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Abstract

We study Betti structures in the solution complexes of confluent hypergeometric equations. We use
the framework of enhanced ind-sheaves and the irregular Riemann-Hilbert correspondence of D’Agnolo—
Kashiwara. The main result is a group theoretic criterion that ensures that enhanced solutions of such
systems are defined over certain subfields of C. The proof uses a description of the hypergeometric systems
as exponentially twisted Gau3—Manin systems of certain Laurent polynomials.

1 Introduction

The aim of this paper is to study Betti structures in solutions of certain univariate hypergeometric D-modules.
These differential systems have a long history, starting from work of Euler and Gauf}. In modern language, they
are the most basic examples of rigid D-modules. Recent applications include quantum differential equations of
toric manifolds ([Giv98], [[ri09, Irill] or [RS15| RS17]) and an in-depth study of the Hodge theoretic properties
of such systems ([Sabl18], [CDS21], [CDRS19, [SY19]). From the Hodge theoretic point of view, but also for many
other applications, it is important to find subfields of the complex numbers over which the solutions of these
equations can be defined. This also fits to the more general program to understand Betti structures in holonomic
D-modules, see e.g. [MocI4]. A first example of a result in this direction is a theorem of Fedorov ([Fedl8|
Theorem 2]), which was conjectured by Corti and Golyshev ([CG11]) and which gives arithmetic conditions on
the exponents for a regular (i.e. non-confluent) hypergeometric system to underly a real variation of polarized
Hodge structures. The rigidity property of these systems is used in an essential way in his argument.

In the present paper, we take up the question of the existence of Betti structures in the solution spaces of
univariate hypergeometric differential equations. We replace Fedorov’s proof by a geometric argument, link-
ing these D-modules to GauB—-Manin systems of certain Laurent polynomials. Our approach is distinct from
Fedorov’s in at least two ways:

1. We consider more generally not necessarily regular hypergeometric equations (these irregular ones are
usually called confluent) using the theory of enhanced solutions of D’Agnolo—Kashiwara ([DK16]).

2. We discuss a more general setup, where we consider any finite Galois extension L/K such that the solutions
of the given hypergeometric systems are a priori defined over L (e.g. if all exponents of the system are
rational, then L is a cyclotomic field), and we establish and prove a group theoretic criterion for them to
be defined over K.

As an application, we get a general criterion for the enhanced solutions to be defined over the real numbers
(similar in shape to the one from [Fed18]), and, if all exponents are rational, we determine when the solutions
are defined over Q. One can deduce in a rather straightforward way similar statements for the perverse sheaf
of (classical) solutions, and we obtain in particular, in the non-confluent case, a new proof of Fedorov’s result.
The paper is organized as follows: We first discuss in Section 2] the following question: Given a Galois extension
L/K and an enhanced ind-sheaf defined over L, what are criteria to ensure that it comes from (i.e. is obtained
by extension of scalars from) an object defined over K? This is applied in Section [3] where we introduce
hypergeometric modules and prove a geometric realization of them, relying on earlier work of Schulze-Walther
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([SW09]) and Reichelt (|[Reild]). Our main result is then Theorem [3.12] which gives the group theoretic criterion
alluded to above. In order to illustrate this result, we formulate here a shortened version, which covers the cases
we are mostly interested in.

Theorem 1.1. Let numbers ay,...,an,B1,...,0m € [0,1) be given, where n > m and where we assume that
a; # B foralli € {1,...,n} and all j € {1,...,m}. Consider the differential operator in one variable

=1

P::H(qaq*ai)*Q'H(qaqfﬂj)

and let H(a; B) := De,, ,/Da,,, - P € Modna(Dg,, ) be the corresponding irreducible hypergeometric module
on the one-dimensional torus Gm’q, Suppose that L C C is a field such that e*™®i, e2™8i ¢ L for all i,j. Let
K C L be such that L/K is a finite Galois extension. Then if Gal(L/K) induces actions on {€>™1 ... e*™ian}
and on {¥™h1 . e¥Bm} the enhanced ind-sheaf Solgm’q (H(a; B)) (see section below) is defined over K,
that is, comes from an enhanced ind-sheaf over K by extension of scalars.

The proof of this theorem will be given right after the proof of Theorem on page As an example (see
Theorem the above criterion applies if those of the numbers «; and §; which are non-zero are symmetric
around £, in which case (taking L = C and K = R) we obtain that the enhanced solutions of the system H(a; 3)
are defined over R. A similar reasoning leads to a criterion (Theorem showing the existence of rational
structures. Finally, in Section |5, we draw some consequences for Stokes matrices associated to the irregular
singular point of confluent hypergeometric equations.
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2 Betti structures and enhanced ind-sheaves

The functors of complex conjugation on the category of complex vector spaces and complexification of real
vector spaces are well-known. In this chapter, we develop a theory of Galois conjugation and extension of
scalars for more general field extensions L/K in the context of sheaves, ind-sheaves and enhanced ind-sheaves.
Since the latter are the topological counterpart of holonomic D-modules via the irregular Riemann—Hilbert
correspondence, this will produce a framework for studying the question of when solutions of a differential
system (a priori defined over C) admit a structure over a subfield K of C. In this case, we will say that the
differential system carries a K-Betti structure (or K-structure for short, see Definition below). In particular,
we will prove that in certain cases, the fact that an object over L is isomorphic to all its Galois conjugates (in
a compatible way) implies that this object already comes from an object defined over K.

2.1 Enhanced ind-sheaves

In [DK16], the authors introduced the category of enhanced ind-sheaves, which we will briefly recall here. We
assume all topological spaces to be good in this section (i.e. Hausdorff, locally compact, second countable and
of finite flabby dimension).

Let k be an arbitrary field, and let X be a topological space. We denote by Mod(kx) the category of sheaves of
k-vector spaces and by DP(kx) its bounded derived category with the six Grothendieck operations RHomy.,,
®, Rf., =% Rfi and f'.

The category I(kx) of ind-sheaves on X is the category of ind-objects for Mod®(kx ), the category of compactly
supported sheaves of k-vector spaces on X (see [KS01] and [KS06] for the theory of ind-sheaves and -objects).
In other words, an object F' € I(kx) is of the form

F — “hﬂ” fl,

icl

where the F; € Mod(kx) form a small filtrant inductive system and “lign” denotes the inductive limit in the



category of functors Mod®(kx)°? — Mod(Z) (i.e. one considers the sheaves F; after Yoneda embedding).
There is a fully faithful and exact embedding from the category of (not necessarily compactly supported) sheaves
into the category of ind-sheaves tx: Mod(kx) < I(kx). If there is no confusion, the functor tx will often be
omitted in the notation. This embedding has an exact left adjoint, denoted by ax, which in turn has an exact
left adjoint Sx. Moreover, one has a formalism of six Grothendieck operations on I(kx ), where one denotes the
proper direct image by R fy to distinguish it from the operation R f for sheaves, since it is not compatible with
tx. The derived category of I(kx) is denoted by D" (Tkx).

Now, let X = (X, )A() be a bordered space, i.e. a pair of topological spaces such that X C X is an open subset.
One defines the category of enhanced ind-sheaves on X by two successive quotients (we refer to [DK16] and
[DK19] for details on this construction): Denote by P = P1(R) the real projective line and define the bordered
space Ry := (R, P). Then

D (Tkax.. ) i= D (Ikg,p) /D" (kg pp (xumy)s  D"(Tkw) = D" (Tkg) /D (Thg, )

and
E(Iky) := DP(Ikxxr_)/m 'DP(Iky),

where m: X X Ry, — X is the morphism of bordered spaces induced by the projection. The total quotient
functor Q: D*(Ikg, p) — EP(Ikx) has a fully faithful left adjoint, which we will denote by £ (it is denoted by
RjXX]Rm!!LE in [DK19J).

The category of enhanced ind-sheaves still comes with the six-functor formalism and these operations are denoted

+
by RZhom™, ®, Ef,, Ef~', Efy and Ef' (for a morphism f of bordered spaces). One also has a duality functor,
denoted by D¥. In addition, for an object F € DP(kx), one has the operation

E°(Tky) — EP(Tky), Hw— 7 'F®H (1)

induced by the tensor product on Db(Ik)?Xp). We will in particular abbreviate Hy := 7~ 'k, ® H for a subset

V C X, and we recall that Hy = EivoouEi‘_/;H, where iy._: Voo = (V,V) — X is the embedding and V denotes

the closure of V in X) (see [DK19, Lemma 2.7.6]).
We will often encounter the objects

3 ” + ~Y «]3 ”
KE = “lim” kay € EP(Iky)  and  Ej =K% @ kppeso) = i ” ki g>a) € E°(Tky), (2)

a—r 00 a—r 00

where {t > a} = {(x,t) € X x P,z € X,t € R,t > a}, and for a continuous function ¢: U — R on an open
subset U C X we set {t + ¢ > a} :={(z,t) € X x Pz € U,t € R,t + ¢(x) > a}.
Moreover, for each H € EP(Tky), we set

sha(H) = axj 'R RThom(ki>0 ® kji<oy, LH) € DP(kx), (3)

where j: X — X is the embedding and 7: X xP — X is the projection. One calls shy the sheafification functor
for enhanced ind-sheaves on the bordered space (see [DK21] for a detailed study).

On a real analytic manifold X, one has the notions of R-constructible sheaves and subanalytic ind-sheaves on
X (see [KS90] and [KSO1], where subanalytic ind-sheaves were called “ind-R-constructible ind-sheaves”). This
gives the full subcategories Modg_.(kx) C Mod(kx), D% _(kx) C DP(kx) and Lsupan(kx), D (Tkx). In the
case where X is a real analytic bordered space (i.e. X is a real analytic manifold and X C Xisa subanalytic
subset), the full subcategory ER .(Ikx) C EP(Ikx) consisting of R-constructible enhanced ind-sheaves was
introduced in [DK16, DK19).

The standard t-structure (cf. [DK16} §3.4], [DK19]) on EP(Ikx) is the one induced by the standard t-structure

on the derived category DP(Ikg, ), i.e.

E<"(Ikx) = {H € E°(Ikx); L(H) € D="(Tkg, )}
E="(Ikx) = {H € E"(Ikx); L(H) € D" (Tkg, )}

for n € Z. Its heart E°(Ikx) therefore consists of those objects H € EP(Ikx) such that £(H) is concentrated in
degree zero. This is an abelian category. The associated cohomology functors are denoted by H™.



In [DK19], the authors define generalized t-structures (PERS, (Tkx ), PER".(Ikx)).cr on the category Eb (Tkx)
for so-called perversities p: Z>o — R. Its heart PE% (Ikx) := pE]%_OC(IkX) N pEBZ{?C(Ik‘X) is a quasi-abelian
category. In particular, they introduce the middle perversity (generalized) t-structure for p(n) = —%, which is

denoted by (V2B (TIkx), V?Ez" (Ikx))eer. We refer to loc. cit. for details.

C C

2.2 Galois descent for enhanced ind-sheaves

In this section, we generalize two constructions, which are well-known for vector spaces, to the category of
enhanced ind-sheaves: For a given finite Galois extension L/K, we consider, firstly, conjugation of an enhanced
ind-sheaf over L with respect to elements of the Galois group and, secondly, extension of scalars on an enhanced
ind-sheaf over K. We establish some properties of these functors, and we will then show that the existence
of suitable isomorphisms between an object over L and its conjugates implies that the object comes from an
object over the subfield K by extension of scalars. This procedure is often called “Galois descent” and classical
references for this construction on vector spaces can, for example, be found in [Jac62], §10.2], [Bor91l §AG.14],
[Wat79, §17], [Win74, §3.2]. Let us also point out the exposition [Conl.

Let L/K be a Galois extension and G its Galois group. For an element g € G and an L-vector space V', one
can define the g-conjugate of V', denoted by VY, as follows: As a K-vector space, V7 =V, and the action of L
is given by [ - v := g(l)v.

One easily checks that this construction (by applying it to sections over any open set) defines g-conjugation
functors for sheaves of L-vector spaces on a topological space M:

Mod(Ly;) — Mod(Lyy), F — F° (4)

(The restriction morphisms of F7 are the same as those of F .) This functor is exact for any g € G and hence
induces a functor on the derived category of sheaves

DP(Lar) — D(Lag), F* — F*7.
The following lemma shows that conjugation is a very “tame” operation.

Lemma 2.1. Let f: X — Y be a morphism of topological spaces and let F,Fy, Fo € D*(Lx), G € D*(Ly).
Then we have isomorphisms for any g,h € G

(i) REF' = REF’ and REF' = RAG,
(i) RF1G" = Rf~'G” and Rf'G’ = Rf'G’,

(iii) Fr @ F’ 2 F’ @ F’ and RHomp (F,’, F2’) = RHomy (F1, F2)’ s
—h
(iv) F* = F".

Proof. (i) By definition, for the underived direct image functor we have (f.JF)(U) = F(f~*(U)) for any open
subset U C X. Since conjugation for sheaves is defined on sections, this yields a natural isomorphism
v = f*fg. The functor mg is exact, and hence one obtains the first statement by derivation. The sec-
ond isomorphism follows similarly: We note that fi.F is a subsheaf of f.F and that the above isomorphism
induces an isomorphism ngg = f!fg, and conclude again by deriving the composition of functors.

(ii) It is not difficult to see that

_ I
Home(LX)(flg,fg) = Home(LX)(.Fh]‘—Qg )

for F1, Fo € DP(Lx). Using this, the statements in (ii) follow from (i) by adjunction.

(iii) and (iv) follow directly from the corresponding statements for vector spaces (for the tensor product, note
that g-conjugation is compatible with sheafification, or derive it by adjunction from the statement about
RHom).

O



By the general theory of ind-sheaves (cf. [KSO1), p. 7]), g-conjugation further extends to a functor on ind-sheaves

(L) = W), F = *lim” 5, o> B = ling” 75

Since this functor is still exact (cf. [KSOIl p. 11]), we get a g-conjugation on the derived category of ind-sheaves
DP(ILy;) — DP(ILyy), F* — F*7.

