is natural to apply our
results from section 3. The corresponding Cp-semigroup on W1P(0,1), respec-
tively WP (0,1) is denoted by S, . The next theorem summarizes the dynamical
properties of these semigroups. Observe that contrary to the von Foerster-Lasota
semigroup the dynamical properties of S, ) are independent of p!

Theorem 30. a) Let h belong to C(0,1)NL>(0,1). Then the following prop-

erties of the Co-semigroup T,.p, on LP(0,1) are equivalent.

i) T, n is hypercyclic.

i) T, n is weakly mizing.

ili) There is a sequence (ry)nen in (0,1) converging to zero such that for

some xg € (0,1)
xo r,r—1
T LA

T
n—oo J,. Y

b) Assume that for h € C|[0,1] the function
h(x) — 2" "'Re h(0)

ZT
belongs to L'(0,1). Then the following properties of Ty, on LP(0,1) are
equivalent.
i) Ty p is hypercyclic.
ii) T, p is weakly mizing.
ili) T.p is mizing.
iv) T p, is chaotic.
v) Reh(0) > ==.
c) Assume that for h € W°(0,1) the function
h(z) — h(0)
‘/I:T
belongs to L>(0,1) and that h(0) € R. Then the Cy-semigroup Sy is
not hypercyclic on W1P(0,1). For the restriction of S, to T/V*l’p(O7 1) the
following are equivalent.
i) Sy is hypercyclic on Wi ’p(O 1).
ii) Sy is weakly mzxzng on WP(0,1).
iit) S, is mizing on WP (0,1).
) S
)

[0,1] = R,z —

[0,1] - R,z —

b 1S chaotzc on WP(0,1).

h(0) >

Proof. For F(z) = —z" we have ¢(t,x) = xﬁ(l + (r — 1)9616)ﬁ and thus the
hypotheses of Theorem [13| are satisfied. The proofs of parts a) and b) are mutatis
mutandis the same as the correspondig parts of Theorem[27] In order to prove part
¢) we observe

iv
\

1
pr—11

11+ (r—1)at)™

Vt >0,z € (0,1 : dap(t,z) =

and thus
aQ(p(tv l‘) 1+p

Vt >0,z € (0,1]: exp(—ph(0)t) Drp(2f, )7

= exp(—ph(0)t)t =Tz

(20— Daps
(G (= Do)
Now the proof follows again as the proof of part ¢) of Theorem O
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