A corresponding statement like Lemma holds for ind-sheaves. Moreover, conjugation behaves nicely with
respect to the functors tx, ax and Bx between sheaves and ind-sheaves, as the following result shows.

Lemma 2.2. Let F € DP(Lx), F € D*(ILx) and g € G. Then there are isomorphisms
(i) ixF' = uxF,
(’LZ) ang = Oéxfg,
(iii) BxF’ = BxF.
Proof. Let us prove the statements in the non-derived case, i.e. for F € Mod(Lx) and F € I(Lx). This is
enough since the functors tx, ax and Sx are exact.
The functor ¢x is given by

LX]: _ “hﬂ” -FUa
vccx

where U ranges over the relatively compact open subsets of X. Therefore, by definition of conjugation for
ind-sheaves, we obtain
LXFQ — ccligw ng o “ﬁg”(?g)(] — LX(?Q).
Uccx Uccx

This proves (i). Using this and the fact that ax is left adjoint to tx, we get for any G € Mod(Lx)

1 1
HomMod(LX)<aXngg) = Homyjod(Lx) (OéXF, G’ ) = HOIHI(LX)(Fa 1xG’ )

PR -1 —
= Homy(p ) <F7 ixG’ ) = Homyz, ) (Fg, Lxg)
= Homypod(rx) (OéXFg7 g),
hence (ii) follows. Accordingly, one proves (iii), using that Sx is the left adjoint of ax. O

Now, the category EP(ILx) of enhanced ind-sheaves on a bordered space X = (X, X ) is a quotient category of
DP(IL $xp)» and it can be checked that the above conjugation functor for ind-sheaves on M = X x P induces a
well-defined functor

EP(ILx) — EP(ILy), H — H’.

The following lemma is not difficult to prove, and it shows that conjugation functors are compatible with many
of the standard operations.

Lemma 2.3. Let X = (X,)/(\') and Y = (Y, }A/) be bordered spaces and f: X — Y a morphism. Let H, Hy, Hy €
E’(ILx), F € D*(Lx) and J € EP(ILy). Then for any g,h € G we have the following isomorphisms:

(i) Ef,H’ 2 Ef,H’ and EfyH’ ~ EfyH’,

(ii) Ef~1J’ = Ef7° and Ef'J" = Ef'T’,

r—
+ gt —g —— — =g _ =
(iii) Hy ® Hy =~ H,’ ® Hy’, RThom™ (Hy, Hy)' = RThom™ (H,’,\ Hy’) and 7' F @ H' == 'F’ @ H’,
jh —7aqh
(iv) H =H’

Proof. (i)—(iv) Since the operations on enhanced ind-sheaves are induced by operations on ind-sheaves, this
follows from Lemma [2:1] and the corresponding statements for ind-sheaves. O



Conjugation associates to an object over L a different object over L. On the other hand, given an arbitrary field
extension L/K, one can extend scalars, starting from objects defined over K: Classically, if V is a K-vector
space, then L&k V is a vector space over L. This construction naturally extends to sheaves: Let F € Mod(Kx)
and denote by Lx (resp. Kx) the constant sheaf with stalk L (resp. K), then Lx ®k, F € Mod(Lx). Since
tensor products over fields are exact, we obtain a functor

DP(Kx) — D"(Lx), F Lx @xy F. (5)

Similarly, if F' = “liﬂ” Fi € (Kx) for F; € Mod®(Kx), then Lx ® F =2 1x(Lx)®Ky F “lig”(LX@)KX]i) S
el il

I(Lx). (Note that Lx means the ind-sheaf ¢x(Lyx) here.) This again extends to a functor between derived

categories, and it is compatible with some basic operations: We have the following lemma for ind-sheaves (where

(i) and (ii) hold correspondingly for sheaves).

Lemma 2.4. Let L/K be a field extension and f: X — Y a morphism of topological spaces. Let F € DP(1Kx),
F € DP(Kx) and G € D*(IKy). Then we have isomorphisms

(i) Rfu(Lx @Ky F) = Ly @k, RfuF,
(i) fY(Ly @k, G) 2 Lx ®k, [ G,
(iti) 1x(Lx @Ky F) = Lx ® tx(F),
(iv) ax(Lx @Ky F) = Lx ® ax(F),
() Bx(Lx ®ky F) = Lx ® Bx (F).

Proof. (i) Noting that Lx = f~1Ly, this follows from the projection formula for ind-sheaves (see the first
isomorphism in [KS01, Theorem 5.2.7]).

(ii) This follows as above, using the second isomorphism in [KSOT) Proposition 4.3.2].

(iii)—(v) These follow from the commutation between tensor product and tx, ax, 8x (see [KSO1Il, Proposition 4.2.3,
Proposition 4.2.12]). Moreover, note that ax otx = id and Bx(Lx) = tx(Lx) (cf. [KSOI] p. 50]).
O

Using notation as in 7 the functor of extension of scalars for ind-sheaves on X induces a functor
EP(IKx) — EP(ILy), Hw~— 7 'Lx @15, H (6)

for any bordered space X = (X, X ). (We emphasize here the field over which we take the tensor product.)

Definition 2.5. We will say that an object H € EP(ILx) has a K-structure if it is contained in the essential
image of the functor @
Similarly, we say that an object F € DP(Lx) has a K-structure if it is contained in the essential image of the

Sfunctor ().

We will give a statement about compatibility of the functor @ with the six operations on enhanced ind-
sheaves below (Lemma. If we restrict our focus to R-constructible enhanced ind-sheaves, we can also prove
compatibility of extension of scalars with the sheafification functor.

As a preparation, we prove two lemmas about compatibility with certain Hom functors. The following statement
was suggested to us by Takuro Mochizuki, to whom we are very grateful for this.

Lemma 2.6. Let X be a real analytic manifold and let Fi,Fa € Modgr.(Kx) be R-constructible sheaves with
compact support. Then there is a natural isomorphism of L-vector spaces

L ®x Hompg, (F1, F2) =, Homy, (Lx ®ky F1,Lx QK Fa).

Proof. We only sketch the idea of proof here: R-constructible sheaves on real analytic manifolds can be consid-
ered as constructible sheaves on simplicial complexes (see [KS90, Chap. VIII]). By compactness of the support,
finitely many strata are sufficient to describe the sheaves. One starts by proving the statement for constant
sheaves on single strata and concludes by induction on the dimension of the strata. O



Thanks to the lemma above, it is easy to prove the following.

Lemma 2.7. Let X be a real analytic manifold, F € D% (Lx) and G € D2, (ILx) such that F & Lx ®pcy Fi

suban
for some Fk € D%_C(KX) and G = Lx ®k, Gk for some G € D?, (IKx), then we have an isomorphism

suban
in DP(IL)
RZhom(F,G) = Lx ®k, RZhom(Fk,Gk).

In particular, for F,G € D]%_C(LX) such that F =2 Lx Qg Fx and G = Lx Q. Gk for some Fk,Gk €
DY (Kx), there is an isomorphism in D®(Lx)

RHom(F,G) = Lx ®x,, RHom(Fk,Gk).
Proof. Let us first assume that Fx,Gx are concentrated in degree 0. We can write Gxg = “li%m” G, for some
G; € Modg;,_.(Kx) (by definition of Isyban(Kx)) and hence G = “liﬂ77 Lx ®k, Gi- Then by [KS01l, Corollary
i

4.2.8(iii) and Proposition 4.2.4] we have

Thom(F,G) = “lim ” Thom(F,Lx Qky Gi) = “lim ” Hom(Lx @k, Fr,Lx Qky Gi)- (7)
Let us show
Hom(Lx @ky Fr,Lx ®ry Gi) = Lx Qr, Hom(Fk,G;) (8)

Let U be a suffiently small ball in X, then, denoting by C the (compact) support of G;, we have

L(U;Hom(Lx @Ky Fr, Lx @Ky Gi)) = Homp, (Lu @k, Frlv, Lu @Ky Gilv)
= Homy, (Lx ®ry (Fi)onv, Lx @k« (Gi)v)
= L @k Homg ((Fx)enu, (Gi)u)
=~ L @k Homg, (Fk|v, Gilv)

where the second line follows by full faithfulness of extension by zero (from U to X) and the third line from
Lemma [2.6] since the sheaves (Fx)cnu and (G;)u are compactly supported and R-constructible. On the other
hand, the tensor product Lx Q. Hom(Fk,G;) is the presheaf associated to

U Lx(U) ®k Homg, (Fk|v, Gilv)

On a basis of the topology consisting of small open balls U, we have Lx(U) = L and this coincides with the
above, so follows. Together with and the fact that “lién” commutes with tensor products, this proves

the non-derived version of the first isomorphism in lemma.

By deriving functors (note that Lx ®k, (e) is exact), one gets the first statement of the lemma in the derived
case.

The second assertion follows now by applying the functor ax since we have ax o RZhom = Hom and ax
commutes with tensor products (cf. [KS0I, Propositions 4.2.3 and 4.2.4] O

We can now state the above-mentioned compatibility of the sheafification functor with extension of scalars.

Corollary 2.8. Let X be a real analytic bordered space and H € E}’R_C(ILX) such that H = m~'Lx Qr-1xy Hr
for some Hig € E}?R_C(IKX). Then
Sh)((H) = LX ®KX Sh)((HK).

Proof. By definition (see formula (3))), one has
shy(H) = axj 'RTRThom(r ' Lx ®r-15cy (Kpsoy ® Kii<oy), ™ 'Lx @p-15c LHE).

By Lemma the functor RZhom is compatible with K-structures (since there is only a usual sheaf in the
first component). Moreover, the functor ax commutes with tensor products and R7, = R7y (note that
T X xP > X is proper) as well as 57! commute with extension of scalars (similarly to Lemma . This
concludes the proof. O



Let us now study relations between extension of scalars and the seix operations for enhanced ind-sheaves: We
have similar compatibilities as in Lemma [2.4(i)—(ii) for the case of enhanced ind-sheaves. In the setting we are
mostly interested in, namely when X = (X, X) is a bordered space attached to a complex algebraic variety (i.e.

X is a compactification of X) and all objects involved are R-constructible, we can also prove compatibilities for
the functors Ef,, Ef' and RZhom™ by duality.

Lemma 2.9. Let L/K be a field extension and f: X = (X,X) =Y = (Y,Y) a morphism of bordered spaces.
Let F, ), F> € EP(IKy) and G € EP(IKy). Then we have isomorphisms

(i) Efu(m ' Lx ®p-1gy F) 27 'Ly @1, EfuF,
(ZZ) Ef_l(ﬂ_lLy Qr-1Ky G) = 7 1Lx Qr-1Kx Ef_lG,

+ +
(ii1) (17 'Lx @1k F1) @ (17 Lx @p-1xy F2) 277 Lx @po1i (F1 @ F).

Assume now in addition that X and Y are complex manifolds, X C X andY CY are relatively compact. Let
moreover F, F1, F, € EX (IKx) and G € EX (1Ky). Then we have isomorphisms

(iv) DE(r 'Ly @ F) 2 7 'Lx @ DEF,
() Efu(r 'Ly ® F) 2 1 'Lx Q Ef.F,
(i) Eff(r 'Ly ® G) 2 7~ 'Lx @ Ef'G,
(vii) RZhom™ (n 7' Lx @p-1x, F1,m ' Lx @r-1x, Fo) 27 ' Lx @15, RZhom™ (Fy, Fy).

Proof. (i) Since all the operations involved are induced by operations on D?(IKxxR_), it is enough to prove
an isomorphism ~ ~
Rfu(r 'Lx ®p-1xy F) 27 'Ly @1, RfuF

for any F € DP(IKxyg_ ), where f = f x idg_. Noting that 7~ 'Lx = f~'zn~!Ly, this follows from the
projection formula for ind-sheaves on bordered spaces (see the first isomorphism in [DK16, Proposition
3.3.13)).

(ii) Similarly, here we need to prove an isomorphism
Rffdil(’frilLy Qr-1Ky G) = 7T71LX Or-1Kx RfNilG

for any G € DP(IKy«R__), and this follows as above, using the second isomorphism in [DK16, Proposition
3.3.13).

(iii) The convolution product is defined on D*(IK xxg_.) by

t o 1 —1
Fy @ Fy :=Run(q; FL ®qy F),

where the maps g1, g2, 1: X x R%, — X x Ry are given by the projections and by addition of the real
variables, respectively. Hence, one concludes as in (i) and (ii).

(iv) Since X C X is relatively compact and F' is R-constructible, there exists F € D}%_C(K xxr) such that

+
F =~ K% ® F. Then, by [DKI9, Lemma 2.8.3] and the definition of the duality functor, we get (with a
denoting the involution (z,t) + (z, —t)):

+ +
DE(r 'Lx ® F) 2 DR(LE @ (Lxxr ® F)) 2 LY @ a 'Dxyr(Lxxr ® F)
+
~ % ®a '"RHomp o (Lxxr ® F,w¥ R)

+
~ I8 @a 'RHomp, o (Lxxr ® F, Lxxr ® wh yg)

1

+
LE 0y ail(LXx]R ®@ RHompy , x (F, w§><]R))

1%

JF
7 Ly @ (KE ®@a ' DxyrF) =7 'Ly @ DEF.



Here, wk i denotes the dualizing complex in DP(L x xg) (and similarly for K), and the fourth isomorphism
follows from the fact that wk g = Lxygr[2dx] (and similarly for K), where dy is the complex dimension
of X, because X is orientable. The fifth isomorphism follows from Lemma [2.7]

(v) This follows from (i) and (iv), since under the assumption that X C X and Y C Y are relatively compact,
f is semi-proper (in the sense of [DK19. Definition 2.3.5]) and hence Ef, & D%Ef*DE and Ef, preserves
RR-constructibility (see [DK19, Proposition 3.3.3(iv)]).

(vi) This follows from (ii) and (iv), using Ef' = DEEf~!D¥ and the fact that Ef~! preserves R-constructibility
(see [DK19| Proposition 3.3.3(iii)]).

+
(vii) This follows from (iii) and (iv), since RZhom™ (e, e) = DE (e @ DE (o)) and the functor RZhom™ preserves
R-constructibility (see [DK16), Proposition 4.9.13]).
O

Extension of scalars also has good properties in connection with the standard and perverse t-structures on
enhanced ind-sheaves introduced in [DKI9].

Proposition 2.10. Let X = (X,)A() be a bordered space. The functor
®r )k EP(IKy) = EP(ILy), H = 7 'Lx @15 H
18 t-exact with respect to the standard t-structure on enhanced ind-sheaves, i.e. we have

& x(ES°(IKx)) CES“(ILy)  and  ®p,x(EZ°(IKx)) C EZ°(ILx).

Moreover, if X is a complex manifold and X C X is relatively compact, then this functor is t-exact with respect
to the perverse (generalized) t-structure on R-constructible enhanced ind-sheaves, i.e. it satisfies

O/ (PER(IKx)) C PERS.(ILx) and @,k (PERS.(IKx)) C PERS.(ILx).

C C C

Proof. The compatibility with the standard t-structure is clear on the level of ind-sheaves (tensor products over
fields are exact). Therefore, it also commutes with the induced standard t-structure on enhanced ind-sheaves

+
since extension of scalars commutes with the functor £ (which is just a convolution product, L(H) = Ki>o® H).
For the second assertion, we recall the definition of the perverse (generalized) t-structure from [DK19]: Let
H € EX (IKy). Then one has H € pE]%L_CC(IKX) if and only if for any k € Z we have

1
Eix\z)

Ei!Zoo DY H ¢ EZ*C*%*p(k)*k(IKZOO) for any closed subanalytic subset Z C X' of dimension at most k

_He ESctr(k) (IK(x\z)..) for some closed subanalytic subset Z C X of dimension smaller than &

Here, i(x\ z).. and iz are the embeddings and we refer to [DK19| for more details. From this definition, we see
that, since @/, commutes with duality and inverse images by Lemma (note that H is R-constructible), the
statement reduces to the above compatibility with the standard t-structure. The definition of H € pE]?R_CC(IK x)
is similar and the proof works along the same lines. O

In particular, the heart PE} (IKy) := pEﬁ?C(IKX) N pE]?R?C(IKX) is preserved by extension of scalars (i.e. it is
sent to the heart PE} _(ILxy)). Recall that these hearts are quasi-abelian categories.

Corollary 2.11. Let f be a strict morphism in PE% (1K), then we have

Ok (ker f) = ker @1,/ (f), 1, K (coker f) = coker @p /i (f),
Cp/k(im f) Zim p i (f), @,k (coim f) = coim @ /g (f).

Proof. As follows from [Bri07, Lemma 4.3] and Proposition the functor ®;,x (being triangulated and
t-exact) transforms strict short exact sequences in PE (1K) into strict short exact sequences in PE . (ILx).
This means that it is left and right exact in the sense of [Sch99], and hence that it preserves kernels and
cokernels of strict morphisms (see Definitions 1.1.12, 1.1.17 and 1.1.18 in loc. cit.). The statement about images

and coimages is then easily derived since kernels and cokernels always determine strict morphisms (see [Sch99,
Remark 1.1.2]). O



We now want to use the concept of g-conjugation in order to describe when an object defined over a field
L actually comes from an object over a subfield K by extension of scalars. To this end, we introduce the
following notion. This is inspired by the corresponding results for Galois descent of vector spaces in [Con] (and
the references therein), where the notion of G-structure on an L-vector space was (equivalently) formulated in
terms of a semilinear action of the Galois group on the underlying K-vector space.

From now on, let L/K be a finite Galois extension with Galois group G.

Definition 2.12. Let X be a topological space and let X be a bordered space. A G-structure on an object
F € D*(Lx) (resp. F € D*(ILx), F € E*(ILy)) consists of the data of an isomorphism in DP(Lx) (resp.
Db(ILX), Eb(ILX))

©g: F =T

—h o~ =gh  —gn
or each g € G suc at jor any g,h € G, we have pgn, = Qg ©@yp. Here, P, : — = enotes the
h g€ G such that h € G, we have @, P H S F F* =F"" denotes th

isomorphism induced by g via the h-conjugation functor (e) .

The following three statements show that the existence of such a G-structure on objects concentrated in one
degree (with respect to the standard t-structures, i.e. sheaves and ind-sheaves rather than complexes thereof)
often implies the existence of a structure over the subfield K.

Lemma 2.13. Let X be a topological space and let F € Mod(Lx) be a sheaf equipped with a G-structure. Then
there exists Fx € Mod(Kx) such that F =2 Lx Qg Fi. Moreover, if F is a local system of finite rank (resp.
R-constructible), then Fk is a local system of finite rank (resp. R-constructible).

Proof. Recall that, for all g € G, the underlying sheaf of K-vector spaces of F and F? is the same. Hence,
each ¢g4: F =5 77 defines a K-linear automorphism of F. More precisely, we get a K-linear automorphism
ol F(U) —=5 F(U) for any open U C X which in addition is g-semilinear, meaning that o (1-v) = g(1)- Y (v)
for any [ € L and v € F(U).

Now we set for any open U C X

Fr(U) :==FU)% :={ve FU) | ¢ (v) =0 for any g € G}.
This clearly defines a subsheaf of F. Moreover, the natural morphisms
Lok Fx(U) = F(U)
are isomorphisms (see e.g. [Conl, Theorem 2.14]). Consequently, the natural morphism of sheaves
Lx ®xyx Fx — F

is also an isomorphism (noting that Lx ®k, Fx is the sheaf associated to the presheaf U — L ® Fx (U)). This
proves the first assertion.

Assume now that F was a local system of finite rank n. Let € X be an arbitrary point and choose a basis
U1, ...,y of the stalk (Fk),. Denote by 01, ..., 7, the induced elements of the stalk F,. Then, by the definition
of the stalk and since F is a local system, there exists a neighbourhood U of z such that the v; (resp. the v;)
can be viewed as sections of Fgx (resp. F) on U and such that the v; induce a basis of F, for any y € U.
Consequently, the v; also form a basis of (Fk), for all y € U, and hence Fi is a local system of rank n.

The statement for R-constructible sheaves follows immediately since R~constructible sheaves are local systems
on the elements of a stratification, and one can take the same stratification for Fx and F (recall that extension
of scalars behaves nicely with respect to inverse images). O

Lemma 2.14. Let X be a real analytic manifold and let F' € Igypan(Lx) be a subanalytic ind-sheaf equipped
with a G-structure. Then there exists Fi € Igypan(Kx) such that F 2 Lx Qk,, Fk.

Proof. By [KS01l, Theorem 6.3.5] (note that Isypan(Lx) is denoted by Ig.(Lx) in loc. cit.), there is an equiva-
lence of categories
Isuban(LX) =~ MOd(LXsa)7

where X, is the subanalytic site associated to X (whose open sets are the subanalytic open subsets of X
and whose coverings are required to be locally finite) and Mod(Lx_,) is the category of sheaves of L-vector
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spaces on this site. This equivalence is compatible with g-conjugation (where g-conjugation on subanalytic
sheaves is — similarly to sheaves on the ordinary topology — defined by considering g-conjugation on sections
over any subanalytic open set). Hence, via this equivalence F' corresponds to a sheaf § € Mod(Lx_,) of L-
vector spaces on the subanalytic site, and we have a G-structure on §. Now, with the same arguments as in the
proof of Lemma (considering for U the open subanalytic subsets of X ), we can show that there is a sheaf
Sk € Mod(Kx,,) such that § = Lx ®k, §k. Finally, we obtain Fg as the ind-sheaf corresponding to §x via
the equivalence
Isuban(KX) >~ MOd(KXsa)-

Since this equivalence is compatible with tensor products (cf. [Pre08| Proposition 1.3.1]), we can conclude that

F= Ly ®k, Fr. O

Proposition 2.15. Let X = (X,)?) be a real analytic bordered space such that X C X is relatively compact.
Let H € E°(ILy) NER .(ILx) be equipped with a G-structure. Then there exists Hx € E°(IKx) NER (IKx)
such that H = =1Ly Qr-1x, Hi.

Let us remark that this proposition shows in particular that H has a K-structure in the sense of Definition |2.5)
but it also shows that Hx can be chosen to be RR-construcible.

Proof. We are given isomorphisms ¢g4: H — H? for each g € G satisfying the compatibility conditions from
Definition We can therefore identify H with the image of the morphism

P, H— PHE. (9)

geG geG

Due to our assumptions that X C X is relatively compact and H is R-constructible (cf. [DKT9] Definition 3.3.1]
+
and recall also [DKI6, Lemma 4.6.3]), we can write H = L% ® F for some F € Modg_(Lxxr, ) satisfying
+
L{tZO} QRF=F.

S +
Since X C X is relatively compact, we know from [DK16, Proposition 4.7.9] that a morphism ¢ : LE®@F —
—

+ + =
IEoF 2[EeF ? (where we have used the natural G-structure on L in the last isomorphism) comes from a
+ - + +
morphism ¢f ,: Ly>_qy @F — F? after applying the functor LY @ e (and noting that LE ® Lip>_a) = LE) for
+
some sufficiently large a > 0. Note that if cp;’a induces ¢4 and b > a, then the induced map gp’g7b: Li>_nn@F —

+ — ~ + — .
Lip>_ 0y ®F — F? also induces ¢g. Moreover, if two morphisms gagya, cp;,a: Lip>_ 0y ®F — F? induce g, then
there exists b > a such that the induced morphisms <p’g’b and (ﬁ’gb coincide. Consequently, if @ > 0 is sufficiently

+ —
large, then for all g € G, there exists cpgya: Lip>_ 0y @ F — F? inducing ¢, and satisfying

h
SO_CJ}L,Q(I = gp:;,a © ()0;1 a (10)

)

Let us fix such an a > 0.
For any b > a, the morphism @ is therefore induced by

+ .
oy =P ey Lps—y © F - P F'. (11)

geG geqG
Let us define P := im(y}) € Modgr.o(Lxxr.,) and note that this image does not depend on the choice of b > a.

+
Hence, we have H = LE @ P.
We will now show that P has a G-structure: Clearly, there is a natural G-structure on the right-hand side of
given by an isomorphism for each h € G

un: PF L PF = @?gh,
geG geG geG

where the first isomorphism is given by a permutation of summands and the second one is induced by the

. . . —=gh ., =g
natural identification F~ = F° .

11



Let h € G and consider the morphism

oyt wb Pl b}®f H@f %@
g€eG e

—h —h,  =h
Clearly, v, induces an isomorphism im(wgl op ) =im(p, ) =P . To obtain a G-structure on P, it therefore
—h
suffices to show that P = 1m(z/Jh o).
—
Starting from the compatibility ., one can show that ¢}, = w;l o @l "o @;Lﬂ. Therefore, one gets P =

. 31

im(ph,) C im(h, ' o <p;h). Similarly, from (applied for the product gh™!), we obtain ¢}, = ;' o <pf1h o
——h —h — ——h

@) 1, and this yields ¢} " o b, = ¢, o, , . This gives the inclusion im(y; " o gogh) =1im(¢;, o wh, ) C

im(y},) = P, as desired.

It follows that P has a G-structure and hence, by Lemma [2.13] there exists Px € Mod(K x«r) such that P =

+
Lx ®k, Pk. Note that one has Px € Modg.«(Kxxr., ). In particular, Hg := KE RPk € EO(IKX)QE};{_C(IKX)
is an object satisfying H = 77 'Lx ®,-1x, Hx and this proves the proposition. O

2.3 D-modules and the enhanced Riemann—Hilbert correspondence

Let X be a smooth complex algebraic variety. We denote by Dx the sheaf of algebraic differential operators
on X and by Modye(Dx) the category of holonomic Dx-modules. Moreover, we denote by DEOI(DX) the
subcategory of the derived category of Dx-modules consisting of complexes with holonomic cohomologies. For
a morphism f: X — Y, we will denote the direct and inverse image operations on Dx-modules by f; and f*,
respectively. The duality functor for Dx-modules is denoted by D .

Recall that the classical Riemann—Hilbert correspondence for regular holonomic D-modules gives an equivalence

SOlX : reghol(DX) ;> DE—C(CX)

between the derived category of regular holonomic D-modules and the derived category of C-constructible
sheaves of complex vector spaces on a smooth algebraic variety X (and similarly on a complex manifold).

In [DK16], the authors established a generalization of this result to (not necessarily regular) holonomic D-
modules, where the category of enhanced ind-sheaves serves as a target category for the Riemann-Hilbert
functor. Concretely, for X a complex manifold, they introduce a fully faithful functor

Sol%: DY (Dx)°P < ER_.(ICx).

The theories of algebraic and analytic D-modules are often parallel, but differ in certain aspects. Analytification
gives a way of associating to an algebraic D-module on a smooth algebraic variety X an analytic D-module on
the corresponding complex manifold X?". However, one generally needs to extend the algebraic D-module to a
completion of X first in order not to lose information during this procedure.

The details on an algebraic version of the Riemann—Hilbert correspondence for holonomic D-modules have been
given in [[t020] and we will briefly recall the construction here.

Let X be a smooth complex algebraic variety. Then by classical results of Hironaka there exists a smooth
completion X i.e. a smooth complete algebraic variety containing X as an open subvariety, such that X \X C X
is a normal crossing divisor. We denote by X, = (X, X) the (algebraic) bordered space thus defined and by
jr X = X the inclusion. Although the space X is not_unique, the bordered space X, is determined up to
isomorphism. Furthermore, we write j2%: X230 = (X" , X))y Xan — (Xan Xan) for the natural morphism of
bordered spaces given by the embedding.

Theorem 2.16 (cf. [[t620, Theorem 3.12]). Let X be a smooth complex algebraic variety and X a smooth
completion as above. Then the functor

SOI)E(OC : DEOI(DX)OP — Eb (ICXan)
M — E(j2) 7L SolL ((j+M>an)

Xan

18 fully faithful.
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We will often write ER_ (ICx_) for ER_ (ICxan), since the category of enhanced ind-sheaves was only defined
for analytic bordered spaces (algebraic vartieties are not good topological spaces), and hence there is no risk of
confusion. If f: X — Y is a morphism of smooth complex algebraic varieties, we denote by foo: X3 — Y2
the induced morphism of (analytic) bordered spaces. The enhanced solution functor satisfies many convenient
compatibilities, which we summarize in the following lemma. We refer to [DKI6, Corollary 9.4.10] (see also
[It020l Proposition 3.13]) for statements (i)—(iii). The fourth point easily follows combining [DK16, Theorem
9.1.2(iv), Corollary 9.4.9, Lemma 4.3.2, Proposition 4.9.13] (see also [KS16b, Corollary 7.7.8]).

Lemma 2.17. Let f: X — Y be a morphism of smooth complex algebraic varieties.

(i) Let M € DP_(Dx), then there is an isomorphism in E°(ICy.)
Soly_ (f+M) = EfoenSolk_ (M)[dx — dy],

where dx and dy are the (complex) dimensions of X andY, respectively.

(ii) Let N € D2 (Dy), then there is an isomorphism in EP(ICx_))

Sol}_(f*N) =2 EfL'Soly_(N).

(iii) Let M € DP_(Dx), then there is an isomorphism in EP(ICx_.)
Solf (DxM)=DY_Sol§_(M)[-2dx],

where dx is the (complex) dimension of X.

(iv) Let M € DP,(Dx) and R € DEeghol(DX)7 then there is an isomorphism in E°(ICx_)

Sol} _(R®oy, M) = 17 1Solx(R) ® Solk_(M).

Let f be an algebraic function on X. Denote by &l e Modye (Dx) the algebraic Dx-module associated to
differential operators with solutions ef. Then there is an isomorphism

Sol% (7)) = Eg7.

Moreover, the usual holomorphic solutions of an algebraic holonomic Dx-module M are recovered from its
enhanced solutions via the sheafification functor (see [[t020, Lemma 3.16]):

shy_ (Sols_(M)) = Solx(M).

For later use, we state the following lemma, applying a result of T. Mochizuki about the enhanced solutions of
meromorphic connections to the algebraic enhanced solution functor.

Lemma 2.18. Let X be a smooth complez algebraic variety and let M € Modyo1(Dx ) be an integrable connection
on X (i.e. a holonomic Dx-module, locally free as an Ox-module). Then Sol§ (M) € E°(ICx ).

Proof. If M is such a module, then (j;M)* € Modyol(Dg..) is a meromorphic connection with poles on
D = X\ X* ie. SingSupp((j+M)**) € D and (jzM)* = (juM)* ®@0.,, Oz (*D). Combining

Zon
results from [Mocl8| §9, Corollary 5.21], it follows that Sol)E?an((jJrM)an) € E%(IC 4..)- Since E(j22)~! is exact
with respect to the standard t-structures on E°(IC.,.) and EP(ICx_ ) (see [DK19, Proposition 2.7.3(iv)]), the

assertion follows. O

Finally, let us recall that the functor Sol§_(e)[dx] (where dx is the complex dimension of X) is exact with re-
spect to the standard t-structure on DEOI(D x ) and the middle perversity generalized t-structure on Eﬂb{_c(IC X )
(Recall the notation from Section ) In particular, it sends Modye(Dx) to /2ER (ICx., ).

We prove the following lemma for later use. Recall that a morphism h in a quasi-abelian category is called
strict if the canonical morphism coim h — im h is an isomorphism. (We refer to [Sch99] for a detailed study of
quasi-abelian categories.)

13



Lemma 2.19. Let g: M — N be a morphism of holonomic Dx -modules. Then the morphism
Sol_(9)ldx]: Solk _(N)ldx] — Solx_ (M)[dx]

is strict in the quasi-abelian category /*E$_(ICx_.).

Proof. Since Sol%_(e)[dx] is exact with respect to the standard t-structure on DP  (Dx) and the middle
perversity generalized t-structure on ER (ICx_ ), it follows (cf. [Bri07, Lemma 4.3]) that it sends strict short
exact sequences in Modye(Dx ) to strict short exact sequences in 1/ QE%_C(IC x.. ). In particular, it is exact in the
sense of [Sch99] and hence preserves kernels and cokernels of arbitrary morphisms in Modye(Dx )P, because
the latter category is abelian and hence any morphism is strict. It follows that it also preserves images and
coimages.

Now let g be as above. Then the natural isomorphism coim g — im g in Mody.(Dx) is mapped to a morphism

SOZI;](Oo (img)ldx] — SOZ)E(OC (coim g)[dx],
which is still an isomorphism and coincides with the natural morphism
coim Soly_(g)[dx] — im Sol’_(g9)[dx].

Hence, Sol%;_(g)[dx] is strict. O

3 Hypergeometric D-modules and families of Laurent polynomials

We briefly recall a few fundamental facts on one-dimensional hypergeometric D-modules. Standard references
are [Kat90], etc. (one may follow [CDS21] section 2]). As a matter of notation, we denote by G,, a 1-dimensional
algebraic torus, if we want to fix a coordinate, say, g, on it, we also write Gy, 4.

Definition 3.1. Let m,n € Z>o and let o1, ..., 0, 51,...,Bm € C be given. Consider the differential operator

in one variable . .
Pi=] (40, — ) - an - Bi),
i=1 j=1

and the left Dg, -module

m,q

H(Ox;ﬂ) = DGm,q/DGm,q -Pe MOdhol(DGm)q)'
H(w; B) is called one-dimensional (or univariate) hypergeometric D-module.

Remark 3.2. We will suppose from now on that all o and all B; are real numbers. Although this is not strictly
necessary for what follows, it simplifies some arguments, and corresponds to the cases of interest, specifically if
one studies Hodge properties of hypergeometric systems.

We will mainly be concerned with the case where n # m and where the system H(«; 3) is irreducible. In this
case, we have the following important fact due to Katz.

Proposition 3.3 (see [Kat90, Proposition 2.11.9, Proposition 3.2]). Suppose that n # m. Let a;,5; € R be
giwven, and consider the Dg,, ,-module H(a; 3) as defined above. Then.:

1. H(ey B) is irreducible if and only if for alli € {1,...,n} and j € {1,...,m} we have 5; — o, ¢ Z.

2. If H(w; B) is irreducible, then for any k,l € Z, for any i € {1,...,n} and for any j € {1,...,m} we have
that
H(a;ﬂ)%’H(al,...,ai+k,...,an;617...7ﬁj+l,...75m).

Hence, for irreducible hypergeometric modules H(cy; ) we may assume, up to isomorphism, that o, B; €
[0,1) with B; # c for alli,j.

14



A major step in our approach to the existence of Betti structures is a geometric realization of H(a; §) via a family
of Laurent polynomials. We will prove our main results in several steps, first under some special assumptions
on the numbers a; and ;. Namely, suppose that n > m and that o; = 0. This latter hypothesis is a technical
but crucial assumption to obtain the geometric realization of H(a;3). We write o = (0, 0,...,ay) € R™,
B=(B1,---,Bm) € R™and we define y = (71,...,7n-1) = (B1s- - Bm, @2, ..., ap) € RN71 where N = n+m.
Here and later we will use twisted structure sheaves on algebraic tori, defined as follows. Let k,I € INg be
arbitrary (but excluding (k,1) = (0,0)), and consider any vector ¥ = (71,...,7v%) € R¥. We consider the torus
GEFl and the module

Ol = 0fy BOqt, where Oe = Day,/ (Oz,xi + )iz, .1 (12)

In particular, when N = n +m is as above, we put G = G)~! x G, , and we consider the sheaves OgN—l and

O = Ofn-1 W Og,, ,. Then the following holds

Proposition 3.4. Let f =21 +... 4z + wmlﬂ +...+ le71 +q-x1-...-xy_1 € Og. Consider the elementary
irreqular module £V = O - el = O ®0oq EF, where v = (B, ..., Bmy @2, ..., ap) € [0,1)N1 is as above (i.e.,
n > m and such that oy = 0 and that o; # B; for alli € {1,...,n} and j € {1,...,m}). Writep: G - Gy, 4
for the projection to the last factor.

Then we have Hip, EVT =0 for all i # 0 and

H(awB) = H(07 az, ... aan;Bh B 6177,) = K'+H0p+gv’f = K/+p+g’)’7f’ (13)

where K : G, 4 = Gy,q sends g to (—1)™ - q.
As a preliminary step towards the proof of this statement, we have the following result on a torus embedding.
Lemma 3.5. Let v € RN~ be arbitrary, and consider the torus embedding

h:GNT1 — AN

(1,...,ZN-1) +— (x1~...oa7N_1,ﬁ,... 1oy Tm) = (Y1, -, YN)-

) xN—l’

Then there exists an integer vector ¢ € ZN~1 such that, writing 5 := v + ¢, we have an isomorphism of left
Dy~ -modules:

hyO7 o _ Dy _
Gm ! (0, (Bmtio1 + Vmti=1)i=2,...n, (B +75)i=1,...m)
_ Dy
(0, (Emtio1 + i + Cmtiz1)i=2,...n: (Bj + 85 +¢j)j=1,....m)’
where
U = vy Yn—Ynt1 - - YN

Em+i—1 = 6y1y1 —8%3/1 1= 2,...,7’7/

E; = 0,y1+ 0y, Yntj j=1...,m

Proof. Since h is an affine map and an embedding, the functor Ay is exact. Moreover, notice that h factors
as h = hg o hy, where hy : GY~1 < G is the closed (monomial) embedding defined exactly as h, i.e. sending
(x1,...,any_1) to (1 ... aN_1,1/Tmi1,..., 1 /2N_1,21,...,7m), and where hy : GY < AN is the canonical
open embedding. Then it is an easy exercise using the definition of the direct image (i.e. the explicit expression
via transfer modules) to show that

T e Dey
Iy Oy .
Gm (O, (Emtio1 + @ + Cmtiz1)i=2,...n: (Bj + 85 +¢j)j=1,...m)

Notice that this isomorphism holds for any integer vector ¢ € Z~~! and moreover, the modules h1»+0?3 N_1 are

all isomorphic (i.e., independent of the choice of ¢) since we have OéN,l ~ OZN,I for any ¢ € ZN1.
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It thus remains to show that

Den
h m
2+ <(D, (Emtiz1 + @ + Cmtio1)i=2,...n, (B; + 85 + Cj)j=1,...,m)>

(14)
o Dyn
T (0, (Emgic1 + i F Cmgizt)i=2,...n. (B + 65 +¢5)j=1,....m)
Since hs is an open embedding (over the complement AM\GY = {y; - ... yy = 0}), in order to prove equation
, it suffices to show that for all k € {1,..., N}, left multiplication with yj, is invertible on the module

Dyn
(O, (Bptio1 + @ + Cmtiz1)i=2,...n, (Ej + B85 + ¢j)j=1,...m)
For this we use [SW09, Theorem 3.6.], together with [Reil4, Lemma 1.10]. Consider the matrix

ln,1 ' —Id,—1 'Q(nfl)xm

and notice that its columns are the exponents of the monomial components of the map h;. We will write below
INA resp. R>0A for the monoid resp. the cone generated in ZN~! resp. in RV~! by the columns of the matrix
A.

It follows then from [SW09, Theorem 3.6.] and [Reil4, Lemma 1.10] that there is a vector 64 € INA such that for
all v/ € 04 + R>0A, multiplication with y;, for k € {1,..., N} is invertible on the module Dy~ /(O, (Ep4i—1 +
Ymti—2), (Ej +7;)). Now since R>0A4 is a cone in RN~ it is clear by an elementary topological argument that
we can find a ¢ € ZN¥~! such that ¥ = v + ¢ € 4 + R>a. Notice that it follows from the normality of the
semigroup INA, using [Reildl Lemma 1.11], that we can actually take §4 to be zero, but we will not use this
fact here.

We thus obtain that for this choice of ¢ € ZN~! multiplication by y; for k € {1,..., N} is invertible on
Dy~ / (O, (Bmgi-1 + Vm+i-1)i=2,...ns (Ej +7j)j=1,...,m), which implies that

Dy
(O, (Bmtio1 + Ymti-1)i=2,...n, (Ej + i) j=1,...m)

thOg}N—l =

O

We need another preparation concerning an important property of the Laurent polynomial f introduced in the
statement of Proposition In order to formulate it, consider more generally the function F' := Zf;l Aj - x%i
where a,,...,ay are the columns of the matrix A from equation . Notice that then f € Og is the
specialization of F' by setting A\ =...=Ay_1=1and Ay =gq.

Lemma 3.6. For any A € GY, the function F(—,)\) € OG%—l is non-degenerate in the sense of [Ado94, p.
274]. In particular, f is non-degenerate for any q € Gy, 4.

Proof. Let us recall the notion of non-degenerateness: Let A := Conv (0,ay,...,ay) be the convex hull of the
vectors gy, ...,ay as well as the origin. Then if 7 C A is any proper face of A that does not contain 0, we have
to show that the Laurent polynomial

Fri=> X\-z%

a;,eT

has no critical points on GN~!. Notice that in [RS17, Definition 3.8], this property is referred to as having no
bad singularities at infinity.

In order to prove that this property holds for the functions F'(—, \), we employ an argument from toric geometry:
First notice that the vectors aq,...,a, are the primitive integral generators of the rays of the fan of the (non-
compact) (N — 1)-dimensional toric variety Y := V(Opn-1(—1)") (the total space of the vector bundle which
is the direct sum of m copies of the line bundle Opn-1(—1) on P"~1). First notice that since the duals of the
bundles Opn-1(—1) are ample (nef would be sufficient), it follows that Supp(X) is convex. This implies (see
[RS17, Lemma 5.3]) that Supp(X) = R>oA. In particular, consider the cone C(7) over 7, that is

C(r) :=Rxo7 = Z R>oa;,

a; €T
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then we have C(7) C Supp(X) (here we use that 0 is not contained in 7). It follows that C(7) is a union of cones
of the fan 3. We claim that it is actually equal to a single cone of 3. Namely, since we have n > m, the variety
Y is Fano, i.e. its anti-canonical class is ample (see e.g. [RS17, Section 4.2] for a summary of the statements
needed here). In terms of the toric data of Y (i.e. the fan ¥), this property means that the piecewiese linear
function ¢, on Supp(X) C RN ~! defined by —Ky (which is the sum of the toric invariant divisors on Y') is
strictly convex. This implies that no cone o € ¥ can be strictly contained in C(7), hence C(7) must itself be a
cone in X.

Now the argument proceeds as in [RSI5, Lemma 2.8]: Suppose that 7 is a face of A (not containing 0) of
dimension s — 1, so that C(7) is an s-dimensional cone. Write a, ,...,a, for those vectors g, that appear in 7.
Then since ¥ is a smooth fan, we know that a, ,...,a, arelinearly independent. Now if (z1,...,2nx_1) € GN-1
was a critical point of Fi(z, ), then the equation

)\7'1 : QQTI
A : =0
)\TS : QQTS
(where A, = (gﬁ [... |QTS)) would have a non-trivial solution, but this is impossible since the matrix A, has
maximal rank but the entries A, 27 lie in Gy, ie. they are non-zero. L]

With these preparations, we can give a proof of the proposition by applying some twisted version of a Fourier—
Laplace transformation.

Proof of Proposition[3.4} We first show the isomorphism
KTHOp L EV = H (s B).

Notice that given v = (B1,. .., Bm, 2, ...,0a,) € [0,1)N 71 we can find an integer vector ¢ € Z¥~1 as in the
previous lemma and consider

F=7+c= (B, B, A2, ).

Then since H(a; 3) is irreducible, we have an isomorphism of Dg,, ,-modules

by Proposition Hence, in order to prove the statement, we can replace H(a;8) by H(q; E) or, in other
words, assume from the very beginning that the statement of the previous lemma holds for ~ itself.
Consider the following diagram

p1

N-1
G

P
AN X G g

where the square is Cartesian. Consider also the exponential module &£ € Modhol(DszxGm,q), where
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Yv=q-y1+y2+... +yn € Opnyg,,,- Then we have

FLw(h+(’)g}N,l) = HOmo ([wf'h+0gN,1] ®OAN><Gm‘q gKNxGm,q) Definition of FL
>~ HOmy ([(h X idGm)q)+png%,l] ®OANxcm,q Engqu) base change
= 3Homi ([(h % ide,,, )+ O] ®0,x . Efva,) PT 0% = O
> HOmy i (hxidg,, )+ (0% ®o, Eé) projection formula and

(h X idGnL,q)-’—g};}N XGm,q

Il

HOp, VY 0 ®o, EL = €7

=&

and p = 1 0 (h x idg,, ,)-

It thus remains to prove that
KT FLY (he O ) = H{o ),

using the explicit expression for h (’)g ~—1 from Lemma (as well as the remark made at the beginning of the

current proof). We have

Fha Oy, Dyn X O
T en- (O, (Emti-1 + ®i)i=2,...n, (Ej + 55)j=1,...m) G

m,q

IDANXGm,q
(0, (Emti-1 + )i=2,...m, (Ej + Bj)j=1,...m,0q)

>~

The exponential module Sg’NxGM = DanN @,/ (Og = y1,0y, — 4, (9y, — Di=2,.. n) is Opnyg,, ,-locally free
of rank 1, generated by the formal symbol e¥. Hence, the tensor product [ﬂfh_s_(?é%,l} ®0A\Nxcm,q EKNxGmﬂ
equals th+(’)z;N,1 as Oy~ ya,, ,~module (and we denote it by Wfrh+(9gN,1 -e¥), and its Dy~ xa,, ,-Structure

is given by the product rule. We thus have for any n € ﬂfh+(9éN71 and for any k € {2,..., N} that

Opyr-n)@e’ = 9y (- n®e’) —yr-n@q-e’ =y — )y - (n®e¥)
(Opye - m)@e¥ = Oy, (yr-n@e’) —yp-n@e’ =0y, —yr- (n®e?)
(O n)@e? = 9 (n@e’)—n@y -e¥ =0, — 1) (n®e?),
from which it follows that
[771+h+0q7;g;1] QO,N w6 SKN KGmg

'DANxGm,q ® < .
(0, (Emti-1 + )i=2,...m, (Ej + Bj)j=1,....m, 0q) OuN G ,g AN XGim g

(16)

m,q >~

(D7 ((ayl - Q)yl - (ay1 - 1)yi + ai)i:2,...,n7 ((81/1 - Q)yl + (ayn+j - 1)yn+j + ﬁj)j:l,...,maaq - yl)

DANxGm,q
(57 (8y1y1 - qaq - 8yiyi + i + Q)i=2,...n; (aylyl - qaq =+ ayn+_7~yn+j = Yn+j T 5;‘);‘:1 ..... ms 3q - yl)

Consider the subalgebra

D:= DGm,q<ayl7ayly1) ay‘zv ay2y27 ceey ayNaayNyN>

of Dy~ xg,, - Then there is an isomorphism of D-modules

[ he Oy 1] ®o Ein e, =D/(O)

GN1 AN XCm g
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where
n m

O =0, [[ (001 + 90 + 0yyi — i) = [ [ Oyutn — a0y + By, ynrs + By)

i=2 j=1
by expressing y1 by 0y, yi as —0y,y1 +q0q + 0y, yi —a; for i = 2,...,n and Yy, by Oy, y1 —q0y + 0y, Yn+vj + 5
for j = 1,...,m which is possible due to the denominator of the right hand side of the isomorphism . Now

since the map 7 is affine, the top cohomology H%ms ([ h+(9GN 1 ®0, v e EKNxG ) is nothing but
im,q m,q
the N-th cohomology of the complex 2. DR}~ q,. /G ([771 h+OGN 1] RO~ v, gngGm7q>' The latter

is the cokernel of the morphism given by left multiplication by 9,, for k = 1,...N. All monomials 0y,
and Oy, yx are zero in this cokernel, in particular, the (class of the) operator —0y,y1 + q04 + Oy, y; — a; resp.
Oy, Y1 — qOq + Oy, , ;Ynt; + Bj equals (the class of) 0y — a; resp. —qdy + f;.

Hence, we obtain

D
7—[07r2,+ <[7T1 h+OGN 1] ®OANx«;m,q ngxGm,J o~ . Com.q .
9, [1(a0y — as) — (=) [] (4, — 5))
=2 j=1
D
= s = (a5 )
@00 TTia9, ~) ~ (-0"a [T, - )

=2 j=1

Since k is an involution, the statement we are after follows.
It remains to prove the vanishing of Hip, £/ for i # 0. First note that the complex p, &7/ € D,l;(Dqu) can
alternatively be calculated as follows:

P+ =T FLg,, ,(9+05). (17)

where ¢ : Gy g — Al x Gin,g, ¢ = (1,q) is the embedding, where FLg,, , : Mod(Dyi1xg,, ,) = Mod(Dz1, ¢ ) is
’ ) m,q
the partial Fourier transformation with respect to the first factor, and where we write ¢ = (f,p) : G = A x G, 4.

This is well-known, but let us reprove it here for the convenience of the reader: We have the following diagram,
the leftmost part of which is cartesian,

G x Al x Al

Fomg1 TG g )
TG

G=GN"1xGpy Ly Al X G,

¢
Al X G, q TRl XGm g

1 Nt v
A X G g A X Gy g +—— Gpyyg

where T, TG, > TAL TAIX G o TRt TR1 @, \ and %leGm , denote the obvious projections. We now have (de-

noting the coordinates on A' resp. Al by t resp. by 7):

FFLe, ,(0+08) = tmpe, ((wglxemquog) ® 5”) definition of FL
= et (($+7TEO%) ® 5”) base change
s
= I, , +<Z+ (rlOL @ &) projection formula
= L+7TAlem ot (rEOE®E™) TRt %Gy = TR Gy © P
~ p (OF®E) 2prent base change,
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and this shows the statement of formula . Now consider the following diagram

B

Al X Gy g

where ® : G — Al x G4 is a partial compactification of ¢, i.e. G is the toric compactification of the graph of ¢,
and 7 : G — G is a resolution of singularities such that @\G is a simple normal crossing divisor. In particular,
®, 7 and ® are projective morphisms, and the non-degeneracy property of Lemma translates into the fact
that ® is stratified smooth on G\G, that is, there is a (toric) stratification of G\G such that the restriction of
® to each of its strata has no critical points. Moreover, since ¢ has isolated critical points, the hypotheses of
[SS94] Corollary 7.6] are satisfied for (the analytification of) ® and for (j;O¢)*". It follows then from loc.cit.
that Hiij_“(}_s_(?%)an is smooth for ¢ < 0, but since P is proper we conclude that the same holds for H'¢ OF;.
In particular, for 7 < 0, ’Hiqbr@% can be seen as a free Oy1-module (of infinite rank), but then its partial Fourier

transform ' ,
FL(H' (6, 0%)) = H' FL(6. 0})

(notice that FL is an exact functor) is supported at {7 =0} X G,,, 4 C Al x Gyp,q- Consequently, we have
HITH FL(¢10Og) =0

for all j and for all ¢ < 0.
The statement we are after is thus proved once we know that the embedding ¢ is non-characteristic for the module
HOFL(¢p+Of) = FL(H°p OF). This follows from [DS03, Theorem 1.11 (2)] (applying it to M = H°¢ OF),
notice that the condition (NC) in loc.cit. holds by a general argument from |[RS17, Lemma 3.13], but can also
be seen directly, namely, if A(¢) is the discriminant of the map ¢ (containing the singular locus of M), then
the restriction of the projection A x Gy, 4 = Gy,q to A(¢) satisfies the condition (NC).

O

We will now use the presentation of the hypergeometric system given in Proposition [3.4] in order to study
K-structures on the enhanced solutions of H(«; 8) for subfields K C C.

Let L be a subfield of C such that L D Q(e*™1, ... e2™~-1) Consider a field K C L such that L/K is a
finite Galois extension. We write G := Gal(L/K), so that we are in the situation considered in Section [2| Let
(G q)oo and Go, be the bordered spaces associated to G, 4 and G, respectively, by a smooth completion as in
Section Our main objective is to find criteria such that the object SOZFGm Do (H(cy; B)) has a K-structure,
i.e. is defined over K in the sense of Proposition [2.15 1

Using the properties of the algebraic enhanced solution functor and Proposition we can write

(H(Oﬁ ﬁ)) = SOZ?Gm,q)OC (“+P+57’f)
=~ Eri o Epoon (771 Solg (07) @ Sol_(E7)[N — 1])
>~ Bk Epeon (171 S0le(07) @ B¢/ [N — 1]) € EP(IC(q,, ,)..)-

SOZEEG

m,q)oo

Note that Solg(O7) € Mod(Cg) is a local system with semi-simple monodromy with eigenvalues contained in L,
so one can find a local system F7 € Mod(Lg) such that Solg(O7) = Cg ®r, F?. On the other hand, we clearly

have Egef > 717 1C0¢ ®@p-1p, Elze f (indeed, Egef admits a structure over any subfield of C). Consequently, in
view of Lemma we obtain

Solg,, 1. (H(a; ) =7 Cq,, , On-1Lg,, , Ericd Epoon (m71F7 @ EF/ N —1]), (18)
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so this object naturally carries a structure over L. We cannot, however, expect to find a structure over K in
general. However, under suitable assumptions on ~y, we will show that the above object carries a K-structure
(even if F7 itself does not).

To this end, we introduce the following group theoretic condition on the exponent vector we are interested in.

Definition 3.7. Let k € IN be arbitrary, and consider any vector v = (v1,...,v) € R¥. Let L C C such that
LD Q™ ... e2™ k). For any | € Ny, let

Y — Y
OGk+l = OG% X ngm,

m

be defined as in formula (12). We let 7 be the L-local system on GE such that Sol g+ (Og’fn“) = Cgr+ ®LG5{“’

F7Y. Let K C L be a subfield such that L/K is finite Galois and let G := Gal(L/K) be its Galois group. Then
we say that v is G-good if there is an action

0:G — Aut(Gk) ¢ Aut(G’,zH)
g0y
such that for all g € G we have an isomorphism
’(/)g : le]:'y i ﬁg (19)

such that for all g,h € G, the following diagram commutes:

— N
! —h _——h — h
0g1omF7 Qg_“/)h> o 7 = ot FY L 7~

\ % (20)

Qgh!]:’yo

Notice that by requiring that the action of G on G factors over G, we impose that G acts trivially on the last
[ factors of GF+.

This notion of G-goodness will be the crucial point for the hypergeometric systems to have a G-structure in the
sense of Definition 2:12] and consequently to be defined over the field K. To this end, we apply the previous
definition for the case k = N —1 and [ = 1, that is, we let 77 be the L-local system on G such that Solg(Of) =
Cg ® F7. Moreover, for any function f € Og, we write ER¢/ := ]Elzef and BV =71 FY @ EReS € EP(ILg_)
for short.

Proposition 3.8. For N € N and v € RN~ let L C C be as above. Choose a subfield K C L, such that
1. L/K is a finite Galois extension with G = Gal(L/K),
2. ~v is G-good.

Then for any G-invariant function f, i.e. for any f € (’)gn(g) (where o is the action from the previous definition),
the object EpoonEVf = Epoon (1 F¥ @ ERe /) € Eb(IL(G has a G-structure.

a)eo)

Proof. By definition, the condition that v is G-good means that we have isomorphisms
wg: gg!}'”* i) ﬁg

for any g € G (satisfying the compatibility condition given by diagram )
Furthermore, there are isomorphisms for any g € G

EReS =, EReT? and  E(p,) L EReS = ERe(foo) = Re S (21)

where the first isomorphism is given by the action of g on L (and hence we will denote it simply by g) and the
second isomorphism follows from [DK16l Remark 3.3.21] and the fact that f is invariant under the action of ;.
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Then, we can conclude using the projection formula:
Epeon (771 F7 ® ERef)g 2 Epoon (W_lﬁg ® Wg)
& Epscn (17 0 FT @ ERY)
~ E(po 0g)oon (7' F @ E(gy) L ER®Y)
= Epoon (71 FY @ ERT), (22)

where we used p o g, = p in the last isomorphism and the second isomorphism is induced by 14 and the action
of g on the first and second factor of the tensor product, respectively.

Let us call these isomorphisms ¢ : EpoonEY! — EpoonE:f I (from right to left in ) It remains to check
that these isomorphisms satisfy the compatibilities from Definition i.e. that for g, h € G the isomorphism

.S
Pgh : Epoon BT — Epoon 77’

coincides with the isomorphism

v,f #h 7h 7" fgh ~ 79k
Epoo!!E — Epoo!!E’Y’ — Epoo!!]E’y7 = Epoo!!E’y’ .

This is mostly a matter of checking that “resolving” the gh-conjugation is equivalent to resolving the g- and
h-conjugations one after another in . Since many of the isomorphisms used in are natural (such as the
projection formula and the isomorphisms from Lemma , the main step is to check the term in parentheses
and see that the isomorphism

. —1
r T @ EReT LYo Seh) o1, B @ EReS

coincides with

———h ——h —177—h o—h h —h —h —h =1, h
a1 F @ERel? (LY G0 ot T g EReT ol T @ BRe T L2t o1y o FT @ BReS

(recall that g, h and gh here denote the morphisms induced by the action of the respective Galois group elements,

as in the first isomorphism in ) But this holds by since v was chosen to be G-good. O
We now specify to the case we are mostly interested in, that is, we let v = (81, ..., Bm, a2,...,ap) € [0, 1)V 1,

with oy =0 and «; # §; for all i € {1,...,n} and all j € {1,...,m}. Then we have the following.

Corollary 3.9. Under the assumptions of the previous Proposition[3.8 on v, K and f, the enhanced ind-sheaf
SOZFGm (kTp &) admits a K-structure. More precisely, there exists Hy € Eln){-c(IK(Gm,q)oc) such that

.a)oo

SOZFG (ktp & F) = ﬂ'*lﬁgm Or-1kq,, , Hk-

m.q)oo

Proof. Since the Dg,, -module kTpLE7F is concentrated in degree 0 and has no singularities on G q (recall
that it is isomorphic to an irregular hypergeometric module by Proposition |3.3) whose singular points are at
0 and oo0), we know from Lemma that also SOlFGm,q)m(“+p+gv’f) € E'(IC(g,, ,)..)- By our preliminary

observations in (18)), we have

Sol(g (v p &) =1 Cq,,, @riLe,, , Brd Epoon (BT[N —1])

m,q)oo
and since the functor 7r*1(DGm’q Or-1Lg,, , (o) is exact with respect to the standard t-structure (see Proposi-

tion [2.10)), it follows that (Ex Epeon(E"/[N —1])) € E°(IL(g,, ,)..)-
The object Ep,onE™/ € Eﬂb{_C(IL(Gm,q)x) carries a G-structure by Proposition and so does

Er o Epoct (B[N — 1]) € E%(IL(g,, ,)..) NER. (1L, ,)..)

by Lemma [2.3] We are now in the situation to apply Proposition [2.15] and obtain the desired object Hx €
E°(IK@,, )..) NER (K@, ). ) satisfying

Sollg,, 1. (KTpe€) = a7 Cg ®niLe,, , ExEpy(EV/ [N —1])

m,q

-1

1%

—1
0 CGm,q ®TF’ILG,,,“I (7T LGm,q ®‘n’*1KGm,q HK)

1%

—1
™ Cg,,, Or1kK,, , Hk-
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Putting these results together, we arrive at the following first main result.

Theorem 3.10. Let n > m, put N := n+m and let v = (B1,...,Bm,q2,...,a,) € [0,V be given,
where o; # B for all i € {1,...,n} and for all j € {1,...,m} (with cn = 0). Write again H(a;B) =
H(0, a9,y B1,- .-, Bm) for the corresponding irreducible hypergeometric system. Consider L C C such that
LD Q2™ ... e2™N-1) and let K C L be a subfield satisfying the following properties

1. L/K is a finite Galois extension with G := Gal(L/K),
2. v is G-good,
3. the function

fi=x1+...+xp+

+...+
Tm+1 TN-1

is G-invariant, in the sense that f € C’)En(g), where o is the action from Definition .

+q-x1...-xn_1 € Og

Then the enhanced ind-sheaf SOZEEGm.q)oo (H(a;ﬁ)) has a K-structure in the sense of Definition . More
precisely, there is some Hy € Ep_((IK(q,, ,)..) such that Solevaq)oo(H(a; B)) =7 'Cq,, Rn-1K,,, HEK-

Proof. This follows by combining Corollary with the isomorphism in Proposition O

In the remainder of this section, we will remove the two conditions n > m and «; = 0 that we had to impose
so far. This will be done in two steps.

Consider first the case where we are given numbers n,m € Ny (with (n,m) # (0,0)), where now we only ask
that n > m. Let a1,..., 0, €[0,1) and B1,...,Bm € (0,1) be given, with a; # 5;. The case where at least one
of the numbers 3; equals zero is thus excluded, and will be treated later. We still want to consider irreducible
hypergeometric modules, and thus assume that o; # §; for all ¢ € {1,...,n} and all j € {1,...,m}. We let
v = (B1,- s Bm, a1, .., an) € [0,1)V and, as before, we consider a field L C C such that 2771, ... ?™N ¢ [
Then the following holds.

Corollary 3.11. Under these hypotheses, let K C L be a field such that
1. L/K is finite Galois with Galois group G,
2. v is G-good, where now the numbers k,l in Definition[3.7 are k = N and l =1,

3. the function

fi=o1+.. . +xp+

1
+...+7+q‘$1'...'$NEOG:OGN gOqu
Tm41 TN " '

is G-invariant.
Then the enhanced ind-sheaf SOZFG,M)OO (H(a;ﬁ)) has a K-structure. More precisely, there exists Hix €
Ep (K@ ) such that SOZFGm,q)OO(H(a;ﬁ)) ~r 1Cq,, ®r-1Kq,, , Hi-

'm,q)oo

Proof of Corollary[3.11 In [Kat90, Proposition 5.3.3], N. Katz showed that one has

#(0, 3 B) = j* FL(jinv, H(as 5)).

where inv: G,, — G,,,q — ¢~ is given by multiplicative inversion, j: G,, < Al is the embedding and FL(e) is
the Fourier transform with kernel e?¥ for D-modules on Al. In particular, FL(j,inv, H(a; 3)) is an extension

of H(0, o; B) and hence there exist natural morphisms
J1H(0, 05 8) — FL(jyinvy H(a; B)) — 4+ H(0, a; B)

whose composition is the canonical morphism j:# (0, «; 5) <5 j.H(0,a;8). This follows by applying the
canonical morphisms of functors j; gt = J+iT — id and id — j;j* (which are part of the adjunction triangles)
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to the module FL(j;inv{H(a; 3)). Here jy (resp. j;) denotes the direct image (resp. proper direct image) for
D-modules. This induces morphisms

vt LY H(0, 05 8)) =5 H(a; B) =25 inv*j+ FL™L(j1H(0, a5 8)).

We claim that b; and by are nonzero, and for this it obviously suffices to show that their composition is not the
zero map. Moreover, since inv' is an involution, it is sufficient to show that the morphism

JTFLTH(e): 5T FLT (0,05 8)) — 5T FLTH (54 H(0, 05 8)
induced by the canonical morphism c: j1H(0, a; 3)) = j+H(0,a; 3) is not zero. Consider first the morphism
FL™(c): FL™ (¢ H(0,0: 8)) — FL™' (51 H(0, 05 8)),
then we have, denoting by ji4 the middle extension,
im(FL™'(¢)) = FL™ (im(c)) = FL ™" (j1+ H(0, a5 ),

where we use that the functor FL™' is exact (for the standard t-structure on Mod(Dy1)). Now clearly
Jt++H(0,a; 8) is not a free Op1-module (since H(0, ; §) has non-trivial monodromy), therefore the module
FL™'(j;+H(0,a; 3)) is not supported on {0} C A' and consequently

im(j 7 FL™'(c)) = j"im(FL™"(c)) = j* FL™' (ji+ H(0, 05 8)) # 0,

where we have used that also j* is exact. This shows that j* FL™(c) # 0, hence inv"jT FL™'(¢) # 0, and
therefore neither of the morphisms b nor b; can be zero, which proves the claim made above.

Now notice that H(«;3) is irreducible, from which it follows that b; must be an epimorphism and b is a
monomorphism. In other words, H(«; 3) is the image of the canonical morphism ¢ = by o b;.

Now we know from [DK19] that the contravariant functor SolEEGm)oo(o)[l] is exact with respect to the stan-

dard t-structure on D}, (Dg,,) and the middle perversity t-structure on Ep_(IC(g,,)..), which means that
Solfg,, 1. (H(a: B)) is the coimage of the canonical morphism

80[5:}'7,1)OQ (inv+j+ FL_l(j-i-H(Oa Q; 6))) — SOZFGm)OO (iDV+j+ FL_l(]TH(O7 a; /8)))7 (23)

which is a strict morphism in the quasi-abelian category /?Ef_(IC(g,.)..) = ¥/*E%_.(IC(g,,)..)[~1] by Lemmal[2.19
Therefore, by Corollary it suffices to show that the domain and target of admit K-structures and the
morphism is compatible with these.

Since the enhanced solution functor commutes with direct and inverse images (see , the morphism is
equal to the morphism

Einv ™' Ej ' PFFL™' Soly (j4H(0,a;8)) — Einv™ ' Ej~' FFL™ S0l (jiH(0, a; 8)), (24)

induced by the canonical morphism
Solii (j+H(0,; 8)) — Solis (j1H(0, s 5)). (25)
Here, we denoted by EFL_l(O) the topological counterpart for enhanced ind-sheaves of FL™!. This functor is

given by Epjoon(E~7% %—) Ep,. (8))[1] (with p1,pa: AT x A' — A the projections to the first and second factor,
respectively; see e.g. [KS16a] for a study of integral transforms in the context of enhanced ind-sheaves). Hence,
by Lemma all the functors for enhanced ind-sheaves appearing in are compatible with extension of
scalars, and it is therefore sufficient to prove that the morphism is defined over K.

Let us show that the right-hand side of has a K-structure:

Soliis_(j1H(0, a5 B)) = Soly (Da1j+De,, H(0, e 8))
= D} Solj (4 De,, H(0,0; 8))[~2]
= DE;O (r'Ce,, ® Sol&c (j+De,, H(0, 05 8)))[-2]
= D} (EjeonBj! S0l (71D, H(0,; 8)))[-2]
= Dy EjoonSol(g, ). (Da,, H (0, a; 8))[~2]
= D}y EjoonDig, ). Sol(a, ). (H(0, a; 8)).
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The second and last isomorphisms follow from Lemma [2.17(iii) and the third one from Lemma iv), using
that ji(e) = Ou1(x0) ®o,, j+(e). Since SolFGm)OO(H(O,a;B)) has a K-structure by Theorem it follows

from Lemma [2.9) that Sol¥, (jiH(0,«; 3)) has a K-structure.
Finally, let us study the left-hand side of : Since

3+ H(0, 05 8) = j1j i1 H(0, 05 8) = (jiH(0, a5 8))(x0),
we obtain from [DK16l Corollary 9.4.11] that
Soliy (j+H(0,0;8)) = n~'Ce,, @ Soljiy (j+H(0,0; 8)),

so this object also has a K-structure. We can now see that the canonical morphism is induced by the
canonical inclusion of sheaves j1Cg,, — Cu1, and hence it is compatible with the K-structure. This completes
the proof. O

After the previous discussion, the only case left is when some of the numbers 3; equals zero. This is treated
in the following Theorem, which also summarizes our results. Notice that the assumption n > m that we still
need to make is not very restrictive: If n < m, then one replaces the given system H(a; () by the system

H(=B1s- s —Bm; =1, ..., —ay) = £ Tinvy H(a; B),
where £ : Gy g = G g, ¢ — (—1)"™ - ¢, and formulates the hypothesis for this one.

Theorem 3.12. Let n > m, and let aq,...,qn,B1,...,0m € [0,1) be given. Let r € Ny such that f; = ... =
Br=0and B; #0 for j € {r+1,...,m}. Suppose moreover that a; # f3; for alli,j. Let L C C as before (i.e.
containing all of the numbers 2™ and e**%%i). Let K C L be finite Galois, with G = Gal(L/K) such that

1. v:i=Brsty- s Bms ity ) € (0, )N is G-good, withk =N —r=n+m—r, | =1.

2. The function

1
f=xrp1+...+zm+ +...+7+Q'$7-+1'...'.’ENGOG:OGN—TIZOG (26)
~ ™

m,q

(Em+1

lies in Ogn(p) where again p is the action of the group G from Definition . Notice that we use
Tyg1,---,TN,q as coordinates on G here.

Then there exists Hx € Bp_(1K(g,, ,)..) such that Sol{?Gm D (Hes B)) = m'Cg,,, -1k, , Hi- In partic-
ular, the enhanced ind-sheaf Solme Do (H(a; ,6)) has a K-structure.

Proof. If r = 0, then the result follows directly from the previous Corollary Otherwise, we will proceed
by induction on r. Let us write

Hl = H(ala”'aan; 07"'7075T+15"'aﬁm)
~——

r—1 times

We can assume that SOZFGm.q)oo (H') is defined over K: for r = 1, this follows again from Corollary using
our assumptions on v and on f. If » > 1 this is precisely the induction hypothesis. Now we use the second
formula in [Kat90, Proposition 5.3.3], which states that

H(a; B) = ktinvy it FL(j+H).

Similarly to the proof of Corollary the functors involved in this formula correspond, via Sol¥(e) to the func-

+
tors Ex !, Einveon, Ejt, Epacon (EIY ®Epfolo ())[1] and Ejoon. They all preserve K-structures by Lemma
Since, as just explained, SOZFGm q)oo(H’) is defined over K, we therefore obtain that also Solme Do (H(e; 8))
has a K-structure, which is what we had to prove. O

We obtain the version of this theorem stated in the introduction (Theorem [1.1)) as a simply consequence.

25



Proof of Theorem[I.1 Under the hypotheses of Theorem let r € {1,...,m} besuch that §; =... =5, =0
and B; # 0 for j € {r+1,...,m}. It is assumed by the hypotheses of the theorem that G := Gal(L/K)

induces actions on {e?7@1 .. e?™n} and on {27 ... €2™Bm} but since e?™% =1 for 1 < j < r, and this
value is fixed by any element of G, it reduces to an action of G on the set 2™t ... e2™n and on the set
e2mibri1 . e2mBm  This action can be looked at as a group homomorphism G — S,,_, X S, (where Sy, is the

symmetric group on k elements), and therefore yields a natural action p of G on G =" x G, , by permutation of
the first m — r and the next n coordinates (and by leaving invariant the last coordinate). Unwinding Definition
this means exactly that the vector v = (8,41, -, Bm, a1, - - ., @) is G-good. More precisely, the eigenvalues
e?™Bs and €*™*#t of the monodromy operator of Solgwﬂ»xGm)q(O%N,WG"W) corresponding to a loop around
the divisors x4 = 0 and x; = 0 (for t,s € {r+1,...,m}) are exchanged by both the action of p and by L-
conjugation (and similarly for the monodromy eigenvalues e?™*®: and e2™t for s,t € {1,...,n} corresponding

to a loop around Z,,+s and x,,+), and therefore the isomorphisms in formula as well as the compatibilities
in formula hold true.

Moreover, the function f from equation lies in (’)En (e ), since p acts via permutation of the first m — r and
the of the last n coordinates individually. Then the result follows from the previous Theorem [3.12 O

For an irregular holonomic D-module, the perverse sheaf of solutions is not a primary object of study. Never-
theless, it is worth mentioning that in the situation just studied, this object carries a K-structure as well.

Corollary 3.13. Under the assumptions of Theorem the perverse sheaf of solutions Solg,, ,(H(a; B))[1]
has a K-structure.

Proof. Since Solg,, ,(H(c; 3)) = Sh(Gm,q)WSOZEEG (H(e; B)), this follows directly from Corollary O

m,q)eo

In particular, we get the following result in the regular case.

Corollary 3.14. Assume that n = m and the hypotheses of Theorem[3.13 are satisfied. Then the C-local system
Sola,, \1y(H(o; B)le,,.,\{1}) is the complezification of a K -local system.

Proof. 1t follows directly from Corollary 3.13|and Lemma 2.9 that Solg,, ,(H(e; 8))lg,, ,\ {1} has a K-structure.
Moreover, this object is a local system, since H(a; 8)|g,, ,\{1} is an integrable connection (its singularities of a
hypergeometric system with m = n are at 0, 1 and oo). Hence, it is the complexification of a local system over
K, which follows as in the proof of Lemma [2.13 O

4 Applications

In this section, we will discuss a few interesting cases in which Theorem can be applied. The first one
concerns real structures and is inspired by [Fed18, Theorem 2], which we will reprove afterwards as a simple
corollary.

Theorem 4.1. Letn > m, consider numbers ..., o, B1,...,0m €[0,1), witha; # B;, and let s € {0,...,n}
and r €{0,...,m} such that

1.0=ap=...=as<as11<...<a, <1,
2. 0:61:...:5r<ﬂr+1§...§6m<1,
3. Qspitanyi—i=1forallie{1,...,n—s} and

4. Prij+ Bmyi—j=1forallje{l,... . m—r}.

(obviously, since a; # f3;, at most one of the numbers r and s can be positive). Then SolEEGm_q)m(H(a; B)) has
an R-structure in the sense of Definition [2.5, '

Proof. We put v := (Brit1, -y PBm,01,---, ) € [0,1)2T™m=" Take L to be equal to C and K = R, so
that G = Gal(C/R) = Z/2Z. We claim that with these choices, v is G-good. Namely, consider the action
0: G — Aut(G) (where G := G'™"" x G,,,, = Spec [mf+17...,xi+n,qi]) such that op)(2r4;) = Tmg1-;

and o] (Tmtsti) = Tnym—i (it is readily checked that gp; is an involution, thus defining an action of G). Then
assumptions 3. and 4. imply the condition in equation for g = [1] € Z/2Z, notice that in this case, the

26



g-conjugate of F7 is simply the ordinary conjugate F7. Hence ~ is G-good. Moreover, it is clear that the
Laurent polynomial

f=Zpp1+ ...+ Tm +

+ ...+

xm+1 Tm+n

+q - Trg1 - Tingn

is invariant under G (more precisely, f € Ogn (Q)) since G acts simply by exchanging pairs of the first m — r
and the last n coordinates. Hence we can apply Theorem which tells us that SolqE;m q(?—[(a; B)) has an
R-structure, i.e. is obtained via extension of scalars from an enhanced ind-sheaf defined over R. O

As a consequence of Corollary we can now easily get back (the Betti structure part of) Fedorov’s result
[Fed18| Theorem 2] here.

Corollary 4.2. Let numbers ay,...,a, and Bi,...,58, in [0,1) be given and assume that they satisfy the
assumptions of the previous theorem. Then the local system on P\ {0,1,00} associated to the corresponding
hypergeometric equation via the Riemann—Hilbert correspondence is the complezification of a local system of real
vector spaces.

Next we consider the case when all oy, 5; are rational. Then the field L from above can be chosen to be
cyclotomic, more precisely, let ¢ € Z\{0} such that coy, ¢f; € Z, and put L := Q(({), where ¢ is a primitive c-th
root of unity, so that Sol?Gm q)oc(”}-l(a;ﬁ)) is a priori defined over L. Let H = Gal(L/Q) = (Z/cZ)*. For any

g € H, and for any § € [0,1) with 2™ € L we write py(6) = 6 € [0,1) if

g P28 _ €2m‘5~

In this situation, put M = {Bj}j:me% N = {ai}i:L...,n-

Lemma 4.3. Let G < H be a subgroup such that pg(M) C M and pgy(N) C N for all g € G. Then
SOZFGm q)oo(’}-[(a;ﬂ)) has a K-structure in the sense of Definition where K = L is the fized field of
G.

Proof. First we remark that the inclusions p,(M) C M and p,(N) C N are automatically equalities, and that
we obtain an action

p:G— S(M) x S(N) =S, xSy
where we denote by S(M) resp. S(N) the group of permutations of the sets M and N, respectively. Notice that
if r € {1,...,m} is as before, i.e. §; =0for j=1,...,r and §; # 0 for j > r, then since necessarily p(0) = 0,
this action factors over S({Br+1,-.-,8m}) X S(N) = Sp—r X Sp.
By construction we have

59 _ oy ()

for each g € G, where py(7) := (pg(Br+1)s- -+ Pg(Bm)s pg(@1)s ..., pglan)). Again, since G acts on G~ " " via
symmetry groups in the first m — r and the last n coordinates, we have that the function

f=Zmir+...+2m + +...+ +q - Trg1 - Tontn
Tm+1 Tm+4n
lies in Ogﬂ (@ Then the result follows by applying Theorem O

Notice that if the hypotheses of Theorem Fi;fl are satisfied and if we suppose moreover that o;, 5; € Q, then
Theorem follows as a special case from Lemma since the fixed field K will automatically be contained
in R, and hence SolEE(Gm .. (H(a; B)) acquires an R-structure as well.

Finally, if in Lemma we have py(M) C M and py(N) C N for all g € H, then we automatically get that
H(w; B) is defined over Q. This condition can actually be rephrased in a nicer way.

Theorem 4.4. Let s € {0,...,n} and r € {0,...,m} be as in Theorem . Suppose that there exist non-
negative integers e, f and positive integers r1,...,r. and s1,...,sy such that n —s = @(r1) + ... + ¢(r.) and
m—1r=(s1)+...+¢(sf) where ¢ is Euler’s p-function. If now we have

n

H(qaq—ai)=f[ 11 (q%—i)

i=s+1 i'=1de(Z/ryZ)*
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and

[Tw, =1 II (a0 - 2).

j=r+1 J'=1de(Z/s, L)*
then SOZEEGM oo (H(a; B)) has a Q-structure.

Proof. 1t is elementary to verify that the assumption implies that the group G in Lemma can be taken to
be the full Galois group Gal(L/Q) = (Z/cZ)* (notice that c is divisible by lem(rq, ..., e, $1,...,5s)), and then
K=L%=qQ. O

A special case of this result is worth mentioning, since it is related to various examples of mirror symmetry for
toric orbifolds.

Corollary 4.5. Let m,n andr, s be as above, and suppose that there are p,q € Zi>¢ and wy, ..., Wp,V1,...,04 €
Zso such thatn —s=wy +...+wp, —p and m —r = vy + ... +vy — q and such that

ﬁ (904 — o) = f[ wﬁl (qaq - ;)

i=s+1 i'=1 d=1
and
m q ’Uj/—
IT @, -8 =11 (q )
j=r+1 §'=1 d=1 i’

Then SOZ?Gm oo (H(a; B)) has a Q-structure.
Proof. We have the following identity for any w € Z

(R R T

d=1 k<w,k|lw d<w,gcd(d,w)=Fk

I ()

k<w,k|lw d<w,gcd(d,w)=Fk

R BRI

k<w,k|lw b<w/k,gcd(b,w/k)=1 k<w,k|w b<k,gcd(b,k)=1
b
- I I (wy).
k<w,k|lw be(Z/KZ)*

where the equality (%) comes from the fact that the map from {0 < k < w|k|w} to itself sending k to w/k is a
bijection.
By applying this identity to the two monomial operators

p wy—1 d q v~ 1 d
Oy — and .
[T (w0 57) 11T (- 7)
i'=1 d=1 j'=1 d=1
and by using the previous theorem, we obtain the desired result. O

Remark 4.6. Suppose that we are given (a;B) € [0,1)N as before such that the following variant of the
assumptions of the previous theorem holds: There exist p,q € Z>o and wa, ..., Wp,V1,...,V € Lo such that
n=w+...+wp, and m=uvy +...+v4 and such that

d

Wy

w,r—1

[T, -0 =TT TI (
i=1 i’=1 d=0
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(where wy = 0, so that necessarily a1 =0) and

'Uj/ -

m q 1
T, -6)=1] 11 (qaqj/).
j=1 j'=1 d=0 J

Notice that here both some of the numbers a; and some of the numbers B; are equal to zero, so that the
corresponding module H(a; 8) is no longer necessarily irreducible. We now consider the following Laurent
polynomial:

f=x1+.. 4z, +

v v wa Wp -
gzt xRy ezt € O,

+...+
Tq+1 Lq+p—1

where this time G = GaFr—1l x Gynyg. Let again p : G — Gyp,q be the projection to the last factor, then it can be
shown along the lines of Proposition[3.4] that we have

KO, EL = H(a: ).

This isomorphism is essentially well-known, e.g. the Laurent polynomial f appears, in the case where ¢ =0, as
the Landau—Ginzburg model for the quantum cohomology of weighted projective spaces, see [DS0J)] for a thorough
discussion of this example.

As a consequence, one can show directly that this (reducible) module H(c; 8) has a Q-structure since it is

constructed via standard functors from an object (namely Eé) which already has a Q-structure. This is in
contrast to the cases discussed before, where we start with the module V1, on which there is no a priori Betti
structure.

One can also relate (for the case of parameters «, 8 satisfying the hypotheses of this remark) the two approaches

by comparing the Laurent polynomials f and f. This yields an interesting geometric explanation for these two
different approaches to the existence of Betti structures. We plan to discuss these issues in a subsequent work.

5 Consequences for Stokes matrices

We apply our results to questions regarding the Stokes matrices for hypergeometric system at the irregular
singular point. In Section 9.8 of [DK16], the authors explain how the Stokes matrices or Stokes multipliers are
encoded in the enhanced ind-sheaf of the solutions.

We assume to be in the situation of Theorem [3.12] so that the enhanced solutions carry a K-structure

Sollg,, .y..(H(a; B)) =7 'Cq,, , @n1ke,  Hi

for some Hi € Ep (IK(q,, ,)..)-

Recall that we considered parameters o, ..., &y, B1,. .., Bm € C with n > m. Then H(c; f) is irregular singular
at infinity and if we write d := n—m it is ramified of degree d. Let us denote by p : G, , — Gy, 4 the ramification
map p : u+— u? = q. As usual, we will consider the pull-back of H(c; 3) with respect to p and study the Stokes
matrices of the resulting enhanced ind-sheaf with the induced K-structure (see Lemma ii)):

Ep~'Solfg,, .. (H(a; B)) =7~ 'Cq,, , @r1k,, , Ep~ ' Hi. (27)

Let us write Hyg := Ep~'Hy € Ep (K (@,, .)..) (cf. [DKI6, Proposition 4.9.11] for the compatibility of R-
constructibility with pull-backs).
The pull-back H(c; 3) is of slope one and there is a finite set C; C C* such that the formal exponential factors
of H(«; ) are the elements of

{"Yu{e™ | ce Cy}
(see [Sabl3] for these notions). Let us write C' := {0} U C;.

Remark 5.1. With additional assumptions on the parameters («; 3), the exponential factors can be determined
rather easily. If the non-resonant parameters satisfy that do; € Z for all j and that the module is not Kummer
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induced (see [Kat90, Kummer Recognition Lemma 3.5.6]), a theorem of N. Katz [Kat90, Theorem 6.2.1] relates
H(a; B) with the Fourier-Laplace transform of a reqular singular hypergeometric module. Applying the stationary
phase formula of C. Sabbah [Sab08], one then deduces that Cy is given as C; = {d-( | ( € pq}, where pq is the
group of d-th roots of unity.

We would like to apply results from [MoclI§|. There is a natural pre-order for subanalytic functions f,g on a
bordered space (M°, M) defined as

f <g: f—gis bounded from above on U N M° for any relatively compact subset U of M. (28)

It induces an equivalence relation by setting f ~ g 1< f < g and g < f. We will write [f] for the equivalence
class of a function. B
Let A be a small open neighbourhood of co and let w: A — A be the oriented real blow-up of A at oo. Let us

write A° := A\ {oo} with its inclusion ¢: A° < A, and consider the bordered space A := (A° A). Since we

are interested in the local situation at infinity, we will restrict all sheaves to A (or ﬁ) For example, we consider
the enhanced ind-sheaf SolEEAO’A)((p"’H(a; B))|a-) instead of the full version on (G, y)co- Let us remark that

we consider @ as a morphism of bordered spaces @w: A = (A°, A) — (A°, A) also.
As explained in [DKI6, Section 9], we know that we can cover A° by sectors Xy, such that we have trivializations
of the enhanced solutions of p™H(«; 8) of the form

7 Cx, ® Solfae ) (P H(058) 277 05, @ D) (Bacw)¢)”
ceC

with the index set C' from above. We write E?EE»C,Z)),C here for the enhanced ind-sheaf Ege(cu) defined in in

order to emphasize the bordered space on which it lives. Since

Ew _1ERe(cu) ~ ERe(cu)

(A°,A),C — )
we deduce the trivializations
W_lczk ® Ew‘lsol&o,m (p+7'l(04; B)) = W_lczk ® @ ERe(cu) ) (29)
ceC
We will now work on the bordered space A and hence omit the subscript by simply writing Ege(cu) again.
It is important to remark that the induced filtration
Fo(n™ 05, ® B 'Solfxe o) (0 H(as8)) 277 Cx, @ @D (BE)™ (30)
ceC:cu]<a

indexed by classes a of subanalytic functions is well-defined, i.e. does not depend on the choice of the isomorphism
in (cf. [Mocl8, Lemma 5.15]).

Since we have pole order at most one at infinity in the exponential factors, the following arguments yield that
we can obtain these splittings on two sectors, each of width slightly greater than 7: By classical analysis (cf.
[BIL79]) this is well-known for asymptotic solutions in two such sectors. Recall the notion of D*-modules
on the real oriented blow-up A from [DK16, §7.2]. The classical result induces a corresponding splitting as
DA-modules and we deduce the existence of a splitting as in for two sectors of width slightly greater than
m from [IT20], Proposition 3.5] (see also [Hoh21l Proposition 3.1] for details in the one-dimensional case).

Let us choose sectors Si (in A) such that the w=!(c0) N Sy cover w1 (co), and let

U+UU,:S+HS,

be the union of the two smaller sectors o4, the overlaps of the sectors S4. The choice of the sectors S4 has
some impact on the Stokes matrices one wants to compute — in principle it amounts to the action of a braid

group.
Let us denote by £ := (sh(g SolEEG (pTH(; B)))

disc and by L := 1,L its extension to the boundary. The Stokes filtration on the local system £~|w71(oo) is

) oo e Ao the local system of solutions on the punctured
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the filtration inherited from the filtration in via the sheafification functor. On the sectors Sy, we have
splittings of these filtrations as in (29), say

Y1t Ll(m-1(c0)ns2) S PEa)
ceC

where &, 1 is the constant rank one local system on the interval w!(c0) N Sy coming from L*shAERe(CU) The
Stokes matrices are defined to be the matrices representing the transition isomorphims on the overlaps

S+ = (’ll)_ Oq/]-:l”w*l(oo)ﬁour and S_ = (1/} Ow_,'_ )|w oo)No_ -

(Let us remark that there are different conventions and the Stokes matrices are sometimes also defined as the
inverse isomorphisms, which is not important for our purposes. Here, we did not describe the orientation of the
sectors and their overlaps explicitly.) In order to prove that one can arrive at Stokes matrices with entries in
the subfield K C C, we have to show that the local system Zw—l(oo), its Stokes filtration and splittings can be
defined over K. We are indebted to T. Mochizuki for pointing out the idea how to prove this.

First, note that both sides of have a K-structure, so that we can write this isomorphism in the form

ﬂ'icho Or—1K po 7'('71[(2]c ® walf_'[K = 7T71(DA0 Or—1K po 7'1’71I(2,C ® @ (E?{e(cu))h' (31)
ceC
Let us denote by Ly := L*(Sh(Gm,u)mﬁK”Ao the associated K-structure of L.
We know that Ecw ' H is an R-constructible enhanced ind-sheaf (again by [DKI6, Proposition 4.9.11]) and
we deduce from [DKI16, Lemma 4.9.9] that there exists a subanalytic stratification A = | |\, Sx refining

A = @ 1(00) U A° such that the following holds: For each stratum Sy C A°, there exist a finite set of
R U {oo}-valued subanalytic functions f ; < g, j, say for j =1,...,m, and isomorphisms

~ m +
m'Ks, @Bw 'Hx 27 ' Kg, @ @D KR @ Ky, <t , (32)
j=1

where (analogously to (2)) we write

Kf<tcq = K{(u,t)eﬁxP\uer,teR,f(u)gxg(u)}-

For each j, the pair (fx j, g ;) then is non-equivalent in the sense of [Moc18 §5.2.2].

Let us now consider the situation around points on the boundary of the real blow-up: For all but finitely many
points p € w!(c0), we find one-dimensional strata S, C w~!(c0) containing p and Sy C A° such that their
union contains an open neighbourhood U, of p in A and such that holds over S and consequently also
over Uy = U, NA°. Let Z C w'(c0) be the finite set of point where this does not hold, i.e. zero-dimensional
strata in ! (0o) or limit points of (real) one-dimensional strata in A°. Consider a point p € ™1 (00) \ Z and
apply the notations as above. Since

+ +
—1 —1 E ~ ,_—1 E
7 " Cao ®7T—1KAO s KUE ®KA®Kf)\,jSt<g)\,j =T (DU; ®CA®Cf>\,j§t<g>\_j

for all j, we deduce from the isomorphism

~ m +
7 CAs @p-1y 7 Kys ® Bw ' Hy 277 Cys @ @) CR @ Cf, <t - (33)
j=1

If U is chosen small enough, it is contained in one of the sectors Xy from and since

]Ege o) CA ® C_ Re(cu)<t»

we combine and to obtain the isomorphism

m
+
7 'Cus @ @ CA @ Cy, <teqy, =7 'Cue @ P @A @ (C_Re(euy<t) (34)
j=1 ceC
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On the basis of [MoclS] let us denote by Sub<2>’*(U;,Up) the set of either pairs (f,g) of non-equivalent
subanalytic functions (with f(p) < g(p) poin‘uwisegé or of pairs of one subanalytic function together with co on
the bordered space (U, U,).

The pre-order < from induces a pre-order on the set Subf%*(U;, Up) by setting (f1,01) < (f2,92) if and
only if fi < fo and g1 < g2 — where of course f < oo for all subanalytic f. The quotient with respect to
the induced equivalence relation is denoted by Sﬁ?’*(Ug’ ,Up). Now, both sides of are associated to finite

multi-subsets (I, m) of Sub§3>’* (Ug, Up), i.e. finitely many elements a of the latter set together with a multiplicity
mg € IN for each, namely

o (Liefs, Miefy) consisting of the restrictions of the pairs (fx ;,9x,;) to (Uy,Uy,) and the multiplicities induced
by equivalent pairs for the left hand side of , and

o (ILiight, Myght) being the multiset of the pairs (—Re(ct), 0o0) with multiplicity re.

Each side of is constructed in the obvious way from these multi-subsets. If we mimic the notation from
[Moc21] and Writeﬂ

+ m
Ko, (I,m) = €D Clus.v,) @ (Crecg)™ 9,
(f.9)el
the isomorphism after pull-back via the embedding (Uy,U,) < A reads as

Kwe,v,) (Dete, Miett) = Kwe v, (Lright s Might)-

Now, due to [Mocl8 §5‘2.6] we conclude that the induced multi-subsets of Suib;m’*(U;, Up) coincide and so do
the canonical filtrations.
Hence, we obtain an isomorphism

~ + e(cu)\"e
7 Ky © Bw ' Hy = 1 Ky © @D KR © (ER) (35)
ceC

and an induced filtration FZ(L K,p) on the stalk C K,p which induces the Stokes filtration on Ep after extension
of scalars from K to C.

For a point p € Z consider two nearby points p1,pa € @ 1(00) on each side of p, i.e. in the components of a
sufficiently small punctured interval at p. Then we have canonical isomorphisms of the stalks ij = Zp as well
as for the stalks of the K-structure. With respect to the first isomorphisms, the Stokes filtrations on L are
related by

Ff(ﬁp):Ffl(ﬁm)ch{u(ﬁpz): (36)

(note that both stalks on the right hand side are equal if p is no Stokes direction of a pair (cu, a) of exponential
factors, anyway.) Hence, if we define F? (L K.,p) analogously to (36]), we obtain a filtration also on L K,p inducing
the one on Zp.

In summary, there exist filtrations F?(Lg) on any stalk p € @~ !(c0) inducing the Stokes filtration after scalar
extension from K to C.

Lemma 5.2. The graded objects

Gra* (Lxp) = FP(Lxp)) Y FY(Lxyp)
b<a

glue to a local system of K-vector spaces on w1 (00).

IWe refer to the arXiv version of Mochizuki’s paper. However, the paper has been reorganized in the meantime and will be
published in two parts. The notation Subi?’* is the one from the reorganized article (part IT). We are grateful to Takuro Mochizuki
for providing the new versions. The notation of [Moc18| is slightly different but similar enough not to create confusion.

2Note that T. Mochizuki more generally considers graded multi-sets where an additional grading information refers to a shift of
the enhanced ind-sheaves as building blocks for K (I, m). We don’t need these gradings here, since all sheaves are concentrated
in one degree.

3In loc. cit. the statement is referred to as a direct analogy to Lemma 5.15. In the reorganized article it is worked out in all
details in [Moc21l Lemma 3.29].
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Proof. First let us remark that each interval I C w~!(c0) induces canonical isomorphisms
L, = H(I,L)=L, (37)

for all p,q € I. The same holds for the local system /:'K.

We know that the claim of the lemma is true over C, the graded objects associated to the filtrations as C-sheaves
are local systems of C-vector spaces — cf. e.g. [DKI18, Section 6.1] or [Sabl3l Proposition 2.7], going back to
ideas of Deligne and Malgrange (see [Mal91l, Section IV.2]). Consequently, if one chooses complementary vector
spaces G C Ff(zp) for each p € w™!(c0) such that the canonical morphism

GR = FY(Ly) > Gri(Ly)
is an isomorphism, then each p has an open neighbourhood I, such that Zq =@ cc chu] is a splitting of the
filtration for each ¢ € I, where we use the identifications from (37).
In the same way, we can choose complementary K-vector spaces G , C Fy , for each p. Then Gf := G @K C
is a choice as above and we know that for each p the C-vector spaces G induce a local splitting of the filtration
on Eq for ¢ in a neighbourhood of p. Therefore, the same is true for the K-vector spaces G’}(, o The claim of
the lemma easily follows. O

We want to convince ourselves that we can find local splittings of the filtration on ENK over the same intervals
as it is the case for L.

Lemma 5.3. Suppose we have a splitting £~|1 = @.cc Gijcu of the Stokes filtration over an interval I C
w1t (o0). Then there is a splitting

Ll = @ OK,1,[cu)

ceC
over I inducing the given splitting after extension of scalars from K to C.
Proof. Let us denote by Grf})[w] (L) the local systems associated to the filtered local system Ly on @™ (c0)
as in Lemma N _
Let I be an interval as in the assumptions. The filtration F} (L ) induces a filtration on H°(I, L) — recall
the identifications and its variant for Lx. We have a surjective morphism

Fp

[cu]

(H°(I,Lk)) - H(I,Gr [y (LK)

for each p € I, hence we also get a morphism
() Efy(HO(L, £x0)) — HO(I, Gr ) (L)). (38)
pel

It is easy to see that it suffices to show that the latter is surjective, since then we can find a subspace G [cu) C
Nper F[Z;u] (H°(I, L)) such that the induced morphism

GK,[cu] — H° (Ia Grf(,[cu] (EK))

is an isomorphism. Then, if we denote by G 1 [c.,) the constant local system of K-vector spaces over I associated
to G’k [cu), these define a splitting of Lk over I.
To prove that is surjective, observe that the given splitting L|; = @ cc Gr,[cy) yields that

H°(1,Gr ) C FP

» (H(LD)

for all p € I and HO(I, Or[cu) = HO(I, Gt (Z)) is an isomorphism. Consequently, the natural morphism

[cu]
() FL, (H(I, £)) - HO(I, Grf,y (£)) (39)
pel

is surjective. Since is the obtained from by extension of scalars from K to C, and since this extension
is a right-exact functor, it follows that the morphism is surjective as well. O
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We can now state and prove the final result of this section.

Theorem 5.4. Assume that we are in the situation of Theorem[3.19 and that moreover we have n > m. Put
again d == n —m, let p: u — u® = q be the local ramification map at infinity of degree d and consider the
pull-back pTH(c; B) of the hypergeometric system.

Then there is a representation of the Stokes matrices for p™H(«; B) with values in the field K.

Proof. We pick up the notation from above. By Lemma we know that the local system L of K-vector
spaces splits on an interval I C w !(c0) as a local system of K-vector spaces whenever £ splits on I. In
our situation, we have splittings of L over two intervals I. = w!(c0) N Sy and the Stokes matrices are the
connecting isomorphisms between these splittings on the intersection. We deduce from Lemma that the
splittings and hence the connecting isomorphisms arise from the same construction over K. O

Notice that a related statement for the cases K = R and K = Q and the assumptions as in Remark was
found in [Hie20, Corollary 6.3 and 6.4], using rather different methods.
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